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Chapter 1

Fundamental Considerations

In this chapter we rst consider turbulence from a somewhat heuristic viewpoint, in particular discussing the
importance of turbulence as a physical phenomenon and desbing the main features of turbulent ow that
are easily recognized. We follow this with an historical oveview of the study of turbulence, beginning with
its recognition as a distinct phenomenon by da Vinci and jumpng to the works of Boussinesq and Reynolds
in the 19" Century, continuing through important 20 " Century work of Prandtl, Taylor, Kolmogorov and
many others, and ending with discussion of an interesting pper by Chapman and Tobak [1] from the
late 20" Century. We then provide a nal section in which we begin our formal study of turbulence by
introducing a wide range of de nitions and important tools and terminology needed for the remainder of
our studies.

1.1 Why Study Turbulence?

The understanding of turbulent behavior in owing uids is o ne of the most intriguing, frustrating|
and important|problems in all of classical physics. It is a f act that most uid ows are turbulent, and
at the same time uids occur, and in many cases represent the aminant physics, on all macroscopic
scales throughout the known universe|from the interior of b iological cells, to circulatory and respiratory
systems of living creatures, to countless technological deces and household appliances of modern society,
to geophysical and astrophysical phenomena including plagtary interiors, oceans and atmospheres and
stellar physics, and nally to galactic and even supergalatic scales. (It has recently been proposed that
turbulence during the very earliest times following the Big Bang is responsible for the present form of
the Universe.) And, despite the widespread occurrence of id ow, and the ubiquity of turbulence, the
\problem of turbulence" remains to this day the last unsolved problem of classical mathematical physics.
The problem of turbulence has been studied by many of the greast physicists and engineers of the 19
and 20" Centuries, and yet we do not understand in complete detail hav or why turbulence occurs, nor
can we predict turbulent behavior with any degree of reliablity, even in very simple (from an engineering
perspective) ow situations. Thus, study of turbulence is motivated both by its inherent intellectual
challenge and by the practical utility of a thorough understanding of its nature.

1.2 Some Descriptions of Turbulence

It appears that turbulence was already recognized as a distict uid behavior by at least 500 years ago
(and there are even purported references to turbulence in th Old Testament). The following gure is a
rendition of one found in a sketch book of da Vinci, along witha remarkably modern description:

\::: the smallest eddies are almost numberless, and large
things are rotated only by large eddies and not by small ones,
and small things are turned by small eddies and large."

1



2 CHAPTER 1. FUNDAMENTAL CONSIDERATIONS

Figure 1.1: da Vinci sketch of turbulent ow.

Such phenomena were termed \turbolenza" by da Vinci, and hewe the origin of our modern word for this
type of uid ow.

The Navier{Stokes equations, which are now almost universlly believed to embody the physics of all
uid ows (within the con nes of the continuum hypothesis), including turbulent ones, were introduced in
the early to mid 19" Century by Navier and Stokes. Here we present these in the siple form appropriate
for analysis of incompressible ow of a uid whose transport properties may be assumed constant:

r Uu=0; (1.18)
U+U rU=r P+ U+F,: (1.1b)

In these equationsU = (u;v;w)" is the velocity vector which, in general, depends on all thre spatial
coordinates ;y;z); P is the reduced, or kinematic (divided by constant density) pressure, andF, is a
general body-force term (also scaled by constant density).The di erential operators r and are the
gradient and Laplace operators, respectively, in an appropate coordinate system, with r denoting the
divergence. The subscript is shorthand notation for time di erentiation, @=@and is kinematic viscosity.

These equations are nonlinear and di cult to solve. As is wel known, there are few exact solutions,
and all of these have been obtained at the expense of introdug simplifying, often physically unrealistic,
assumptions. Thus, little progress in the understanding ofturbulence can be obtained via analytical
solutions to these equations, and as a consequence early degtions of turbulence were based mainly on
experimental observations.

0. Reynolds (circa 1880) was the rst to systematically investigate the transition from laminar to
turbulent ow by injecting a dye streak into ow through a pip e having smooth transparent walls. His
observations led to identi cation of a single dimensionles parameter, now called theReynolds numbey and

denoted Re,
Re = i; 1.2

that completely characterizes ow behavior in this situati on. In this expression and are, respectively,
the uid properties density and dynamic viscosity. U is a velocity scale (.e., a \typical" value of velocity,
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say, the average), andL is a typical length scale, e.g., the radius of a pipe through which uid is owing.
We recall that Re expresses the relative importance of inertial and viscousokces. (The reader may wish
to provide a rst-principles demonstration of this as a review exercise.)

It is worth noting here that Egs. (1.1b) can be rescaled and witten in terms of Re as follows:

1
Ui+ U U= P+ — U+ FEg; 1.3
t r r Re B (1.3)

where now pressure will have been scaled by twice the dynamicuressure,% U 2, and Bz is a dimensionless
body force, often termed the Grashof number in mathematicaltreatments (see,e.g., Constantin and Foias
[2]), but which is more closely related to a Froude number uneér the present scaling. One can see from
(1.3) that in the absence of body forcesRRe is the only free parameter in the N.{S. equations; hence, s¢ihg
its value prescibes the solution.

glass pipej‘ dye streak

(@)

instantaneous_
turbulent streamline

Figure 1.2: The Reynolds experiment; (a) laminar ow, (b) early transitional (but still laminar) ow, and
(c) turbulence.

Figure 1.2 provides a sketch of three ow regimes identi ed n the Reynolds experiments afke is varied.
In Fig. 1.2(a) we depict laminar ow corresponding to Re . 2000 for which dye injected into the stream can
mix with the main ow of water only via molecular di usion. Th is process is generally very slow compared
with ow speeds, so little mixing, and hence very little apparent spreading of the dye streak, takes place
over the length of the tube containing the owing water. Figure 1.2(b) shows an early transitional state of
ow (2000 . Re. 2300) for which the dye streak becomes wavy; but this ow is sill laminar as indicated
by the fact that the streak is still clearly identi able with little mixing of dye and water having taken place.

Turbulent ow is indicated in Fig. 1.2(c). Here we see that instantaneous streamlines (now di erent
from the dye streak, itself) change direction erratically, and the dye has mixed signi cantly with the water.
There are a couple things to note regarding this. First, the @hanced mixing is a very important feature
of turbulence, and one that is often sought in engineering pocesses as in, for example, mixing of reactants
in a combustion process, or simply mixing of uids during stirring. The second is to observe that this
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mixing ultimately leads to the same end result as molecular dusion, but on a much faster time scale.
Thus, turbulence is often said to \enhance di usion,"” and this viewpoint leads to a particular approach to
modeling as we will see later.

But we should recognize that although the nal result of turb ulent mixing is the same as that of di usive
mixing, the physical mechanisms are very dierent. In fact, turbulence arises when molecular di usion
e ects are actually quite small compared with those of macracopic transport. Here we should recall
the form of Egs. (1.1b) and note that the second term on the lefhand side corresponds to macroscopic
transport (of momentum). These are the \convective" or \adv ective" terms of the N.{S. equations. The
second term on the right-hand side represents molecular dusion of momentum, as should be clear from
the fact that its coe cient is a physical transport property (viscosity, in this case) ofthe uid and does not
depend on the ow situation (provided we neglect thermal e ects), and the di erential operator is second
order. Clearly, if is small we should expect advective, nonlinear behavior to & dominant, and this is the
case in a turbulent ow. In contrast to this, if is relatively large molecular di usion will be dominant,
and the ow will be laminar. If we recall that = = , we see that the nonlinear, macroscopic transport
case corresponding to turbulence occurs when the Reynoldsumber is large.

It is often claimed that there is no good de nition of turbule nce (see,e.g., Tsinober [3]), and many
researchers are inclined to forego a formal de nition in fawr of intuitive characterizations. One of the best
known of these is due to Richardson [4], in 1922:

Big whorls have little whorls,

which feed on their velocity;

And little whorls have lesser whorls,
And so on to viscosity.

This re ects the physical notion that mechanical energy injected into a uid is generally on fairly large
length and time scales, but this energy undergoes a \cascatlavhereby it is transferred to successively
smaller scales until it is nally dissipated (converted to thermal energy) on molecular scales. This de-
scription underscores a second physical phenomenon assateid with turbulence (recall that the rst is

di usion): dissipation of kinetic energy. We comment that t his process is also mediated by molecular
viscosity, and historically utilization of this has been crucial in modeling e orts as we will outline in more
detail in the sequel.

T. von Karman [5] quotes G. I. Taylor with the following de nition of turbulence:

\Turbulence is an irregular motion which in general makes its
appearance in uids, gaseous or liquid, when they ow past
solid surfaces or even when neighboring streams of the same
uid ow past or over one another."

Hinze, in one of the most widely-used texts on turbulence [§]o ers yet another de nition:

\Turbulent uid motion is an irregular condition of the ow

in which the various quantities show a random variation with
time and space coordinates, so that statistically distinctaver-
age values can be discerned."

It is readily seen that none of these de nitions o ers any precise characterization of turbulent ow in
the sense of predicting,a priori, on the basis of speci ¢ ow conditions, when turbulence wil or will not
occur, or what would be its extent and intensity. It seems likely that this lack of precision has at least
to some extent contributed to the inability to solve the turb ulence problem: if one does not know what
turbulence is, or under what circumstances it occurs, it is ather unlikely that one can say much of anything
about it in a quantitative sense.

Chapman and Tobak [1] have described the evolution of our undrstanding of turbulence in terms of
three overlapping eras: i) statistical, ii) structural and iii) deterministic. We shall further explore this
viewpoint in the next section, but here we point out that a more precise de nition of turbulence is now
possible within the context of ideas from the deterministic era. Namely,
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\Turbulence is any chaotic solution to the 3-D Navier{Stokes
equations that is sensitive to initial data and which occursas
a result of successive instabilities of laminar ows as a bifir-
cation parameter is increased through a succession of valag

While this de nition is still somewhat vague, it contains sp eci ¢ elements that permit detailed exami-
nation of ow situations relating to turbulence. In the rst place, it speci es equationgthe Navier{Stokes
equations|whose solutions are to be associated with turbulence. By now it is widely (essentially univer-
sally) accepted that the N.{S. equations may exhibit turbulent solutions, while previous de nitions have
failed to explicitly acknowledge this. Second, it requiresthat the uid behavior be chaotic, i.e., erratic,
irregular, as required in earlier de nitions, but determin istic and not random (because the N.{S. equations
are deterministic). This is in strong contrast to, especialy, Hinze's de nition, but it is overwhelmingly
supported by experimental data. Third, we require that turb ulence be three dimensional. This is consistent
with the common classical viewpoint (see.e.g., Tennekes and Lumley [7]) where generation of turbulence
is ascribed to vortex stretching which can only occur in 3D aswill be considered in more detail below. But
we comment that chaotic solutions have been obtained from D and 2-D versions of the N.{S. equations,
suggesting that chaos is not necessarily turbulence, evenhgn associated with the N.{S. equations.

The modern de nition also imposes a requirement of \sensitvity to initial data" which allows one to
distinguish highly irregular laminar motion (such as arises in a quasiperiodic ow regime) from actual
turbulence. This is lacking in older de nitions despite the fact that experimental evidence has always
suggested such a requirement. We also comment that this pragles a direct link to modern mathematical
theories of the N.{S. equations in the sense that sensitivig to initial conditions (SIC) is the hallmark
characteristic of the \strange attractor" description of t urbulence rst put forward by Ruelle and Takens
[8].

We remark that the notion of loss of stability of the laminar ow regime(s) has both classical and
modern roots. Stability analyses in the context of, mainly, normal mode analysis has been a mainstay in
studies of uid motion for at least a century, and their connections to transition to turbulence were already
made in boundary layer studies. The modern contribution is © embed such approaches within bifurcation
theory, thus opening the way to use of many powerful mathemaital tools of modern analysis of dynamical
systems.

We close this section with a list of physical attributes of turbulence that for the most part summarizes
the preceding discussions and which are essentially alwaysentioned in descriptions of turbulent ow. In
particular, a turbulent ow can be expected to exhibit all of the following features:

1. disorganized, chaotic, seemingly random behavior;
2. nonrepeatability (i.e., sensitivity to initial conditions);

3. extremely large range of length and time scales (but suchhat the smallest scales are still su ciently
large to satisfy the continuum hypothesis);

4. enhanced diusion (mixing) and dissipation (both of which are mediated by viscosity at molecular
scales);

5. three dimensionality, time dependence and rotationaliy (hence, potential ow cannot be turbulent
because it is by de nition irrotational);

6. intermittency in both space and time.

We note that there are several views of intermittency, as wil be apparent later; but for now we simply
take this to be related to the percentage of time a ow exhibits irregular temporal behavior at any selected
spatial location.
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1.3 A Brief History of Turbulence

In this section we will rst brie y review some of the main hig hlights of the evolution of ideas associated
with the problem of turbulence and its treatment, beginning with da Vinci and proceeding chronologically
to the beginnings of the modern era of computational work by Oszag and coworkers €.g., Orszag and
Patterson [9]) and Deardor [10], and including mention of key theoretical and experimental works as well.
We then consider somewhat more recent work such as that of Laxnder and Spalding [11], Rogallo and
Moin [12], Kim et al. [13], Lesieur [14] and others. Finally, we summarize a papdsy Chapman and Tobak
[1] that casts this evolution in a particularly interesting light.

The goal of this section is to provide an indication of not only where we are in turbulence research in
the present era, but just as important, also how we got to whee we are.

1.3.1 General overview

As we have already noted, our earliest recognition of turbuénce as a distinguished physical phenomenon
had already taken place by the time of da Vinci (circa 1500). But there seems to have been no substantial
progress in understanding until the late 19" Century, beginning with Boussinesq [15] in the year 1877. Hi
hypothesis that turbulent stresses are linearly proportional to mean stran rates is still the cornerstone of
most turbulence models, and is likely to be invoked (sometines subtley) at some point in the derivation even
when it is not directly used. Itis interesting to note that Bo ussinesq himself was quite wary of the hypothesis
and presciently warned that determination of \eddy viscostties" (the \constant” of proportionality) linking
turbulent stress to mean strain rate would be dicult, if not completely impossible; but this has not
deterred the e orts of investigators for well over a century.

Osborne Reynolds' experiments, brie y described above, ath his seminal paper [16] of 1894 are among
the most in uential results ever produced on the subject of wrbulence. The experimental results led to
identi cation of the Reynolds humber as the only physical parameter involved in transition to turbulence in
a simple incompressible ow over a smooth surface, and moreer they suggested that only a few transitions
were required to reach a turbulent condition (a fact that was not fully recognized until late in the 20"
Century|and possibly still is not held universally). The vi ews and analyses of the 1894 paper set the
\way of seeing" turbulence for generations to come. In partcular, Reynolds concluded that turbulence
was far too complicated ever to permit a detailed understanihg, and in response to this he introduced
the decomposition of ow variables into mean and uctuating parts that bears his name, and which has
resulted in a century of study in an e ort to arrive at usable p redictive techniques based on this viewpaoint.
Beginning with this work the prevailing view has been that turbulence is a random phenomenon, and as
a consequence there is little to be gained by studying its detils, especially in the context of engineering
analyses.

It is interesting to note that at approximately the same time as Reynolds was proposing a random
description of turbulent ow, Poincae [17] was nding tha t relatively simple nonlinear dynamical systems
were capable of exhibiting chaotic random-in-appearance ghavior that was, in fact, completely determinis-
tic. Despite the fact that French, American and Russian mathematicians continued studies of such systems
throughout the early to mid 20" Century, it would be nearly 70 years before the American meterologist
Lorenz [18] would in 1963 rst propose possible links betwea® \deterministic chaos" and turbulence.

Following Reynolds' introduction of the random view of turb ulence and proposed use of statistics to
describe turbulent ows, essentially all analyses were alng these lines. The rst major result was obtained
by Prandtl [19] in 1925 in the form of a prediction of the eddy viscosity (introduced by Boussinesq) that
took the character of a \ rst-principles” physical result, and as such no doubt added signi cant credibility
to the statistical approach. Prandtl's \mixing-length the ory,” to be analyzed in more detail later, was
based on an analogy between turbulent eddies and molecules atoms of a gas and purportedly utilized
kinetic theory to determine the length and velocity (or time) scales needed to construct an eddy viscosity
(analogous to the rst-principles derivation of an analyti cal description of molecular viscosity obtained
from the kinetic theory of gases). Despite the fact that this approach has essentially never been successful
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at making true predictions of turbulent ow, it does a fairly good job at making \postdictions" of certain
simple ows.

The next major steps in the analysis of turbulence were takenby G. I. Taylor during the 1930s.
He was the rst researcher to utilize a more advanced level oimathematical rigor, and he introduced
formal statistical methods involving correlations, Fourier transforms and power spectra into the turbulence
literature. In his 1935 paper [20] he very explicitly presems the assumption that turbulence is a random
phenomenon and then proceeds to introduce statistical tod for the analysis of homogeneous, isotropic
turbulence. It is clear that the impact of this has lasted even to the present. In addition, Taylor in this
same paper analyzed experimental data generated by wind tumel ow through a mesh to show that such
ows could be viewed as homogeneous and isotropic. The suck® of this provided even further incentive
for future application of the analytical techniques he had introduced. A further contribution, especially
valuable for analysis of experimental data, was introducton of the \Taylor hypothesis" which provides a
means of converting temporal data to spatial data. This will be presented in more detail later. Other
widely-referenced works of this period include those of vorkarman [21], von Karman and Howarth [22]
and Weiner [23].

It is worthwhile to mention that just as Poincae had provid ed a deterministic view of chaotic phenom-
ena at the same time Reynolds was proposing a statistical appach, during the period of Taylor's most
celebrated work the Frenchman Leray was undertaking the rd truly mathematically-rigorous analyses of
the Navier{Stokes equations [24], [25] that would provide e groundwork for developing analytical tools
ultimately needed for the dynamical systems (deterministc) approach to study of the N.{S. equations and
their turbulent solutions.

In 1941 the Russian statistician A. N. Kolmogorov publishedthree papers (in Russian) [26] that provide
some of the most important and most-often quoted results of tirbulence theory. These results, which will
be discussed in some detail later, comprise what is now refexd to as the \K41 theory" (to help distinguish
it from later work|the K62 theory [27]) and represent a disti nct departure from the approach that had
evolved from Reynolds' statistical approach (but are nevetheless still of a statistical nature). However, it
was not until the late 20" Century that a manner for directly employing the theory in co mputations was
discovered, and until recently the K41 (and to a lesser extefy K62) results were used mainly as tests of
other theories (or calculations).

During the 1940s the ideas of Landau and Hopf on the transitio to turbulence became popular. They
(separately) proposed that asRe is increased a typical ow undergoes an (at least countable)in nity of
transitions during each of which an additional incommensuate frequency (and/or wavenumber) arises due
to ow instabilities, leading ultimately to very complicat ed, apparently random, ow behavior (see Hopf
[28] and Landau and Lifshitz [29]). This scenario was favoré by many theoreticians even into the 1970s
when it was shown to be untenable in essentially all situatims. In fact, such transition sequences were
never observed in experimental measurements, and they wergot predicted by more standard approaches
to stability analysis.

Throughout the 1940s there were numerous additional contthutions to the study of turbulence; we
mention only a few selected ones here, and refer the reader the often extensive reference lists of various of
these citations if more details are desired. For the most par as noted by Leslie [30], this decade produced
a consolidation of earlier statistical work (but with the exceptions already discussed above). Works of
Batchelor [31], Burgers [32], Corrsin [33], Heisenberg [34von Karman [35], Obukhov [36], Townsend [37]
and Yaglom [38] are among the most often cited, with those of @rrsin, Obukhov and Townsend involving
experiments.

The rst full-length books on turbulence theory began to appear in the 1950s. The best known of
these are due to Batchelor [39], Townsend [40] and Hinze [6]All of these treat only the statistical theory
and heavily rely on earlier ideas of Prandtl, Taylor, von Karman and Yaglom (as well as work of the
authors themselves, especially in the rst two cases), but ften intermixed with the somewhat di erent
views of Kolmogorov, Obukhov and Landau. Again, as was truen the preceding decade, most of this
work represented consolidation of earlier ideas and servetittle purpose beyond codifying (and maybe
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mystifying?) these notions so as to provide an aura of infalbility that to the present has been di cult to
dispel. Moreover, the speci ¢ references [39], [40] and [@resented the problem of turbulence as being so
intractable that for several generations few researchers gre willing to address it. But it is important to
note that experimental work during this period, and even sonewhat earlier, was beginning to cast some
doubt on the consistency, and even the overall validity, of e random view of turbulence. In particular,
already as early as the work of Emmons [41] it was clear that aampletely random viewpoint was not
really tenable, and by the late 1950s measurement technigqgewere becoming su ciently sophisticated
to consistently indicate existence of so-called \coherentstructures” contradicting the random view of
turbulence, as already foreseen in a review by Dryden [42] asarly as 1948.

By the beginning of the 1960s experimental instrumentationwas improving considerably, although the
available techniques were rather crude by modern standardflaser doppler velocimetry and particle image
velocimetry were yet to be invented). But the advance that wauld ultimately lead to sweeping changes
in the treatment of turbulence was on the horizon|the digita | computer. In 1963 the MIT meteorologist
E. Lorenz published a paper [18], based mainly on machine cgmutations, that would eventually lead
to a dierent way to view turbulence. In particular, this wor k presented a deterministic solution to a
simple model of the N.{S. equations which was so temporally ®atic that it could not (at the time) be
distinguished from random. Moreover, this solution exhibied the feature of sensitivity to initial conditions
(later to be associated with a \strange attractor" in the mat hematics literature), and thus essentially
nonrepeatability. Furthermore, solutions to this model contained \structures” in a sense that much later
would be exploited by McDonough et al. [43], Mukerji et al. [44] and Yanget al. [45] and which might,
at least loosely, be associated with the coherent structure being detected by experimentalists|although
this was not recognized in 1963. The important point to take fom this is that a deterministic solution
to a model of the N.{S. equations (albeit, a very simple one) lad been obtained which possessed several
notable features of physical turbulence.

It is useful to further recognize that throughout the 1960s progress was also being made on the math-
ematical understanding of the N.{S. equations, the long-tem e ects of which would be very signi cant.
Such studies occurred both in the context of basic analysisif., existence, uniqueness and regularity of
solutions) as exempli ed in the landmark book of Ladyzhenslkya [46] and in the eld of dynamical systems,
where the works of Smale [47] in the U. S. and Arnol'd [48] in tle Soviet Union are representative among
many.

At the same time a new direction was being taken in the attack m the turbulence \closure problem”|
the existence of more unknowns than equations the statistical formulations of turbulence. A number
of new techniques were introduced beginning in the late 1950with the work of Kraichnan [49], [50] who
utilized mathematical methods from quantum eld theory in t he analysis of turbulence. These involve use
of Fourier representations (both series and transforms), Eynman diagrams and more fundamental (than
N.-S.) equations such as the Liouville and Fokker{Planck egations, to approximate higher moments that
occur each time an equation for any particular lower moment § constructed. We will not provide details
of this work herein since for the most part it represents yet aother \blind alley" that contributed more
to mysti cation of the turbulence problem than to its soluti on. For the interested reader, a quite detailed
treatment, written soon after much of the work was completed can be found in the book by Leslie [30]
published in 1973.

There was also signi cant progress in experimental studie®f turbulence during the decade of the 60s.
E orts were beginning to address quite detailed technical apects of turbulence such as decay rates of
isotropic turbulence, return to isotropy of homogeneous aisotropic turbulence, details of boundary layer
transitions, transition to turbulence in pipes and ducts, e ects of turbulence on scalar transport, etc. These
include the works of Comte-Bellot and Corrsin [51] on returnto isotropy, Tucker and Reynolds [52] on
e ects of plain strain, Wygnanski and Fiedler [53] on bounday layer transition, Gibson [54] on turbulent
transport of passive scalars, and Lumley and Newman [55], ab on return to isotropy.

Publication of the seminal paper by Ruelle and Takens [8] in 271 probably best delineates the beginning
of what we will often term a \modern" view of turbulence. In th is work it was shown that the N.{S.
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equations, viewed as a dynamical system, are capable of prading chaotic solutions exhibiting sensitivity to
initial conditions (SIC) and associated with an abstract mathematical construct called a strange attractor.
Furthermore, this paper also presents the sequence of traitions (bifurcations) that a ow will undergo as
Re is increased to arrive at this chaotic state, namely,

steady! periodic! quasiperiodic! turbulent

Availability of such a specic prediction motivated much ex perimentation during the 1970s and 80s to
determine whether this actually occurred. It is to be emphaszed that this short sequence of bifurcations
directly contradicts the then widely-held Landau{Hopf scenario mentioned earlier.

Indeed, by the late 1970s and early 1980s many experimentaésults were showing this type of sequence.
(In fact, as we mentioned earlier, such short sequences weadvays seen, but not initially recognized.) Butin
addition, other short sequences of transitions to turbulerce were also con rmed in laboratory experiments.
In particular, the period-doubling subharmonic sequence twdied by Feigenbaum [56] as well as sequences
involving at least some of the intermittencies proposed by Bmeau and Manneville [57] were observed
repeatedly and consistently. It should be noted further that other transition sequences, usually involving a
\phase-locking" phenomenon, were also observed, particatly in ows associated with natural convection
heat transfer (seee.g., Gollub and Benson [58]); but these were still short and in noway suggested validity
of the Landau{Hopf view.

Two other aspects of turbulence experimentation in the 70s ad 80s are signi cant. The rst of these
was detailed testing of the Kolmogorov ideas, the outcome ofvhich was general con rmation, but not
in complete detail. This general correspondence between #ory and experiment, but lack of complete
agreement, motivated numerous studies to explain the dis@pancies, and similar work continues even to
the present. The second aspect of experimentation during tis period involved increasingly more studies of
ows exhibiting complex behaviors beyond the isotropic turbulence so heavily emphasized in early work.
By the beginning of the 1970s (and even somewhat earlier), &ntion began to focus on more practical ows
such as wall-bounded shear ows (especially boundary-laydransition), ow over and behind cylinders and
spheres, jets, plumesgetc. During this period results such as those of Blackwelder anKovasznay [59],
Antonia et al. [60], Reynolds and Hussain [61] and the work of Bradshaw andogvorkers (e.g., Wood and
Bradshaw [62]) are well known.

From the standpoint of present-day turbulence investigations probably the most important advances of
the 1970s and 80s were the computational techniques (and thieardware on which to run them). The rst
of these was large-eddy simulation (LES) as proposed by Dedor [10] in 1970. This was rapidly followed
by the rst direct numerical simulation (DNS) by Orszag and P atterson [9] in 1972, and introduction of
a wide range of Reynolds-averaged Navier{Stokes (RANS) appaches also beginning around 1972 (see
e.g, Launder and Spalding [11] and Launderet al. [63]). In turn, the last of these initiated an enormous
modeling e ort that continues to this day (in large part because it has yet to be successful, but at the
same time most other approaches are not yet computationallyfeasible). We will outline much of this in a
later chapter.

It was immediately clear that DNS was not feasible for practical engineering problems (and probably
will not be for at least another 10 to 20 years beyond the pres#), and in the 70s and 80s this was true
as well for LES. The reviews by Ferziger [64] and Reynolds [§®mphasize this. Thus, great emphasis was
placed on the RANS approaches despite their many obvious shttomings that we will note in the sequel.
But by the beginning of the 1990s computing power was reachig a level to allow consideration of using
LES for some practical problems if they involved su ciently simple geometry, and since then a tremendous
amount of research has been devoted to this technique. Receaxtensive reviews have been provided, for
example, by Lesieur and Metais [66] and Meneveau and Katz [8]. It is fairly clear that for the near future
this is the method holding the most promise. Indeed, many newapproaches are being explored, especially
for construction of the required subgrid-scale models. Thee include the dynamic models of Germanat
al. [68] and Piomelli [69], and various forms of \synthetic-vebcity" models such as those of Domaradzki
and coworkers g.g., Domaradzki and Saiki [70]), Kerstein and coworkers €.9., Echekki et al. [71]) and
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McDonough and coworkers €.g, McDonough and Yang [72]). In these lectures we will later otline the
basics of some of these approaches, but will not be able to givcomplete details. The interested reader
can nd much of this treated in detail by Sagaut [73].

1.3.2 Three eras of turbulence studies

In 1985 a little-known, but quite interesting, paper was published by Chapman and Tobak [1] in which

a rather di erent view of the evolution of our views on turbul ence was presented. The authors divide
the century between Reynolds' experiments in 1883 to the the present time 1984 into three overlapping

\movements" that they term statistical, structural and deterministic. Figure 1.3 provides a sketch similar
to the one presented in [1] (as Fig. 1.3), but we have include@dditional entries consistent with discussions
of the preceding section.

Statistical Movement
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Figure 1.3: Movements in the study of turbulence, as describd by Chapman and Tobak [1].

As we noted earlier, the statistical approach was motivatedby the view that turbulence must surely
be random, and despite repeated experimental contradictins of this interpretation we see the statistical
movement extending all the way to the present with recent wok now attempting to combine RANS and LES
approaches. One of the more interesting contradictions oftiis era arises from the fact that very early many
researchers were already accepting the N.{S. equations asing the correct formulation of turbulent ow.
But these equations are_deterministi¢ so a question that should have been asked, but evidently wasot,
is \How can a deterministic equation exhibit a random solution?" We comment that there are super cial
answers, and the reader is encouraged to propose some; buttine end, solutions to the N.{S. equations
are deterministic, leaving the following choice: either acept the N.{S. equations as the correct description
of turbulent ow and admit turbulence is not random, or seek a completely di erent description, possibly
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based on stochastic di erential equations. Moreover, if weinsist that turbulence is a random phenomenon,
then averaging the N.{S. equations as is done in RANS approd®s makes little sense|we would be starting
with the wrong equations and yet ending with equations that are not stochastic.

The structural movement is viewed by Chapman and Tobak as haing begun possibly with the Schubauer
and Skramstad [74] observations of Tollmien{Schlicting waes in 1948; but as we have already noted, even
the early experiments of Reynolds indicated existence of dwrent structures and short bifurcation se-
guences. In any case, this movement too persists even to thegsent, and much research on detecting and
analyzing coherent structures in turbulent ows continues.

In [1] the result of the statistical movement is summarized & \a structureless theory having little power
of conceptualization,” and we add, also little power of predction at least in part as a consequence of the
lack of structure. By way of contrast, the same authors charaterize the structural movement as having
produced \structure without theory." Because of the massive amounts of data that have arisen during
experimentation it has been di cult to construct a theory, b ut in some respects it is not clear that there
actually is much structure either.

Chapman and Tobak show the deterministic movement beginniig with the work of Lorenz [18] men-
tioned earlier but also note that one could easily include stidies as far back as those of Poincae [17].
After describing a considerable body of research up to 1984hey conclude that while results of the de-
terministic movement are encouraging, as of that date they fad not yet provided a successful approach
to simulating turbulent ows. (Indeed, even to the present, deterministically-based techniques are often
criticized for this same reason. DNS is too expensive for piical simulations, and essentially none of
the e ciently-computed modeling techniques that might be d irectly linked to the deterministic approach
have proven themselves.) The authors of [1] then conclude # paper by expressing the belief that future
directions in the study of turbulence will re ect developments of the deterministic movement, but that
they will undoubtedly incorporate some aspects of both the satistical and structural movements. We
comment, that in a sense this is proving to be the case. Certaily, LES can be viewed as a product of the
deterministic movement in that the large energy-containing scales are directly computed (as in DNS). On
the other hand, LES might also be seen in the light of the statstical movement because the subgrid-scale
(SGS) models are usually based on a statistical approach. Athe same time, there are beginning to be
other approaches to SGS model construction that do, in at leat an indirect way, incorporate aspects of
the structural and deterministic movements.

1.4 De nitions, Mathematical Tools, Basic Concepts

In this nal section of the chapter we begin our formal studies of turbulence. We will do this by rst
introducing a quite broad range of de nitions of various terms that are widely used (and too often not
de ned) in turbulence studies, many of which are by now competely taken for granted. Without these
de nitions a beginning student can nd reading even fairly elementary literature rather di cult. We
continue in a second subsection with a number of widely-usedhathematical constructs including various
forms of averaging, decompositions of ow variables, Fourer series and transformsetc. Then, in a nal
subsection we introduce some further basic concepts that tén arise in the turbulence literature; to some
extent this will provide further discussions and applications of terminology appearing in the rst two
subsections.

1.4.1 De nitions

In this section we introduce many de nitions and terminology to be used throughout these lectures. We
recognize that there is a disadvantage to doing this at the bginning in that nearly all of these will of
necessity be given out of context. On the other hand, they wil all appear in one place, and they will be
numbered for easy later reference; thus, this subsection pvides a sort of glossary of terms. The reader will
recognize that some of these will have already been used witlittle or no explanation in earlier sections;
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so hopefully contents of this section will help to clarify sone of the earlier discussions. In general, we will
attempt to present ideas, rather than formulas, in the present section, and then provide further elaboration,
as needed, in the remaining two subsections of the current séon.

We will somewhat arbitrarily classify the terminology presented here in one of three categories, although
it will be clear that some, if not all, of the terms given could (and sometimes will) appear in one or both of
the remaining categories. These will be identi ed as:i) purely statistical, ii) dynamical systems oriented,
and iii ) physical and computational turbulence.

Purely Statistical

In this section we provide a few de nitions of statistical terms often encountered in the study of
turbulence (especially in the classical approach) and elsehere.

De nition 1.1 (Autocorrelation) Autocorrelation is a function that provides a measure of howwell a
signal \remembers" where it has been; it is an integral overitme (or space) of the value of the signal at a
given time multiplied times a copy with shifted time (or spae) argument.

Values of autocorrelation are usually scaled to range betwen 1 and +1.

De nition 1.2 (Cross correlation) Cross correlation provides a measure of how closely two sigts (or
functions) are related; it is constructed as a scaled inner ppduct of the two functions integrated over a
domain (temporal or spatial) of interest.

If two signals are identical, they have a cross correlation gual to unity, and if they everywhere have equal
magnitudes but opposite signs, their cross correlation wilbe 1. All other possible values lie between
these limits.

De nition 1.3 (Ergodicity) Ergodicity implies that time averages and ensemble averag@re equivalent.

Note that this is a consequence of the de nition, and not actually the de nition, itself. (The formal
de nition is rather technical.) The averages mentioned here will be treated in detail in the next section.

De nition 1.4 (Flatness) Flatness requires an equation for formal de nition. Here wesimply note that
it represents the deviation from Gaussian in the sense thatuhctions having large atness values are more
sharply peaked than are Gaussian distributions, and conveely.

Flatness (sometimes called \kurtosis") is always greater han zero, and atness of a Gaussian is exactly
three (3).

De nition 1.5 (Probability density function (pdf)) The probability density function of a random
(or otherwise) variable expresses the probability of ndig a particular value of the variable over the range
of de nition of the variable.

As with most of the de nitions provided here, we will treat th is in more detail, and with more formal
mathematics, later. The simplest \picture" to remember for a pdf is a histogram scaled so that its area is

unity.

De nition 1.6 (Random) A random variable, function, or number is one whose behavioat any later
time (or place) cannot be predicted by knowledge of its behiav at the present time (or place).

It is worth mentioning that the autocorrelation of a random signal decays to zero very rapidly.

De nition 1.7 (Skewness) Skewness is a measure of asymmetry of a function with respeitt the origin
(or elsewhere).
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Skewness can take on both positive and negative values, andhat observed in turbulence experiments is
usually (but not always) negative. Just as will be the case fo atness, we will later provide a specic
formula by means of which to calculate skewness.

De nition 1.8 (Stochastic) A stochastic variable is one whose autocorrelation decay® tzero exponen-
tially fast.

The notions of randomness and stochasticity are often usedterchangeably, but this is not formally correct.
Indeed, a deterministic behavior can exhibit stochasticily, but random behavior is always stochastic. Hence,
random ) stochastic, but not conversely. A consequence of this is thait makes perfect sense to apply
statistical tools in the analysis of deterministic dynamical systems, and this is often done.

Dynamical Systems Oriented

Here we introduce numerous de nitions associated with dynanical systems, per se and also with
applied mathematics of the Navier{Stokes equations.

De nition 1.9 (Attractor) An attractor is a region in phase space to which all trajectores starting from
within the basin of attraction are drawn after su ciently lo ng time, and remain there.

Various of the terms in this de nition are, themselves, undened. This will be taken care of below. We
should also point out that there are formal technical mathematical de nitions for attractor. We will not
need that level of rigor in these lectures.

De nition 1.10 (Basin of attraction) The set of initial data whose trajectories reach the associad
attractor.

It should be mentioned that the basin of attraction is not a tr ivial notion. Basins can be fractal in nature,
implying that changing the value of the initial point by an in nitesimal amount might result in a drastic
change in long-time behavior of the dynamical system. In paticular, this is associated with the questions
of unigueness and stability of solutions to initial value problems.

De nition 1.11 (Bifurcation) A bifurcation (usually termed, simply, a transition in the uid dynamics
literature) is a discontinuous qualitative change in systen behavior as a (bifurcation) parameter (say, the
Reynolds number) moves continuously through a critical vaie.

There are formal mathematical de nitions associated with bifurcation, and we will introduce these later,
as needed.

De nition 1.12 (Cantor set) The Cantor set is a set formed by starting with the unit intenal, and then
discarding the middle third. This leaves a one-third subingrval on each end. Now we remove the middle
third from each of these, and continue this process ad in nitm.

What remains at the end of this process is a set still contaimg an uncountable in nity of points, but
which has zero measure (think length). Moreover, its fractd dimension can be shown to be 0:.62::..

De nition 1.13 (Chaotic) Chaotic is the terminology now used to connote erratic, irrgular, disorga-
nized, random-in-appearance behavior that is, in fact, degrministic.

De nition 1.14 (Codimension) Codimension refers to the dimension of the space formed by ehbifur-
cation parameters of a dynamical system.
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As with most of our de nitions in this section, this is not pre cise, and other de nitions are sometimes
used. In any case, for our purposes the codimension of a dynaoal system is simply its number of
bifurcation parameters. It is worthwhile to note that systems with codimension greater that two are
presently essentially impossible to treat analytically.

De nition 1.15 (Critical value) A value of a bifurcation parameter at which the qualitative bhavior of
the system changes, i.e., a \bifurcation point."

This corresponds to the situation in which a particular solution to the equations representing a dynamical
system is stable for values of the bifurcation parameter tha are less than the critical value, and unstable
for those that are greater. As the parameter value passes tlmugh the critical one, the original solution
(which is still a solution) loses stability and is no longer doserved (either physically or computationally)
and is replaced with a di erent stable solution.

De nition 1.16 (Delay map) A delay map is a phase space construction (generally reprasing an
attractor) obtained by plotting the value of a variable agaist a second, shifted-in-time (delayed), value of
the same variable as time evolves.

We observe that delay maps are particularly valuable when ofly incomplete data associated with an
attractor are available. In particular, there is a theorem due to Takens [75] that proves that successive
time shifts of data, to each of which is associated an embeddg dimension, allows recovery of the topology
of an attractor when only a single variable (out of possibly many) is known completely. The use of this
Takens \embedding theorem” can be especially valuable in teating experimental data where only limited
measurements may have been taken.

De nition 1.17 (Deterministic) Deterministic implies predictable, at least for short times. Any behav-
ior described by di erential and/or algebraic systems posessing no random coe cients or forcings can be
expected to be deterministic.

It is important to note here that predictability may, in fact , be for only a short time. Indeed, deterministic
chaos is of precisely this nature|predictable, but not for v ery long.

De nition 1.18 (Dynamical system) A dynamical system is a mathematical representation, via (8u-
ally) di erential and/or algebraic equations, of a physical (or otherwise) system evolution starting from
prescribed initial conditions.

Associated with this dynamical system will be a formal soluion operator (in the form of a semigroup) that
maps initial data to results at later times. See Frisch [80] br a precise de nition.

De nition 1.19 (Embedding dimension) The embedding dimension is the dimension of a phase space
reconstructed by delays of (usually) a single time series.

An important question, associated with having only a single recording for the behavior of a multi-
component dynamical system, is \How large should the embedidg dimension be (that is, how many time-
delayed variables must be constructed) to guarantee that tke topology of the phase space representation
is equivalent to that of the original dynamical system?" This is discussed in considerable detail by Takens
[75].

De nition 1.20 (Feigenbaum Sequence) A Feigenbaum bifurcation sequence is one associated with
period-doubling (subharmonic) bifurcations.
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We remark that such sequences had been know prior to Feigenban's studies, but previous work did not

match the detail or depth of his investigations. Primarily t hrough numerical experiments he was able to
show that quadratic maps exibit universal behaviors that cen be characterized by two constant determined
by him (see [56]).

De nition 1.21 (Flow) The set of trajectories of a dynamical system generated fronall possible initial
conditions associated with a particular attractor.

De nition 1.22 (Fractal) An object whose measured linear scales increase with increa in precision of
the measurements is termed fractal.

We remark that the length of the coastline of Great Britain is often cited as an example of this. Furthermore,
for usual fractals as the scale on which measurements (or spply observations) is decreased, the object still
\looks the same on every scale.” This is due to what is termed $elf similarity.”

De nition 1.23 (Fractal dimension) A fractal dimension is a generally non-integer dimension tlat
in some way characterizes the structure of a fractal, and wich collapses to the usual integer values of
dimension when applied to ordinary, nonfractal objects.

It is worth commenting here that there are numerous ways to conpute fractal dimension, and none is par-

ticularly easy to carry out. Because a non-integer dimensino is considered to be one of the characterizations
of a strange attractor, much e ort was expended on arriving & good computational procedures throughout

the 1980s. However, none of these were completely successtand other approaches to characterizing a
strange attractor are now more often used.

De nition 1.24 (Hilbert space) A Hilbert space is a complete, normed, linear space equippegith an
inner product that induces the norm of the space.

The notion of a Hilbert space is incredibly important in the mathematics of the N.{S. equations. In the
present lectures, however, we will touch on this only lightl.

De nition 1.25 (Inertial manifold) An inertial manifold is a nite-dimensional manifold assoc iated
with the solution operator (semigroup) of a dynamical systm that is (positively) invariant under the semi-
group and exponentially attracts all orbits of the dynamichsystem.

The fact that the inertial manifold of a dynamical system is nite-dimensional implies the possibility of
being able to actually compute trajectories on it. If no suchobject exists, it would be impossible to employ
DNS to solve the N.{S. equations at highRe.

De nition 1.26 (Intermittency) Intermittency, in the sense of dynamical systems, is one oftiree phe-
nomena associated with switching between nearly steady arahaotic behavior, or between periodic and
chaotic behavior.

The detailed mathematical de nition of intermittency requ ires more background than is expected of readers
of the present lectures. The interested reader can consult &g et al. [77] and Frisch [80] and references
therein.

De nition 1.27 (Invariant sets, manifolds, tori) The term invariant can be applied to any of these
mathematical objects, and others, and refers to the propeytthat the dynamical system (viewed as a semi-
group) can map the entire, say manifold of trajectories, bak to itself. Then the manifold is said to be
invariant.
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It is important to note that invariance is not as strong a prop erty as might be thought. In particular, under
invariance alone there is no guarantee that points of a mandld will be mapped back to themselves|only
that all points of the (invariant) manifold will be mapped ba ck to some point(s) of the manifold by the
dynamical system.

De nition 1.28 (Limit cycle) A limit cycle of a dynamical system is a closed trajectory thais followed
repeatedly (cyclicly) for all time.

De nition 1.29 (Lorenz attractor) The Lorenz attractor is the attractor associated with solutons to
the Lorenz [18] equations.

The Lorenz attractor was the rst strange attractor to be com puted numerically, and when this was carried

out in 1963 the terminology \strange attractor" had not yet a ppeared in the literature. The importance of

this attractor is that it was the rst to mathematically (alb eit, numerically) suggest a connection between
turbulence and deterministic behavior simply due to the fad that the Lorenz equations comprise a very
low order Galerkin approximation to the N.{S. equations.

De nition 1.30 (Lyapunov exponent) The Lyapunov exponent of a dynamical system provides a time-
averaged measure of the rate of divergence of two traject@s that were initially nearby.

We note that positive Lyapunov exponents are generally take to be a sure sign of a strange attractor
(in the case that there is an attractor), and negative ones inply decay of solution behavior to a steady
state. Because of their signi cance in identifying strange attractors, much e ort has been devoted to
accurate, e cient computational technigues for their dete rmination. Some theoretical details can be found
in [77], as well as in many other references, and Wolét al. [78] provide one of the most widely-used
computational procedures. We comment that like fractal dimension calculations, Lyapunov exponent
results are always subject to some uncertainty, and obtainig them tends to be very computationally
intensive. As a consequence, they are not nearly as widely ad today as was the case in the 1980s.

De nition 1.31 (Manifold) A manifold is a set whose points can be (at least locally) punto correspon-
dence with the points of a Euclidean space of the same dimenpsi

There are very precise and complicated de nitions of maniféds, and many types of manifolds (the interested
reader can consult Wiggins [79] for some details), but here gvnote that identifying manifolds with smooth

surfaces is not a bad rst approximation|although it will fa il in the case of a strange attractor. Also,
n-dimensional Euclidean space is a manifold for any nite vale of n. Thus, in the casen = 3 we have
been living in a manifold all our lives.

De nition 1.32 (Multifractal) Multifractal refers to a fractal that has multiple fractal c haracter in the
sense that scaling to smaller and smaller scales is not selfrglar as it is in the case of an ordinary fractal.

De nition 1.33 (Orbit) The term orbit refers to a trajectory of a dynamical system ttat has reached an
attractor and thenceforth continues to, in some sense cir@d around (orbit) the attractor.

The terms orbit and trajectory are obviously closely related, and while they are not completely equivalent
they are often used interchangeably.

De nition 1.34 (Phase lock) Phase lock is a type of periodicity that can arise after a sysim has reached
a quasiperiodic state (two incommensurate frequencies), rad further increases in a bifurcation parameter
leads to returning to a two-frequency commensurate state imwhich the two frequencies are integrally related,
and said to be \locked."
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In the physics literature, this condition is often termed resonance and in some dynamical systems contexts
(particularly discrete dynamical systems) the state is caled n-periodic because the power spectrum will
show n strong equally-spaced spikes starting with the lower of thetwo frequencies and ending with the
higher. The n 1 highest frequencies might be viewed as harmonics of the l@st one, but this is not an
accurate interpretation because of the existence of two frguencies to begin with.

De nition 1.35 (Phase portrait) A phase portrait is a plot of two (or possibly three) componets of a
dynamical system against one another as time evolves.

A simple case of this is the limit cycle often pictured as partof the analysis of stability of periodic solutions.
It is also worth noting that the delay maps described above povide an approximation of the phase portrait.

De nition 1.36 (Phase space) Phase space is the region in which a phase portrait (or delay ap) is
plotted.

De nition 1.37 (PMNS equation) The PMNS equation (poor man's Navier{Stokes equation) wastte
name given to a very simple discrete (algebraic) dynamicalystem by Frisch [80] when arguing that despite
its simplicity, it had many of the aspects of the N.{S. equaibns.

McDonough and Huang [81], [82] later showed that a somewhat ore complicated discrete system could be
derived directly from the N.{S. equations and, moreover, that this still relatively simple algebraic system
was capable of exhibiting essentially any temporal behaviofound in the N.{S. partial di erential system.

De nition 1.38 (Poincae map) A Poincae map gives the location of the next passing of a trgectory
through a Poincae section based on the current location ofthe trajectory.

We note that in general Poincae maps cannot be derived anaftically; they must usually be constructed
numerically. They provide mainly a qualitative description of overall behavior of a dynamical system;
but because they are relatively simple (and easily compute}] it has been suggested that they might hold
potential for use in turbulence models.

De nition 1.39 (Poincae section) A Poincae section is a slice (a plane) through the multi-dimensional
torus containing the trajectories of a dynamical system.

It is not hard to deduce that if the trajectories behave in a chaotic fashion, their points of intersection with
any Poincae section will show signs of irregularity as wel.

De nition 1.40 (Pomeau{Manneville Sequence) A Pomeau{Manneville bifurcation sequence is one
in which chaos arises through a route of behaviors includingo-called \intermittencies.” There are at least

three distinct types of these (see de nition, above). More dtailed information can be obtained from the
earlier cited references, and from [57].

De nition 1.41 (Power spectral density, PSD) The power spectrum of a signal is a function that
gives the power (amplitude) of the signal (usually in decille, dB) as a function of frequency or wavenumber.

De nition 1.42 (Quasiperiodic) A quasiperiodic signal is one containing two incommensurat (not
rationally related) frequencies (or wavenumbers).

As we have indicated earlier, at least in the case of observains and theory associated with N.{S. ows,
the quasiperiodic state often occurs as the second bifurcain beyond steady state.

De nition 1.43 (Recurrent) A recurrent behavior in a dynamical system characterizes th fact the the
system will repeatedly (recurrently) return to any, and all, states of a stationary con guration with an
in nity of such occurrences.
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We observe that limit cycles are the simplest examples of a @rrent regime, but stationary turbulence is
typically also of this nature.

De nition 1.44 (Ruelle{Takens Sequence) The Ruelle and Takens bifurcation sequence consists of
no more than four bifurcations leading to a strange attracte, but the sequence can be as short as three bi-
furcations. It typically consists of two Hopf bifurcations from steady behavior (the rst to simple periodicity,
and the second to quasiperiodicity), followed by a bifurc&in to a strange attractor.

We remark that laboratory experiments very early identi ed modi cations of this sequence. In particular,
the studies of Gollub and Benson [58] should many di erent feams of phase-locked behavior; these authors
note that the speci c forms of phase lock and their embedding within the Ruelle{Takens sequence appear
to not be repeatable in laboratory experiments,i.e., they are sensitive to initial conditions.

De nition 1.45 (Self similarity) Self similarity is a property often possessed by fractals &&ling to a
structure that looks the same on all scales.

This property leads to a particular mathematical representation, and one that must be altered in the case
of multifractality.

De nition 1.46 (Sensitivity to initial conditions) Sensitivity to initial conditions (SIC) implies that
the behavior of a dynamical system can change drastically duo small changes in the initial data.

SIC is one of the main attributes of a strange attractor, and in the context of actual physics is the reason
weather cannot be predicted for more than a few days in advare

De nition 1.47 (Shell model) Shell models are dynamical systems constructed so as to mimize the
number of equations (termed \modes" because they typicallare obtained via a Galerkin procedure and
Fourier analysis) needed to reproduce speci ¢ aspects of ahysical pheneomenon.

Shell models have often been constructed to e ciently mimic behavior of the N.{S. equations, at least
locally in Fourier space. In this case they are usually desiged to reproduce certain symmetries and
conservation properties of the N.{S. equations. See Bohet al. [83] for extensive analyses.

De nition 1.48 (Stable, and unstable, manifold) A stable manifold consists of the set of points in
the trajectories of a dynamical system that approach a speci behavior (say, a xed point) as t ! 1
Corresponding to this is the notion of an unstable manifold Wwich exhibits the same behavior as! 1

We note that this de nition is lacking precision, but we will not have much speci ¢ need for it in the sequel.

De nition 1.49 (Stationary) A dynamical system can be said to exhibit stationary behavipor station-
arity, if it is recurrent and can be assigned a well-de ned aerage with respect to time.

This, like most of our de nitions, is rather imprecise and heuristic; but it contains the basic idea: stationary
behavior is, in general, time dependent|it is usually not st eady|but it can be viewed as uctuations about
some mean. Frisch [80] provides a precise and quite matheniaally-complicated de nition, while Tennekes
and Lumley [7] use one even simpler than that given here. Oneh®uld note that steady (time-independent)
behavior implies stationarity, but not conversely.

De nition 1.50 (Strange attractor) A strange attractor is an attractor of a dynamical system (se
Def. 1.9 of this section) that can be viewed as having been ciructed as the Cartesian product of a smooth
manifold and a Cantor set.
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In particular, one might envision a simple strange attractor as being the interior of a two-torus that has
had nearly all of its points removed in a process analogous tthe Cantor set construction described in
Def. 1.12. A more accurate view comes from recognizing thathiree main geometric processes occur in the
generation of a manifold corresponding to a strange attraabr: i) shrinking in one or more directions and
stretching in one or more directions,ii) rotation, and iii ) folding. Indeed, it can be shown that when these
operations are applied recursively to the ow of a dynamicalsystem, the outcome is a multi-dimensional
version of a Cantor set. See Alligoocet al. [85] and Lanford [86] for more details.

De nition 1.51 (Strong solution) A strong solution (mainly in the context of partial di erent ial equa-
tions) is one that satis es the equations expressed in clagsl form almost everywhere (a.e.) on the problem
domain of de nition.

We remark that the notion of strong solution takes on many di erent forms, but the important aspect,
as the de nition implies, is that the solution is su ciently di erentiable to make sense of the di erential
equation on all but a set of measure zero in the domain of the gblem being considered.

De nition 1.52 (Subharmonic) Subharmonic refers to the appearance of the power spectrunorce-
sponding to a signal arising from a period-doubling (or, subarmonic) bifurcation.

The power spectrum will exhibit frequencies at the half frequencies of each of the harmonics of the original
signal (including, and especially) the fundamental. One ca think of this in phase space as arising for an
attractor consisting of a simple limit cycle (periodic behavior) after an increase in the bifurcation parameter
changes the dynamics so that the trajectory does not quite reurn to its starting point after one orbit, and
requires a second orbit to return. This doubles the period ad halves the frequency.

De nition 1.53 (Trajectory) A trajectory is the point set in phase space of the path folloed by a
dynamical system starting from a single point of initial data.

De nition 1.54 (Weak solution) A weak solution to a di erential equation is one that does nothave
su cient di erentiability to permit substitution of the so lution into the di erential equation.

This notion is an extremely important one in the analysis of the N.{S. equations, and it is associated
with integral forms of these (and other) equations that permit moving derivatives o of formally non-
di erentiable solutions and onto in nitely-di erentiabl e test functions via integration by parts within a
linear functional. In fact, the formal de nition of such sol utions does not alone admit pointwise evaluation,
but practical constructions such as use of Galerkin procedres do yield solutions that can be evaluated
in the usual pointwise sense|but which, nevertheless could have no derivatives. Stakgold [87] provides a
good treatment of these ideas.

Physical and Computational Turbulence

In this section we present a wide assortment of terms assodied with both the physical and computa-
tional aspects of turbulence.

De nition 1.55 (Backscatter) Backscatter is the name often given to the process of trangfing turbu-
lence kinetic energy from small scales to large ones, or eqalently, from high wavenumbers to low ones.

It is interesting to note that the early theories of turbulen ce did not include backscatter (despite the fact
that Fourier analysis of the N.{S. equations suggests it musoccur), and instead viewed transfer of energy
as going only from large scales to small.

De nition 1.56 (Boussinesq hypothesis) The Boussinesq hypothesis states that small-scale turbote
stress should be linearly proportional to the mean (largeesle) strain rates.
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While this idea is an appealing one, since it is somewhat anajous to Newton's law of viscosity, there is
no physical reason why it should hold, and, in fact, in almostall circumstances it does not.

De nition 1.57 (Bu er layer) The bu er layer is the region in wall-bounded ows between tle viscous
sublayer and the log layer.

De nitions of viscous sublayer and log layer are given belowand as might be expected, they are physical
locations in wall-bounded ows. Intuitively, one should expect that these separate regions ( ow behaviors)
must be \matched" both physically and mathematically to obt ain a well-de ned global treatment of such

a ow. The bu er layer is this matching, overlap region.

De nition 1.58 (Closure) Closure refers to nding expressions for terms that arise inaveraged and
Itered versions of the N.{S. equations and for which there & no fundamental equations.

The \closure problem" is the outstanding diculty with any R ANS or LES method: there are more
unknowns than there are equations, and this leads to the neetbr modeling in order to produce a \closed"
system of equations.

De nition 1.59 (Coherent structures) Coherent structures are not-very-well-de ned behaviorsn a
turbulent ow, but which are identi ed as being easy to \see; may or may not be of fairly large scale, and
are somewhat persistent.

As can be seen, there is little about these characterizatios that is precise, and this among other things
makes looking for coherent structures in experimental dataa subjective activity. It is clear that such
structures exist and are deterministic, but endowing them with a rigorous quanti cation is di cult.

De nition 1.60 (Cross stress) Cross stresses arise in the formal analysis of LES and congisf products
of resolved- and unresolved-scale quantities.

These arise in LES speci cally because a Itered uctuating quantity is not generally zero. The analogous
guantities do not occur (i.e., they are identically zero) in RANS formulations.

De nition 1.61 (Deconvolution method) Deconvolution methods are techniques employed to construc
subgrid-scale models in large-eddy simulation by extractg information from the highest resolved wavenum-
ber parts of a solution and using this to infer behavior of thdowest wavenumber unresolved parts.

De nition 1.62 (Defect layer) The defect layer, sometimes simply called the \outer layet,is the region
of a turbulent boundary layer beyond the log layer (see belpwand beginning approximately one-tenth the
boundary layer thickness from the wall.

De nition 1.63 (DES) DES is an acronym for detached-eldy smulation. This is a fairly recent devel-
opment in turbulence modeling that attempts to improve the eiency of LES by using RANS approaches
in near-wall regions where usual LES would require high redation to achieve even moderate accuracy.

It should be noted that there are at least two fundamental di culties with such an approach. The rst

is that, as we will see in the next section, the RANS and LES demmpositions of dependent variables
correspond to very di erent mathematics, so trying to match their results at any particular set of points

ina ow eld is problematic. Second, and associated with this, is the need to determine where this match
should occur. On the other hand, proponents of this approachargue that formally the equations of LES

and RANS are almost identical (if we ignore the point made ealier that RANS must correspond to steady

state), and, even more, the outcome of modeling in either casis increased (numerical) dissipation.
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De nition 1.64 (Dissipation range) The dissipation range refers to the length (or, equivalenyl, wavenum-
ber) scales on which the dominant physical phenomenon is emus dissipation.

The dissipation range corresponds to small length scales ¢crespondingly, large wavenumbers), and at
such scales kinetic energy of uid motion is converted to themal energy.

De nition 1.65 (DNS) DNS stands for for the numerical procedure_gtect numerical simulation. This
corresponds to solving the Navier{Stokes equations on a digl computer using su cient resolution to
capture all physically important scales from the largest tadhe dissipation scales.

It is to be emphasized that no modeling is employed for DNS; tlere is no closure problem. Thus, the
only problem with this approach is that current computers are not su ciently large and fast to permit the
necessary resolution ifRe is high and/or the problem possesses other physical/geomet complications.

De nition 1.66 (Eddy turnover time) Eddy turnover time is the time taken for a hypothesized turbu
lent eddy to perform one complete360 rotation.

De nition 1.67 (Eddy viscosity) Eddy viscosity is, formally, the constant of proportionality between
turbulent (Reynolds) stresses and mean (large-scale) stia rate, analogous to physical viscosity in Newton's
law of viscosity.

De nition 1.68 (Energy cascade) Energy cascade refers to the transfer of kinetic energy fromarge,
macroscopic scales of motion, where it is presumed to be inpuo the ow, through successively smaller
scales, ending with viscous dissipation and conversion toeat (thermal energy).

The speci ¢ physical mechanism proposed for this is interation of vortices: large vortices break into smaller
ones that, in turn, break into still smaller onesa la Richardson's limerick. This view has played a major
role in development of turbulence models from the beginningdespite the fact that it is not clear such
successions of vortices even exist in many ows. The reades ireferred to Tsinober [3] and Kraichnan [88]
for a contrary view. We also note here that the energy cascadées often analyzed in terms of dependence
of turbulence kinetic energy on Fourier wavenumbers, and inthis context each wavenumber is associated
with a turbulent eddy size.

De nition 1.69 (Enstrophy) Enstrophy is the L? norm (squared) of vorticity.

De nition 1.70 (Equilibrium) An equilibrium turbulent ow is one in which production of tu rbulence
kinetic energy is precisely balanced by dissipation of thienergy.

It should be noted that this has nothing, per se to do with thermodynamic equilibrium, or with equilibrium
solutions in the sense of stability analyses.

De nition 1.71 (Friction velocity) Friction velocity is a somewhat arti cial construct having dimen-
sions of velocity, but de ned in terms of the wall shear stres in a wall-bounded ow.

De nition 1.72 (Fully-developed turbulence) Fully-developed turbulence occurs at higliRe, and in
simple terms can be taken to imply that statistical quanti @ations of the ow do not change in the ow
direction.

See Frisch [80] for a precise de nition.

De nition 1.73 (Galilean invariance) Galilean invariance implies that measured physics must behe
same in any non-accelerating frame of reference. (The termrme invariance is also used.)
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The importance of this property cannot be overstated. If Gailean invariance did not hold for uid ow
(and, thus, for the N.{S. equations), experimentalists making measurements of identical ow situations at
di erent locations on Earth would record di erent results.

De nition 1.74 (Helicity) Helicity is the (vector) inner product of the velocity eld with its vorticity
eld.

We remark that this is not a widely-used concept. On the otherhand, Tsinober [3] notes that it \provides
a clear indication of direct coupling of large and small scas." Information of this sort may be valuable in
construction of advanced turbulence modeling techniques.

De nition 1.75 (Homogeneous turbulence) Homogeneous turbulence is such that statistical proper-
ties do not change with spatial translation, i.e., they do nb change with position.

It should be noted that it is only the turbulent, uctuating g uantities that are being considered. In
particular, it is possible to have homogeneous turbulencen a ow eld that is nonhomogeneous on large
scales. Also, we observe that homogeneity is often viewed thi respect to only speci ed (not necessarily
all) directions.

De nition 1.76 (Implicit large-eddy simulation, ILES) Implicit large-eddy simulation is a relatively
new development in LES studies and consists of solving undted equations; i.e., the N.{S. equations, them-
selves, are solved without recourse to any formal turbuleecmodeling|but on fairly coarse grids.

It is easily recognized that dissipation must be introducedin some manner for this type of approach to
succeed, and in the case of ILES this is done with highly-diggative discretizations of nonlinear terms in

the N.{S. equations. Thus, the dissipation that would have been produced by a turbulence model in more
standard approaches is obtained directly from the numerichprocedures in ILES.

De nition 1.77 (Inertial range) The inertial range, or inertial subrange, is that range of length scales
(or wavenumbers) in which viscous e ects are essentially rgdigible.

De nition 1.78 (Integral scale) The integral scale is taken to be an O (1) to O(10 1), but less than
unity, multiple of the geometric scale of a ow eld.

In terms of the energy spectrum, the integral scale is oftendenti ed with the wavenumber corresponding
to maximum energy. An analogous time scale can also be consicted.

De nition 1.79 (Intermittency) Intermittency (or intermittency factor) is the fraction of total ow
time during which turbulent uctuations can be observed.

Clearly, this must be viewed locally; the intermittency factor will not be constant throughout a ow eld.

De nition 1.80 (Isotropic) Isotropic turbulence exhibits statistics that are indepedent of rotations and
re ections. When this is not the case, the turbulence is anistropic.

The term local isotropy refers to isotropy only on small scales, identi ed by their (high) Fourier wavenum-
bers. In addition, it should be noted that isotropy implies that statistics for each of the individual uc-
tuating velocity components and their normal direction strains are the same. In turn, because this need
not be true in a homogeneous ow, we see that isotropy is a stneger condition than homogeneity;i.e., a
homogeneous ow may be anisotropic.
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De nition 1.81 ( k " model) The k " turbulence models are a class of RANS models for which two
additional (beyond those for mean ow quantities) partial d erential equations must be solved (one for
turbulence kinetic energy,k, and one for turbulence kinetic energy dissipation rate,") to obtain length and
time scale information needed to construct local (in space)eddy viscosities.

We observe that presently k models are among the most popular for practical engineeringproblems.
They produce results that, basically, are no worse than those obtained from more sophisticated approaches,
and they are much less expensive in terms of computer run tine

De nition 1.82 (K41 theory) The K41 theory refers to results published by Kolmogorov in &eries of
papers [26] in 1941.

The K41 theory provides two speci ¢, testable results: the 23 law which leads directly to the prediction
of ak 57 decay rate in the inertial range of the energy spectrum, and lhe 4/5 law that is the only exact
(contains no adjustable constants) result for N.{S. turbulence at highRe. See Frisch [80], and below, for
more details.

De nition 1.83 (Kolmogorov scale) Kolmogorov scale is another name for dissipation scales.

These scales were predicted on the basis of dimensional agsis as part of the K41 theory.

De nition 1.84 (Kurtosis) Kurtosis is another name for the statistical quantity atness; it is actually
atness 3.
De nition 1.85 (Landau{Hopf Theory) The Landau{Hopf theory was one of the earlier mathematical

theories for turbulence where it was hypothesized that tudbence resulted from an in nite sequence of
bifurcations of solutions to the N.{S. equations in each of wich a new incommensurate frequency appeared
in the solution representation.

It should be noted that this view was at one time very attracti ve to both mathematicians and turbulence
theorists. It employed easily-understood mathematics to poduce a behavior that seemed at least similar
to laboratory observations. Experimentalists, however, qiickly recognized that there did not appear to be
in nite sequences|but, instead, rather short bifurcation sequences|leading to onset of turbulence. This

scenario consisting of short sequences was rst proven by Ralle and Takens [8] and was quickly con rmed
by numerous experimentalist speci cally investigating this issue. We comment further that the work in

[8], associating turbulence with a strange attractor, almast completely invalidates the Landau{Hopf theory

because even though the uid motion can be extremely compliated in this view, it cannot be sensitive to

initial conditions|a well-known property of both turbulen ce and strange attractors.

De nition 1.86 (Large scale) Large scale refers to that part of a turbulent ow that carries most of the
energy and corresponds to length scales not extremely sn&lthan O(1), or correspondingly, wavenumbers
that are O (1). The small-scale part of the ow is then that part that does no have these properties; in
particular, small scales correspond to high wavenumbers.

De nition 1.87 (Law of the wall) The law of the wall is a semi-empirical expression relating elocity
to distance from the wall in a turbulent wall-bounded ow.

There is also a \law of the wake." Further detailed information on these terms can be found in most
general texts on turbulent ow ( e.g, Tennekes and Lumley [7]), and more details will be providedn later
lectures.

De nition 1.88 (Leonard stress) Leonard stresses arises in the analysis of subgrid-scalerssses in
LES models as a product of resolved-scale velocity comportsrtimes resolved-scale velocity components.
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Observe that these contributions arise due to the fact that atwice- ltered quantity is di erent from the
once- ltered one for most lters. But it should be noted that this contribution to the SGS stresses can be
directly computed without modeling.

De nition 1.89 (LES) LES is the acronym for large-eddy smulation.

This form of turbulence calculation lies between DNS and RANS methods, both with respect to form and
cost to compute. In particular, in LES the large-scale, enegy-carrying motion is directly simulated while
the small (mainly dissipative) scales are modeled.

De nition 1.90 (Log layer) The log layer is that part of the boundary layer in a wall-bouded ow in
which a logarithmic semi-empirical result accurately desidbes the variation of velocity with distance from
the wall. It corresponds to scaled distances that are relately far from the wall.

De nition 1.91 (MILES) MILES stands for monotonically integrated lrge-eddy smulation.
This is a form of LES for which no formal lItering is performed. Instead, a monotone numerical scheme,
that introduces arti cial viscosity, is applied to discret ize the N.{S. equations. This added viscosity is

claimed to be roughly equivalent to that supplied by SGS modés in usual LES.

De nition 1.92 (Mixing length) Mixing length is the distance over which a hypothesized tudbent eddy
retains its identity.

There are more precise de nitions of this quantity (see,e.g., Wilcox [90]) as will be discussed in the sequel.

De nition 1.93 (Moment methods) Moment methods is a generic name sometimes used in reference
to any turbulence computational approach based on RANS eqtians.

This terminology is widely used in the turbulent combustion literature (see, e.g., Libby [91]).

De nition 1.94 (RANS) RANS is the acronym for Reynolds-Averaged Mvier{Stokes approaches to
turbulence calculation.

As will be evident in later lectures, RANS approaches are essitially the opposite of DNS, namely, nearly
all scales of the solution must be modeled under a RANS form&m; only (time) mean quantities are
directly computed.

De nition 1.95 (Realizability) Realizability is the term used to summarize physical consints that
must be placed on any turbulence model to avoid direct physiccontradictions.

Although it is not obvious, it is possible for RANS models that include a kinetic energy prediction, for
example, to produce negative values of kinetic energy. Thiss, of course, nonphysical, and any model that
can yield such a result does not satisfy realizability.

De nition 1.96 (Receptivity) Receptivity is a measure of the tendency of a boundary-layeow to be
destabilized (starting a transition to turbulence) by freestream disturbances.

De nition 1.97 (Return to isotropy) The phrase return to isotropy is associated with the tendeng
of at least the smaller scales of turbulence, to return to a ate of approximately equal contributions to
turbulence kinetic energy from each velocity component omcany source of strain is removed.

De nition 1.98 (RNG) RNG is the acronym for renormalization group.
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Renormalization group approaches are adapted from their dginal use in analysis of phase transitions and
have been intensely studied by McComb [92] and Yahot [93], aong others.

De nition 1.99 (Resolved scale) Resolved scale is a name used in LES for the part of the turbuie
solution that is directly computed.

This is often referred to as the large-scale part.

De nition 1.100 (Reynolds analogy) Reynolds analogy provides a relationship between the Stamt
number and skin friction coe cient for turbulent ows.

Note that the Stanton humber is a heat, or mass, transfer coe cient. Thus, the Reynolds analogy provides
a direct way to handle turbulence e ects on passive scalars mce e ects on the ow, itself, have been
determined.

De nition 1.101 (Reynolds stress) Reynolds stresses arise from the averaging procedure used de-
riving the RANS equations. They are the additional unknownghat create the closure problem.

Details of the derivation of the RANS equations will be givenin Chap. 2 where modeling of the Reynolds
stresses will also be discussed.

De nition 1.102 (Scale separation) Scale separation implies that the largest scales in a turbeiht ow
do not strongly interact with the smallest scales.

Note that the implication of this for modeling is extremely i mportant, viz., models can be constructed
independent of the details of the large-scale ow behavior.See Tsinober [3] for refutation of such ideas.

De nition 1.103 (Scale similarity) Scale similarity is an assumption widely employed in constrction
of LES subgrid-scale models, in which it is presumed that theehavior at the lowest wavenumbers of the
unresolved part is \similar" to that of the highest wavenumiers of the resolved scale.

This assumption permits at least coarse predictions of behaor on the unresolved scales which may be
adequate at low Re, but probably not as Re becomes large.

De nition 1.104 (Second-order closure) Second-order closure refers to a class of RANS models for
which the second moments (the Reynolds stresses) are difsctcomputed, usually as solutions to partial
di erential equations.

Proponents of RANS models often argue that this approach is dr superior because it contains \more
physics" than do, for example, the k " methods. But in order to solve the dierential equations for
the second moments, the third moments must be modeled; and t models for these are little more than
guesses. In particular, they contain little or no veri able physics.

De nition 1.105 (Self preservation) Self preservation is a property occurring in ow situations for
which the turbulence time scales are su ciently short that & a turbulent disturbance moves downstream
with the ow it has time to adjust to its new local environment, implying that the turbulence looks the same
at all locations provided it is properly scaled with local vaables.

De nition 1.106 (Structure function) Structure functions are averages of di erences between tiou-
lence quantities measured at di erent nearby locations in he ow.

Structure functions can be de ned for any integer order coriesponding to the power to which di erences are
raised, and are a key part of the Kolmogorov K41 theory. In paticular the theory predicts how structure
functions should scale with distance between measurementgints, viz., in the form of a power law.
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De nition 1.107 (Subgrid-scale (SGS) model) Subgrid-scale models are used in LES to account for
the unresolved part of the solution.

By now there are many di erent approaches to constructing sich models, some of which will be discussed
later.

De nition 1.108 (Subgrid-scale stress) Subgrid-scale stress is the turbulent stress in a LES modéehat
is analogous to (i.e., arises in the same way as does) Reynaldtress in RANS models.

As hinted in earlier de nitions (Defs. 1.60 and 1.88), the SGS stress is more complicated than is the
Reynolds stress and consists of three contributions: crosstiress, Leonard stress, and stress that is analogous
to Reynolds stress (and is often termed Reynolds stress) butot identical to it. Despite these complications,
most modern SGS stress models treat the entire stress in a gjie model without decompaosing it and treating
di erent components separately as was once done.

De nition 1.109 (Synthetic-velocity model) Synthetic-velocity models employ direct modeling of the
SGS velocities rather than modeling the stresses.

There are several variants of this approach, and it is beliegd by its proponents that more physics of the
sub-grid scales is captured in this way. In particular, amorg other things this approach permits direct
account of SGS interactions between turbulence and other pysics, e.g., chemical kinetics, which is not
possible with usual LES SGS models, or with RANS models. Seed®erences [70], [71] and [72] for more
information on this approach.

De nition 1.110 (Taylor's hypothesis) The Taylor's (frozen- ow) hypothesis states that in a turbulent
ow for which the magnitude of the uctuations is not too great, it is possible to deduce spatial turbulence
guantities from time series measured at a single point in theow.

De nition 1.111 (Taylor microscale) The Taylor microscale corresponds to length scales betwedhe
integral scale and the dissipation scale.

From this description we see that the Taylor microscale lenth should be of approximately the same order
of magnitude as length scales corresponding to the inertiabubrange of the energy spectrum.

De nition 1.112 (Transition) Transition refers to a change from one qualitative state of ow to an-
other, and in particular in the context of turbulence studies, the transitions from laminar to turbulent
ow.

Use of the term transition is essentially interchangeable vth bifurcation from the dynamical systems view.

De nition 1.113 (Turbulence kinetic energy) Turbulence kinetic energy is the kinetic energy calcu-
lated with turbulent uctuating velocities.

It will be clear when we discuss various forms of decomposiin of ow variables that exactly what is meant
by \turbulent uctuation" will depend somewhat on the parti cular decomposition being considered; but
in the absence of any speci c mention of the decomposition, se of uctuating velocities from a RANS
decomposition will be assumed.

De nition 1.114 (Turbulence energy dissipation rate) Turbulence energy dissipation rate is the rate
at which turbulence energy is being converted to thermal ergy by viscous e ects on small scales.

De nition 1.115 (URANS) URANS stands for usteady Reynolds-averaged_Navier{Stokes.
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This is a currently-popular approach to obtaining time-dependent turbulent solutions rather inexpensively;
but the approach is inconsistent with the mathematics of corstructing the RANS equations, and as can be
reasonably expected in such a case, computed results havetrimeen reliable|even qualitatively.

De nition 1.116 (Viscous sublayer) Viscous sublayer is the name given to a very thin layer of uid
immediately adjacent to the wall in a wall-bounded turbulen ow.

The terminology arises from the fact that the viscous terms ae dominant in the N.{S. equations for the
conditions of such regions. This layer is sometimes mistakdy termed the \laminar" sublayer, but as noted
in [7], this is not correct because there are turbulent uctuations within this region.

De nition 1.117 (VLES) VLES is the acronym for very large-eddy smulation.

This corresponds to a coarse-grid LES and now is viewed as mgj equivalent to URANS. But it will be
evident when decompositions are studied in the next sectiorthat this is not really the case. Moreover,
VLES has a potential for good accuracy, at least in a qualitatve sense, if accurate SGS models can be
developed.

De nition 1.118 (Vortex stretching) Vortex stretching refers to a physical phenomenon involvig de-
formation of vortices, and which only occurs in three space ithensions.

Vortex stretching is often, in classical turbulence analygs, shown to directly give rise to the Reynolds
stresses (see [7]), and since it can occur only in 3-D it is afh argued that there can be no 2-D turbulence.
While the conclusion is correct (for other reasons), the erite notion of vortex stretching, per se is di cult

to justify simply because we do not know whether there are anyortices to be stretched at any particular
location at a given time. On the other hand, vorticity (as a o w property) exists throughout a ow eld,
and analyses involving \vortex stretching” actually only m ake use of vorticity. See Ref. [3] for more details.

De nition 1.119 (zero-, one-, two-equation models) Zero-, one-, two-equation models refer to the
number of partial di erential equations needed (beyond theequations for mean quantities) to complete a
RANS model.

Zero-equation models are strictly algebraic, one-equatio models involve a single additional partial di er-
ential equation (PDE), usually providing a length scale. Thek " model described earlier in Def. 1.81 is
the most widely used two-equation model.

1.4.2 Mathematical tools

In this section we present an assortment of mathematical tots that are often used in the study of turbulence;
we will use most, if not all, of these in the sequel. In some ca&s the discussions provided here will include
further elaboration on de nitions presented in the preceding subsection, and in particular, equations will
now usually be given. We begin with an introduction to Hilbert spaces because these provide a framework
into which essentially everything else we do can be cast. Tkiwill include de nition and discussion of
Fourier series and transforms. We next consider forms of avaging and other statistical quantities, and
continue on with a discussion of decomposition of ow varialdes. Finally, we introduce the Cartesian tensor
notation that is so widely used in classical treatments of tubulence.

Introduction to Hilbert Spaces

Because Hilbert spaces play a crucial role in the modern angsis of the N.{S. equations, and such
analyses have contributed signi cantly to the understanding of turbulence and its simulation within the
deterministic framework, we will provide a brief, pedestrian introduction to this important area of applied
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mathematics that we hope will be su cient for the present lectures. We rst recall Def. 1.24 of a Hilbert
space from the preceding section:a complete, normed, linear space equipped with an inner prodt that
induces the norm of the spaceWe assume familiarity with the notions of norm and linearity, and proceed
to a discussion of inner product. Once this is available we Wi consider Fourier representations of functions.
Such representations are important in both analytical and omputational studies of the N.{S. equations,
and thus for turbulence.

Inner product. The inner product of two functions is given in the following de nition.

De nition 1.120  Let u and v be elements of the Hilbert spac&?() , RY: d < 1. Then the inner
product of u and v is de ned as 7

hu; vi u(x)v(x)dx : (1.4)

This provides a generalization to in nite-dimensional function spaces of the usual nite-dimensional \dot"
product of two vectors, and at the same time is a special casef the scalar product de ned on more general
function spaces.
It is clear from the de nition that
Z Z

hujui = u()u(x)dx = ui(x)dx k uk?,;

where we are takingu to be real. We see that, as required by the de nition of a Hilbet space, the inner
product induces a norm on the space. We note that any functionu is in the space of functionsL?(),
the canonical Hilbert space, ifkukL2 < 1 . Furthermore, we observe that the notation being used heredr
emphasis and clarity is not standard in the context of analyss of the N.{S. equations. In particular, the
L2 norm is often denoted in the same way as is the absolute valuaufiction and complex modulus, viz.,
i J. We will sometimes use this notation in the sequel.

There is a well-known theorem that further relates the inner product to the L2 norm:

Theorem 1.1 (Cauchy{Schwarz) Let u;v 2 L?() . Then
hu;vio k uk ,kvk ,: (1.5)

The proof of this theorem is elementary and can be found, forxeample, in Stakgold [87].
With this information in hand, we are now prepared to conside Fourier series representations of
functions in L2.

Fourier series. We begin with a somewhat informal statement of the result tha justi es use of Fourier
series, the Riesz representation theorem (or, in the form wg@resent, sometimes referred to as the Riesz{
Fischer theorem), and then discuss some properties of Fower series.

Theorem 1.2 (Riesz representation) Any function f 2 L2() ; RY; d< 1, can be expressed in
the form of a Fourier series, "
f(x)= a' k(X); (1.6)
k=1
with wavevectorsk  (ki;:::;kq)T, and f' g being a complete (inL?), orthonormal basis. The axs are

the Fourier coe cients.

In particular, for any f 2 L2, the axs exist, are uniquely de ned, and decay to zero su ciently fast with
increasingjkj to guarantee convergence of the series in a particular sense
The ays are calculated using the inner product de ned above:
Z

ay f(xX)' k(x)dx; .7



1.4. DEFINITIONS, MATHEMATICAL TOOLS, BASIC CONCEPTS 29

which by the Cauchy{Schwarz inequality is guaranteed to exst for f 2 L2 and ' ¢ no less smooth than
required for inclusion in L2. Usually, the ' s are much smoother, typically being eigenfunctions of a
Sturm{Liouville problem (see, e.g, [87]) such as sines and cosines, and complex exponentialsloreover,
we note that completeness of the s in L?() implies that they will be su cient to construct any funct  ion
in L2().

We comment that what we have called the Riesz representationtheorem is actually a special case
of that theorem, i.e., a corollary; the complete theorem is far more general. Futhtermore, we note that
convergence of the series in Eqg. (1.6) can be deduced directfrom the Parseval identity which we now
state.

Theorem 1.3 (Parseval identity) Letf 2 L?() , and letf' (x)g be a complete orthonormal basis with
respect toL2() . Then 7

X
fOPdx = jaj?: (1.8)
k
Clearly, sincef 2 L?(), the integral on the left-hand side exists, so the summation on the right-hand side
converges, implying that the Fourier representation (1.6) converges tof in the L? norm. That is,
Z W 2
f ag' k dx ! 0
k
asN 'l . We leave proof of this as an exercise for the reader.

There are several key points to be made regarding the Fourierepresentation introduced here. First, we
have at no time assumed the functionf to be periodic. Although it may well be that the ' (s are periodic,
this does not imply that f must also be because we are requiring convergence only ir?. Obviously, a
nite sum of ax' ¢ would be periodic if this were true of the' s, but this does not generally hold for an
in nite sum. (It is a myth, and a badly misleading and incorre ct one, that only periodic functions have
Fourier series expansions.) It should also be mentioned thadue to details of the Lebesgue integral, it is
possible that the series does not converge at all at (at leayta countable number of pointsx 2 (but this
does not matter in the sense ol? convergence).

Finally, if we consider a function that also depends on time,say u(x ;t), then the corresponding Fourier
representation is

R
u(x;t) = ax (1) «(x); (1.9
k=1
with Z
ay (1) u(x;t)' k(x)dx: (2.10)

In particular, we note that the Fourier coe cients are now ti me dependent, functions and the representation
Eq. (1.9) is reminiscent of \separation of variables" from dementary PDE analysis (see,e.g., Berg and
McGregor [95]). Indeed, Eg. (1.9) in some sense provides bota generalization and a justi cation of this
simple solution technique.

Fourier transforms. Because such a large body of analysis of the N.{S. equationashbeen
performed using Fourier transforms, for the sake of comptatess, we brie y describe these here. But
we note that these apply to what is often a di erent type of furction space than present knowledge
of the N.{S. equations would suggest is appropriate (see Bsiet al. [89] for more details). Thus
it is doubtful that much is to be gained from an exhaustive stdy, and we will simply provide the
de nition and a few comments.

De nition 1.121 (Fourier transform) Letzf 2 L2(RY). Then the Fourier transform off is

F(f)(!)= Rdf (x)e 2" X dx : (1.11)
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There is, of course, an inverse Fourier transform de ned (#i appropriate normalization) and
denoted byF ! so that
FLFfQ (x)=f(x):

We remark that Fourier transforms have been widely used in threnormalization group (RNG)
analyses of N.{S. turbulence by.g, McComb [92] and Yahot and Orszag [93]. The latter of these
has served as the starting point for the once highly-touted IRG turbulence models now available in
many commercial CFD codes. But there are fundamental aws ithe analysis presented in [93], as
is well known, and results presented by Freitas [94] show thRNG turbulence models are \unstable
to implementation details." That is, two di erent codes of the same model can produce drastically
di erent results when applied to the same problem. We thus dmot recommend use of such an
approach to turbulence modeling.

Forms of Averaging and Filtering, and Other Statistical Qua ntities

Both classical (statistical) and modern (deterministic) @proaches to the analysis of turbulence
generally must employ averaging or ltering at some level. &te, we present the various possible
methods: temporal, spatial and ensemble averaging, and $ph Itering. We then discuss various
other mathematical tools of a, mainly, statistical nature.

Time average. Let u(x;t) be an integrable function with respect tot fort!1  and de ned for

any desiredx 2 RY; d=1;23. Then thetime averageof u at the point x is de ned as
14T
u(x) Tllgn T . u(x;t)dt: (1.12)

We note that the lower limit of integration is arbitrary and may be shifted as needed. It is clear
that the average can no longer be a function of time, and it flaws that all time derivatives ofu are
identically zero. We comment that this is often (usually!) gnored in modern treatments of RANS
modeling (see below, and Def. 1.115), but without the formdimit taken in Eq. (1.12), the average
is not well de ned, as emphasizede.g, by Tennekes and Lumley [7].

Spatial average. Let RY; d=1;2;3 with u(x;t) integrable on at any desired time t. Then
the spatial averageof u at time t is
z

a(t) Vi u(x;t)dx; (1.13)

whereV denotes the \volume" of . Clearly this is merely the length of an interval whend = 1,
and an area wherd = 2. We remark that the \ e " notation will also be used for formal ltering
(see below) which when applied spatially, as is usually dome the context of turbulence analyses
associated with LES, represents a straightforward generzadtion of (1.13).

Ensemble average. Let u®(x;t) iNzl be a sequence of realizations of a functiar(x;t) de ned
for x 2 RY andt 2 [0;t;]. Then the ensemble averagef u is de ned as

I, A
hu(x; t)i N u(x;t): (1.14)
i=1
Formally one can consider taking the limitN ! 1 | but this clearly imposes additional mathe-

matical di culties and requirements on the sequence u®(x;t) ._1» moreover, in practicelin the
context of either experiments or numerical simulations|N would necessarily be nite. Nevertheless,
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there still is a convergence question, namely, \How large rauN be beforehui no longer changes
signi cantly with increasing N ?" Practical experience has shown that such convergence acvery
slowly, making use of ensemble averages di cult in either gerimental or computational contexts.
On the other hand, observe that an ensemble-averaged variabs still a function of both x and t,
despite the averaging|an often desirable property.

We also mention that the angular-bracket notationh i, will sometimes be used later to denote
a generic averaging process that might be any one of the abdeems.

Spatial Itering.  For any function u(x;t) in a Hilbert space we de ne thespatially- Itered function
a(x;t) over a domain as 7

o) o ul iNGKX] )d ; (1.15)

where G(xj ) is the kernel of the lter, presumed to be at least inL?(). and V are de ned as
in the case of spatial averaging (corresponding © 1), but we observe that in normal usage the
functions employed forG decay rapidly near the boundaries of subdomains of . As a ceequence,
in contrast to the spatially-averaged case which is usualylobal (at least in speci c directions), the
Itered function is now local and still dependents on bothx andt, just as is the case for ensemble
averaging. We note that an analogous de nition holds for temoral ltering. This is seldom used
in turbulence modeling but is widely used in the context of gperimental data analysis.

Autocorrelation.  Here we provide more details associated with Def. 1.1. Latx;t) 2 L?(0;t;)
be stationary with respect tot and bounded for eacrx ~ RY. Then we de ne the autocorrelation
coe cient of u at the point x to be

hu(x;t);u(x;t+ )i
kukf2

Ca(X; ) (1.16)

for each increment < t;. Clearly, by the Schwarz inequality,c,(x; ) takes on values on the
interval [ 1;1].

We remark that it is possible to also de ne autocorrelationn terms of spatial variables in
an analogous fashion. We leave this as an exercise for thedea Also observe, as discussed in
considerable detail in [7], that the autocorrelation coe gent leads to anintegral time scaleT de ned
as Z,

T Ca( )d : (1.17)
0
It should be noted that the in nite upper limit in the integra | is formal. The integral time scale is
a measure of how long turbulent uctuations remain correlad, and in practice is taken to be some
fraction ( 0:5, or less) of the time to the rst zero ofc,. Hence,T > 0 always holds.

Cross correlation.  Analogous to the above, for two stationary functionsi(x ; t); v(x;t) 2 L2(0;t;)

and bounded for eachx ~ , we can de ne the cross-correlation coe cient for any point x as
hu(x;t); v(x;t)i
: 1.1
<00 Tk kuk (1.18)

We remark that although c, and ¢, can be computed for any functions in the appropriate spaces,
within the context of applications to turbulence analysisthey are always used for functions having
zero mean. Thus, in the preceding de nitions we would replaau with u T, for example. If we
then calculate the cross correlation without the above noralization, but instead as an average over
time, we have 7
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ast; ' 1 , and where,e.g, U= u U as will be introduced in the next section. We will later

see that this correlation is (up to scaling for dimensionalansistency) one of the components of the
Reynolds stress tensor arising from averaging the N.{S. egfions in the process of obtaining the
RANS equations.

Probability density function. The probability density function (pdf), also termed \probability
distribution function," describes the frequency of occuence of values of a given function over the
range of the function, as noted in Def. 1.5. We will here denetthe pdf of a functionu as P (u).
More precisely,P (u) is the probability that a speci ed value will be found between u and u + du.
SinceP (u) 2 [0;1] (because it is a probability), and the sum of alP (u) is taken to be unity, it
follows that Z,
P(udu=1: (1.19)
1
One of the important uses of the pdf is in construction of vaous \moments" of turbulence
guantities. In particular, if the pdf is somehow known for a &riable u, then the rst moment (i.e.,
the average) is given by Z,
hui = uP(u)du:
1
It is clear that this is just a typical \weighted" average with P(u) being the weighting function.
Similarly, the second moment, termed thevariance, is calculated as
Z

1 -
2= W2P(UYdw® = wo’
1

with u®as given above. Observe that®is used here because it is usually associated with deviation
from the mean.

It is not hard to imagine that if all moments of a statistical variable could be constructed such
results would constitute complete information about the vaable, and we note that there arepdf
methodsfor modeling turbulence based on this idea (see, for exampRope [96]) which we will not
treat in these lectures. But it should be clear from the preckng formulas that this would require
knowledge of the pdf, and hence of the variable itself.

Flatness. Flatness also calledkurtosis (but the precise de nition of kurtosis isF  3) is described
heuristically in Def. 1.4. The formula for calculating atness of any particular quantity, sayu 2 L4,
[

> hudi
huzi2’
where h i denotes any desired average, but in most cases is temporal.isl noted by Tennekes
and Lumley [7] that values of atness are large (compared witthe value three (3) for a Gaussian
distribution) if the pdf has relatively large values in its tails, i.e., it does not go to zero as fast as
Gaussian as its argument approached . This occurs when time series of the function contain
signi cant numbers of sharp peaks, and is related to interrttency, as discussed by Frisch [80]; in
particular, as noted in that work, a high-pass ltered functon is said to beintermittent on small
scalesif its atness grows without bound with increasing lter frequency. We also note that atness
is the fourth moment of a function divided by the square of thesecond moment. Hence, it can be
calculated in terms of the pdf, as is done in [7].

F(u) = (1.20)

Skewness. Skewnes®f a functionu 2 L?® is computed from the formula

hu3i

S(U) = W

(1.21)
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As noted in Def. 1.7, this is a measure of the asymmetry of a fation (with respect to its mean|
usually zero in the context of turbulence studies) as indited either by direct observation of its
time series or from the shape of its pdf. If the pdf of a functiois symmetric (as is the case for a
Gaussian), the skewness is zero. Furthermore, if a time s=iexhibits more negative values than
positive ones, skewness will be negative, and conversely.

We remark that atness and skewness of velocity derivativeare widely studied in turbulence
analyses.

Power spectral density.  As indicated in Def. 1.41, the power spectrum provides a reggentation
of the dependence of energy on frequency (or wavenumber), esh energy should be viewed in
the generalized sense of the? norm of the function being considered. In particular, if we ecall
the de nition of L2 norm following Eq. (1.4) and consider the relationship betaen this norm and
the Fourier coe cients as given by Parseval's identity, we se that the PSD can be viewed as a
distribution of squared Fourier coe cients as a function ofwavenumber (or frequency). This is the
interpretation used in calculating PSDs via fast Fourier tansform (FFT).

Structure functions.  Structure functions of order pare de ned, somewhat heuristically, by
Se(r) = hu(x +r) ux))Pi; (1.22)

wherer is a vector pointing between two nearby locations of \measament” of the quantity u;

r is the magnitude ofr, and h i denotes any convenient average, but in any case performectiov
all samples having the same value @f This is the form of structure function typically applied to
scalar quantities. We have suppressed temporal notationubwe observe that, in general S, will
depend on time unles# i includes temporal averaging.

For vector quantities (e.g, velocity or vorticity), both transversal and longitudinal structure
functions can be de ned. For the former of these, the distaesr are taken perpendicular to the
direction of separation of measurement points, and the ndian S,, is used. Thesetransversal
structure functions are calculated as

Sp, (N =HUX+r) U(X) eli; (1.23)

with e, a unit vector in the transversal (perpendicular) directionwith respect to the direction of
U (x). The longitudinal structure functionis de ned in an analogous way:

S (= (Ux+r) UEX) e " : (1.24)

We remark that it is the latter of these that is more often measred in laboratory experiments.
Moreover, we again emphasize that structure functions carary in both space and time. On the
other hand, most experimental data associated with these V& been at least time averaged, and
sometimes averaged in space as well.

Structure functions are extremely important elements in Kimmogorov's theory of turbulence,
as we will later see. We can gain a hint of this already by notghthat if u represents a velocity
component, andr is not too large, we would expect via Taylor expansion that

. @u
u(x +r) u(x) ar
and further, we might view this as a uctuation representingsmall-scale behavior since it corre-
sponds to a change in the velocity over a short distance. This turn, suggests that we might view
the second-order structure function,

Sp(r)= (u(x +r1) u(x)? ;
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as representing energy of uctuations. If we now recognizéat wavenumbers in Fourier space are
related to distances in physical space by  1=r, we see that if a formula forS, in terms of r can
be found, we can readily predict the distribution of energy @a function of wavenumber. We will
later see that this is precisely one of the things accomplisti by the Kolmogorov K41 theory.

Forms of Function Decomposition

It will be apparent as we proceed that essentially all formsfdurbulence modeling in current
use involve some form of decomposition of dependent varieblrepresenting the physical situation.
The two main ones are Reynolds decomposition and the LES degmosition. There are others,
but we will not make use of these in the present lectures withub one exception, a Hilbert space
decomposition.

Reynolds decomposition.  Let u(x;t) be well de ned in a domain RY d=1;2;3 and for
t 2 [0;t;], and suppose further thatti(x) exists in the sense of the time average, Eq. (1.12). Then
the Reynolds decompositiof u(x;t) is

u(x;t) = T(x)+ uYx;t); (1.25)
where uYx;t) is termed the \uctuating part." A key observation made earlier is that T(x) is

independent of time, implying that any equations derived focomputing this quantity must be
steady state. Figure 1.4 depicts the temporal behaviors af and u® It is important to note

y A /7u J A
~u “u
/[ /
|

ﬁud:

Y

Figure 1.4: Plots of parts of Reynolds decomposition.

that for the type of temporal behavior shown here (probably oisy quasiperiodic, from a dynamical
systems point of view) the Reynolds decomposition is liketp provide an inadequate representation.
In particular, the mean is seldom attained by the actual sigal, and the uctuating part carries
essentially all of the dynamics; in fact, the magnitude of th uctuations can easily be essentially
high as the mean. We will later see that this is one of the majahortcomings of RANS approaches
to turbulence modeling.
It is clear from the de nition of time average that the Reynotls decomposition possesses the

following two properties:

Uu=TU; and u®=0; (1.26)
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with the rst of these being obvious, and the second followim from the rst. These will be crucial
in our later derivation of the RANS equations, and the readers encouraged to show that these
equalities hold.

LES decomposition. The LES decomposition was introduced by Deardor [10] and vea rst
analyzed in detail for the incompressible N.{S. equationsybLeonard [76]. It is constructed by
applying a localspatial lter (or in the simplest case, spatial average) to thappropriate variables.
It is interesting to note that the averaging originally proposed by Reynolds [16] was spatial rather
than temporal; hence, it can be seen that Deardor 's approdcwas rather close to Reynolds' original
formulation. Despite this, current applications of Reynals averaging employ time averaging, and
LES uses a spatial lter, as we will now describe.

We will see below that the LES decomposition can be interpred as a Hilbert space decompo-
sition, so we begin by assuming(x;t) 2 L?2()  C%(0;t;). Then we write the LES decomposition
as

u(x;t) = a(x;t)+ udx;t): (1.27)

In this decompositione is usually termed thelarge- or resolved-scalgart of the solution, and u°
is called the small-scale or subgrid-scale or unresolvedpart. It is important to note that both

resolved and unresolved scales depend on both space and tiged this is a major distinction
and advantage compared with the Reynolds decomposition. Eqg. (1.27) & is formally the Itered

solution corresponding to Eg. (1.15). From this it is easilyshown that, in general,

86 \; and 6°60; (1.28)

(although there are special cases for which equalities dolthp The reader may wish to investigate
this.

This lack of equality in Egs. (1.28) signi cantly complicaes derivation of the usual LES formu-
lations in comparison with RANS approaches and, in particar, leads to Leonard and cross stresses
in addition to the usual Reynolds stress as will be seen in Gha3. On the other hand, once the
formulation has been developed there is little additionalamplication, and the LES equations are
quite similar to the RANS equations with one major exceptionthe RANS equations are formally
independent of time, while the LES equations are valid for the-dependent calculations.

Hilbert space decomposition.  The nal decomposition we consider here is a mathematical en
that is closely related to the LES decomposition. It is the abty to construct such decompositions
that is crucial to obtaining numerical approximations to stutions of the N.{S. equations. In par-
ticular, because of the properties of the Hilbert spade? we can express the Fourier representation,
Eq. (1.6), as

X X

fx)= a' w(x)+ a k(x): (1.29)
jkj O jkj=N+1

Each series on the right-hand side is an element of a subspadd_2, and due to orthogonality of
the ' (s these subspaces do not intersect. Furthermore, ds! 1 , the rst term on the right-hand
side, alone, more closely approximatefs, and we view the second term as the remainder of the
series representation.

If we draw an analogy between the terms of the LES decompositi (1.27) with those in the
above expression, we expect that the large-scale part of L8l converge to a solution of the N.{S.
equations as the discrete resolution of the solution proaa is increased provided the SGS model
is constructed so that the small-scale part (corresponding the series remainder) approaches zero
in this same limit. We will later see that, indeed, this is thecase, thus providing assurance that
LES is mathematically well founded. We remark that no such ewergence result can be deduced
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for RANS methods. In particular, it should be clear from Fig.1.4 that u® cannot be viewed as
the remainder of a Fourier series expansion and moreover,light of its physical interpretation, it
cannot be considered to be small, in general.

Cartesian Tensor Notation

Cartesian tensor notation provides a short-hand that is wiely used in uid dynamics, especially
in the context of classical turbulence analyses. We will pvade a brief treatment of this in the
current section since it will be necessary to occasionallypei it later.

We begin by noting that the mathematical description of a tesor (over a vector space) is a
multi-linear form (see,e.g, Bishop and Goldberg [97]), meaning that a tensor is a multiariable
construct that satis es the de nition of linearity in each of its variables, separately. Within this
framework we might represent a tensor aB (Vq; Vs;:::; W) with F being linear with respect to
each of theN vector spacesy;; i =1;:::;N, appearing in its argument. But Cartesian tensors are
much less general (as the name suggests) and unlike the paing expression which is coordinate
free, Cartesian tensors are presented in terms of Cartesiaoordinates, the specic orientation
and origin of which must be speci ed (in terms of a basis setptcompletely de ne such a tensor.
Indeed, from a purely mathematical perspective, what are tein called tensors are actually a speci c
representation of a tensor in terms of coordinates. We notédt in our present context, scalars are
tensors of rank zero; vectors have rank one, and matrices kasank two. The term \tensor" will
thus imply rank two, i.e., a matrix, unless noted otherwise.

Cartesian tensor notation is concise because of its use oflexing and operations speci cally
associated with this indexing. For example, the velocity wtor is represented as

U=(usuzuz)™  =(uviw)’

and spatial coordinates ax = (X1;X;X3)". Operations with Cartesian tensors involve implied
summation over repeated indicesHinstein summation); so, for example, the divergence of the
velocity eld can be expressed as

_@u X @u_@u, @y, @ _Qu Qv, @w

@ _, @ @ @ @  @x @y @

We observe that the index appears in both numerator and denominator of the tensor repsentation
@@y and so is \repeated.” But this is not the only form of repeatd indices. For example, ifS
denotes thestrain rate tensor with elements

S 1 @u, @y |

2 @ @x
then Sy S,; denotes the matrix multiplication

ﬁ - -

SS = Sik Sk 81) =1,2,3
k=1

Using these constructs permits expressing the incomprdssi N.{S. equations given in Egs. (1.1)
as

@Qu
=Zr-0- 1.
ax 0; (1.30a)

@u,  @u_ @P  @Qu .
@t F@x @x @x@x’

1=1;2;3: (1.30b)
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Although this notation seems not to provide any signi cant avantages in expressing the N.{S.
equations, themselves (and, in fact, it doesn't), it is verye ective in concisely representing the
RANS equations and various quantities associated with tuthence models constructed for use with
these equations. This will be apparent in the sequel.

We end this description of Cartesian tensors by introducingvo speci ¢ items that are widely
used to further collapse notation. The rst is theKronecker which, in the present context, is used
to represent the identity matrix:

1 ifi=j; i) =1;2;3;

} 0  otherwise: (1.31)

The second is what is called th@ermutation tensor, de ned as

< 1 for any permutation ofi;j;k =1;2;3;
ik 1 for non-repeating combinations of; j; k that are not permutations; (1.32)
0 if any two indices are repeated

We leave as an exercise to the reader demonstration that thart of the velocity eld can be very
concisely expressed in terms of the permutation tensor as

LY
ijk @}(

Finally, following Wilcox [98], we note that there is an idefity relating ; and jjy :

ik ist = js kt jt ks- (1.33)

(r U)=

Proof of this is left as an exercise.

1.4.3 Further basic concepts

In this section we consider some further, fairly general, b ideas associated either indirectly, or
directly, with turbulence. In the rst of two subsections we treat some basic properties of the
N.{S. equations since, as we will emphasize throughout theedectures, these equations are now
almost universally accepted as providing the correct deggtion of turbulent ows. Much of what

is presented in this subsection is extracted from Frisch [BOr from Foiaset al. [89].

In a second subsection we present a number of somewhat morggatally-oriented concepts that,
while they are not necessarily related to any particular tusulence model, have played signi cant
roles in setting the \way of seeing" turbulence that has comitbuted to the form of a number of
models. This information comes from a variety of sources, bmainly from [80] and [7].

Mathematical Properties of the N.{S. Equations

In this section we consider some mathematical aspects of the{S. equations that have had
major impacts on recent ideas concerning turbulence, andsal some concepts that have in uenced
the nature of models as well. We begin with a discussion of sgmatries of the N.{S. equations as
described in [80], the most important of which is Galilean wariance. We follow this with a brief
discussion of current knowledge on existence, uniquenessl aegularity of N.{S. solutions, and we
conclude the section by constructing the Galerkin approxiation to the N.{S. equations.

Symmetries, symmetry groups. Frisch [80] notes thatsymmetryis a term employed by theoret-
ical physicists when referring tanvariance groupsof a dynamical theory. (For each symmetry there
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is an associated \conservation law.") We observe thagroup has a precise, and somewhat abstract,
mathematical meaning that we do not need to explore for the psent lectures. In any case, suppose
G is such a group, and supposH is a solution to the (incompressible) N.{S. equations. 12 G
and gU is also a solution to the N.{S. equations, thers is a symmetry groupfor these equations.
We remark that the \similarity transformations" arising in boundary-layer theory provide a familiar
example of such groups.

A total of six symmetries of the N.{S. equations are discusgen [80]; but, as noted there, some
do not hold for highRe, and others do not hold for lowRe. There are three that are valid symmetry
groups independent oRe (but with other restrictions) and that are of particular imp ortance. These
are the following:

i) space translations g*¢: t;r;U 7! tir+ ;U; 2RYd=1;23;
i) time translations g'™ : t;r;U 7! t+ ;r;U; 2R ;
i) Galilean transformations g% : t;r;U 7! tir+VtU+V;V 2R

In these mappings ; andV represent any bounded constant with the speci ed dimensiorThus,
proof that space and time translations are symmetry groupsf@he N.{S. equations is direct, and
we leave this as an exercise for the reader.

Galilean invariance, described briey in Def. 1.73, is onefdhe most important properties of
the N.{S. equations because, as observed earlier, withowtwe would nd it impossible to com-
pare uid experiments performed in di erent parts of the wotd. Indeed, if the N.{S. equations
were not Galilean invariant, this would be a sure sign that tay could not properly describe uid
motion. It turns out that this universal symmetry is often violated by RANS turbulence models
(see,e.g, Speziale [99]), and much e ort has gone into modifying suamodels to avoid this phys-
ical discrepancy|at the expense of relative simplicity. Frisch notes that the key to proving this
symmetry is to show cancellation of terms arising frol; and U r U under the transformation.
We will demonstrate this here for the 1-D Burgers' equationrad leave the proof for the complete
N.{S. system as an exercise.

To begin, recall that Burgers' equation is a 1-D model equain possessing all of the same types
of terms as do the momentum equations of the N.{S. system. Thuit can be expressed as

Ut + UUx = Uy, (1.34)

where can be viewed as a viscosity, or the reciprocal of the Reynsldumber. Now for a general
transformation, say T, we have

X (x;t) . ] x(; )
: ! (1) with Tt ! i)

Equation (1.34) is invariant under the transformationT if we can show that

T:

u-+uu = u : (1.35)

That is, the form of the equation remains the same after transformation. Wedge it to the reader

to demonstrate that this does not happen, in general, that jdor arbitrary general transformations.
In the speci c case of the Galilean transformation we have

Gal .

a =x+vt; =t

and
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But since the dependent variable is also transformed in thisase, for invariance to hold we must
have
w+ww = w

with w = u+ v. Thus, we must show that
(utv) +(u+tv)(u+v) = (u+tv) (1.36)

is the same as Eq. (1.34).
We rst observe that sincev is a constant, the above collapses to

u+(u+vu = u : (1.37)

Next, from properties of transformations rather generallyand the inverse function theorem in
particular, we know that

u(; )=u( (xt); ()= ux(; )ttt );

under reasonable smoothness assumptions, which clearlyohor the Galilean transformation, itself,
although possibly not for dependent variables of the di enatial equation(s). Hence, we have
@u Qux, out A Qu Qu
@ @@ @@ @x @t
and similarly,

@u @@x, @Wi_ @u

@ @@ @ @x

From this it follows that u = ux. Then Eq. (1.37) becomes

V@u-}- @u+ ( u+ V) @U: @ :
@x @t @x @%
and we see that the cancellation mentioned earlier indeed aues, completing proof of Galilean
invariance of Burgers' equation. A quite similar proof can & applied for the N.{S. equations.

As is noted in [80], Chap. 1, with the exception of Galilean i@mriance the above symmetries
are broken asRe is increased. But onceRe is su ciently high to admit fully-developed turbulent
behavior, the symmetries are restored in a statistical semprovided there is no directional forcing.
However, we remark that such forcing is nearly always predein actual ows, so it is only in the
case of highRe homogeneous turbulence that symmetries, even in the stdtal sense, are truly
restored.

Existence, uniqueness, regularity of N.{S. solutions. Here we brie y describe current knowl-
edge of the nature of solutions to the Navier{Stokes equatis. This is particularly important be-
cause these equations must be solved by numerical methodgiemented on digital computers,
and the nature of solutions directly in uences what types ofethods will be e ective, and what
types will not. We encourage the reader to consult Foiast al. [89] for a more thorough treatment
corresponding to the present discussions. We begin by stagithe main results in an informal way,
without de ning terms. We then proceed to, again rather infomally, de ne terms and explain
consequences of the results.

Results for the N.{S. equations can be classi ed as pertamy to 2-D or to 3-D ows, and as to
whether they relate to weak or strong solutions. With regardo these classi cations, it is usually
said that essentially everything worth proving for 2-D prokems has been proven. In particular,
existence and unigueness of solutions, both weak and stroihgve been proven for all time beyond
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any speci ed initial time for quite reasonable (physically problems. In 3D, long-time existence
can be demonstrated for weak solutions, but uniqueness hast theen proven for this case. On the
other hand, only short-time existence has been proven forC3-strong solutions, but it is known
that these are unique. Especially with regard to existencd strong solutions, the constraints that
must be imposed on the shape of the domain (in particular, smothness of@), the boundary
and initial conditions, and especially on body-force termand Reynolds number ( viscosity) can
be quite stringent if solutions are to be proven to exist formy but very short times.

We recall that a weak solutionis one that is not su ciently di erentiable to be substitute d
into the di erential form of the equations, and instead onlysatis es an integral (weak) form of
the equations. The Galerkin approximation to be presentedaxt is one such form. Astrong
solution is one that is su ciently smooth to satisfy the original di e rential equation(s) in the sense
of L2. It is important to note, however, that this is not the same asa classical solutionwhich is
su ciently di erentiable to permit substitution into the d ierential equation at all points of the
problem domain. In the case of a strong solution there can skia nonempty set of points within
the domain at which this cannot be done.

In summary, in 2D it can be proven that both weak and strong sations to the N.{S. equations
exist for all time and are unique; hence, they are equivalentin 3D, weak solutions exist for all
time, but may not be unique; and strong solutions are uniqudgut existence can be proven for only
nite times.

There are several important consequences of these resulgst, since it is widely accepted that
turbulence is, indeed, three dimensional, inability to pree long-time existence of strong solutions
to the 3-D N.{S. equations might cast some doubt on acceptaa®f these equations as the correct
representation of turbulent ow. In particular, without lo ng-time existence it is di cult to argue
that stationary solutions even exist, and analysis of thess just as important in modern theories
as in classical ones. But it is usually felt that lack of the d®red long-time existence proof re ects
more on inadequacy of current mathematical techniques thasuggests an inappropriateness of the
N.{S. equations. In support of this is the general success DNS, not only in the sense of being
able to quite accurately reproduce known turbulence resugltut also in terms of making predictions
later con rmed in laboratory experiments|although only fo r relatively low Re. (DNS has yet to be
performed for highRe ows for reasons we have mentioned previously and which welmgonsider
in detail below.)

But even if it should happen that one day it is proven that longtime strong solutions do_not
exist, this removes only uniqueness and regularity; we asr@dy know 3-D weak solutions exist for all
time. They simply are not very smooth, and they might not be umue.

Second, even in the context of strong solutions, which sdfysthe N.{S. equations only in the
sense oL.?, i.e., 7

(Ui+U rU+rP U)®dx! 0

as the number of modes in a Fourier representation (or, eqatently, the number of grid points in
a nite-di erence, or nite-volume, or nite-element appr oximation) ! 1 | is the fact that higher
derivatives beyond second that appear in representation$ thhe truncation error of typical discrete
methods may not exist, and thus cannot be bounded. This im@s that attempting to employ high-
order methods for discretization of the N.{S. equations intsong form is likely doomed to fail, at least
at high Re, unless fairly elaborate Itering is also used. On the othenand, spectral methods will not
su er from this di culty and are of \in nite-order" accurac y for smooth solutions. Furthermore,
nite-element methods (FEMs) are oftened formulated for a wak form of the equations being
solved, so higher-order FEMs should work satisfactorily groperly formulated.

Finally, we observe that if it turns out that only weak solutions exist for long times, and in
addition they cannot be proven to be unique, it will then became very important for experimentalists
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to attempt to nd multiple solutions arising from the same sé of conditions (and there will be many
signi cant di culties with such attempts). We note that thi s situation is distinct from sensitivity
to initial conditions which has always been observed in lalbatory experiments, but, on the other
hand, could still be inuenced by this phenomenon. Insteadit corresponds to a situation for
which, in the dynamical systems sense, there exists at ledsto attractors for the \same" basin of
attraction. This can occur for a basin of attraction whose tpology is so fractally intertwined that
extremely small changes in initial data lead to long-time Heavior associated with entirely di erent
attractors|as opposed to simply di erent trajectories on t he same attractor as occurs in the usual
sense of SIC. Clearly, there are stability issues to be addsed here|probably via mathematics
instead of laboratory experiments|and this might o er an ap proach to proving uniqueness of weak
solutions; in particular, possibly there is only a single sble one. At the same time, there seem to
be a number of published results (usually not very well suppted) suggesting such a nonunigqueness
property. Both experimental and computational studies ha® occasionally indicated this.

Galerkin approximation to the N.{S. solutions. For simplicity we treat the 2-D dimensionless
form of Egs. (1.1) in the absence of body forces. We expresgsk here as
Ux + vy =0 (1.38a)
1
Ut (W) +(W)y = Pt oo U; (1.38b)
Vit (U)x +(Vi)y = py+ Rie v, (1.38c)
and we represent the dependent variables in Fourier series:
b3
uesyst) = a(t)' «(xy); (1.39a)
k
b3
v(x;y;t) = b (1) k(Xy); (1.39b)
k
bS
pOxy;t) = () k(Xy); (1.39¢)

k

with k (ki k2)T. The lower bound for components of this wavevector is typitig one of 1 , 0
or 1. Also, an analogous expansion would be needed for depamdvariables contained in a body
force if one were present.

For convenience we will assume the domain is a rectangle artlat the boundary conditions
used with Egs. (1.38) are periodic. Although this is a quiteeastrictive situation, our main goal
here is to introduce some mathematical notions associatedtivthe N.{S. equations when viewed in
Fourier space, so the overall simplicity of this arrangemeérs an advantage. It is important to note,
however, that it is di cult to lift these conditions and reta in a numerically e cient procedure; as
a consequence, most computer implementations of this methare quite similar to the version we
will discuss here.

In light of the periodicity conditions it is natural to employ complex exponentials as basis
functions; that is, we set

'(xy) = @k xo= dlkaxrkey) o dhaxghkey (1.40)

The last form on the right is often termed a \tensor product” kasis because its two factors are
de ned in an uncoupled way on subsets of two separate copigsR}. (Clearly, an analogous form
exists for 3D.)
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To begin construction of the Galerkin form of Egs. (1.38) wetart with the simplest, Eq. (1.38a),
the divergence-free condition, or continuity equation. Weubstitute Egs. (1.39a) and (1.39b) into
this equation and commute summation and di erentiation to dtain

R
| (kiax + kob)' « =0
k

Since this must hold at (almost) all points of , and ' ( 6 0, we must have
klak + kzb( =0 8 k: (141)

Similarly, if we substitute the expansions (1.39) into thex-momentum equation (1.38b), we
obtain

@x ., @X cLo, @X -
— a' + — a — a =
ot @x e m @y, Bn' " m
" #
X X X
_@ o+ i @ a' -+ @ a'
@x Re @% @y
Again commuting summation and di erentiation yields
X X
a'~+i  (i+tmaay 'm+i (2tmaby,’ 'n=
T;m T;m
X 1 X L, .
bt Re 1t a

It can be seen that the solutions (thea-s, b s, ¢ s) to this equation can be complex, but we are
only interested in those that are real if we are consideringhkitions corresponding to actual physics
of uid ow. Indeed, if we had used sine and cosine as basis faions rather than the otherwise
more convenient complex exponentials, this would not haveebn a concern. Furthermore, the reader
will recall that sines and cosines may be expressed in termscomplex exponentials in any case.
This suggests that a means of avoiding the potentially comgs solutions should be available. In
fact, all that is required is settinga x = a, where the overbar here denotes complex conjugate,
and the imaginary parts become zero (see,g. [89]).

This permits us to consider the preceding equation withouthte imaginary factorsi and proceed
formally. (This description is lacking some details, but itis su cient for our purposes.) We now
use orthonormality off' g and form inner products of each of these with the above equati to
obtain

X X La ikj?
a+ AP aa,+ BY ab, = kg Redi 8 1 <k<1: (1.42)
ym ,m

In these equations theA(k%Zn s and Bl((\lr)n s, sometimes termedsalerkin triple products are de ned

as, for example, 7
Ay Cotmy) X (1.43)

where the (1) superscript denotes th&-momentum equation. Clearly, an analogous result holds for
the y-momentum equation:

X X iki2
b+ A? ban+ B bhy = ke ‘R—‘e : (1.44)

“'m “m
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We remark that this is the step (constructing the inner prodats) that casts the N.{S. equations
in a weak, integral form, but we should also note that the Fouer representations only guarantee
convergence irL? in any case; so we would not necessarily expect strong sahms, in general.

At this point we should recall that it is generally possible ¢ eliminate pressure from the mo-
mentum equations. If we view Egs. (1.42) and (1.44) as a vectequation for the vector ;) of
Fourier coe cients, we can take the dot product of this withk = (ky; k,)T to obtain

X h [
ki + kol + ki AR aan + BY) aby + ko AD ba, + BE, bhy

m m

-
= K+ K o J;—Je(klak+k2b<) 8 1 <k<1:

We observe that this merely corresponds to constructing theivergence of the N.{S. equations in
Fourier space.

From Eq. (1.41) we see that the rst term on the left-hand sideand the second on the right-hand
side are both identically zero, and moreover, we can solve atlremains forc, in terms of only the
as andhs:

1 X N
k= —= kl A(l)

i
ik} m @8n + BO aby + ke A ban +BJ bhy 1 (145)

k'm
ym

This implies, as we expected, that Egs. (1.42) and (1.44) cée expressed in a form that is indepen-
dent of the pressure. Beyond this it explicitly demonstrate the quantitative dependence of pressure
on the velocity eld|in Fourier space. It is interesting to n ote the tendency to view pressure as
the driving force that sets velocity components of the N.{Sequations, and this is to some extent
true for externally-applied (boundary) pressures. But weee from Eq. (1.45) that internal static
pressures are set by the velocity eld within the con nes oftie divergence-free condition|just the
opposite of the usual (physical) interpretation.

It is worthwhile to examine some of the details of the Galerki form of the N.{S. equations.
We rst make the obvious observation that this form comprise a system of equations for the time
evolution of the Fourier coe cients of the velocity componats, and as such is a dynamical system
recall (Def. 1.18). Furthermore, at each instant in time fowhich a(t) and b (t) are known, the
Fourier coe cients for pressure can be calculated directifrom Eq. (1.45); and these coe cients
can be inserted into Egs. (1.39) to obtain values af, v and p at any point x 2 . Of course,
in practice these Fourier representations can contain onlg nite number N of terms, so the
results are only approximate. But at least for solutions paessing a high degree of regularity,
Fourier series converge very rapidly (in fact, exponentig), so not many terms are needed to
obtain accurate approximations. For the reader interesteuh this feature, as well as numerous other
details associated with these types of approximations, theonograph by Canutoet al. [100] is
recommended.

Our main purpose in presenting the Galerkin form of the N.{Sequations is to demonstrate how
this Fourier-space representation can be used to deduce Guaive mathematical (and physical)
features of N.{S. ows. We consider only thex-momentum equation (1.42); but the same treat-
ment applies toy-momentum, and extension to 3-D ows occurs in a natural wayWe begin by
temporarily neglecting all nonlinear terms in Eq. (1.42), wh ¢, also eliminated in light of (1.45).
Then what remains is
S

g 2 (1.46)

gk:

the solution of which is ,
iki®

a(t) = a(0)e e ; (1.47)
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where Z
a (0) Uo(x)e X dx ; (1.48)

with ug(x) denoting the x component of initial velocity.

Clearly, this solution decays in time and approaches zero &sl 1 . Moreover, the rate at
which this occurs isjkj>=Re. In particular, for xed Re higher wavenumber Fourier modes decay
faster than do lower ones. From a mathematical perspectivdiis suggests (but does not prove)
convergence of the Fourier series representation and, henpexistence of solutions of the form Egs.
(1.39). On the other hand, ifjkj is xed, then the rate of decay ofay decreasesvith increasingRe.
Now if we recall that the right-hand side of Eq. (1.46) is prasely the Fourier-space representation
of the viscous terms of Eqg. (1.38b), we see that we can asstexithe rate of decay ofa, with
physical viscous dissipation; in particular, increasingRe implies decreasing viscous dissipation, and
conversely. While we will later obtain a speci c formula forviscous dissipation rate,per se in
physical space (which is not the same as the viscous terms bétN.{S. equations), it is clear that
these terms|and only these terms|contribute to decay of sol utions directly.

We now consider e ects of the nonlinear terms. To do this we st drop the linear viscous
dissipation term from Eq. (1.42), and we also drop the term etaining ¢ arising from the pressure
gradient in Eq. (1.38b) since, as can be seen from Eq. (1.48)is is directly related to the nonlinear
terms; so nothing is lost at the qualitative level by ignorig it. Then we are left with

X [
a = AD aa, +BY ahb, : (1.49)

m
-
We rst observe that when™ = m a quadratic term appears in the equation. It is worthwhile to
consider the e ects of this alone since an analytical solatih can be obtained, and this will provide
at least some insight into the qualitative behavior of the nolinear terms in general. Thus, we solve
the initial-value problem
a = AWa; (1.50)
with ax(0) again given by Eq. (1.48) and subscript notation forA(k%r)n suppressed. We leave as a
simple exercise to the reader demonstration that

1

A= Aot+1=a0)

It is clear from this that if A®a,(0) > 0, thenja,j! Oast!1 , although only algebraically. But
if A® and a (0) are of opposite signsa,(t) ! 1  can occur in nite time. This implies a potential
for very ill behavior (including nonexistence after only a nite time) of N.{S. solutions. In 2D it
is known that this does not actually occur (which implies thé simpli cation is not an extremely
accurate model); but as we have already indicated, this palssity has not been eliminated in 3D|it
is possible that 3-D solutions to the N.{S. equations fail t@xist after a nite time.

There is a further aspect of the behavior of the terms on theght-hand side of Eq. (1.49) that
deserves mention. It is that such nonlinearities can gend¢eanew Fourier modes not present in the
original representation (or in initial data for the problem). Here we consider only the rst advective
term of the x-momentum equation, (1?),, and recall its Fourier representation:

X
(U = @@x aan' 'm;

ym

written now for only a nite number N of Fourier modes, as would be required for computer
implementation.
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Now if the basis setf' g is similar to complex exponentials or trigonometric functns we see

that, e.g,
(X)) m(x)= € Xgmx=dtrmx;

Since each of andm can be as large ahl, their sum is often greater thanN , and the corresponding
nonlinear term a- a,, generates solution behaviors that cannot be resolved by tlggven representa-
tion. We note here that this does notoccur for the Galerkin procedure due to the values taken on
by the Galerkin triple products, and due to the general glodanature of the Fourier coe cients; but
it does occur for the various Fourier collocation methods that are idely used as a more e cient
alternative to the Galerkin procedure (see [100]) in the ctext of both DNS and LES. Moreover,
it is easily argued that this must occur for nite-di erence and nite-volume methods as well.

Finally, we emphasize that the actual time evolution of eachf the axs is e ected by combinations
of all the abovementioned behaviors, and as a consequendetsmns can be very complicated|and
very di cult to simulate. In particular, it should be clear t hat the k™ Fourier coe cient, a, can be
a ected by coe cients corresponding to wavenumbers both les than and greater thark through the
nonlinear terms of the Galerkin representation (includinghose arising from the pressure gradient).
But the speci ¢ outcomes of such interactions are stronglyniuenced by the dissipation induced by
the linear (viscous) terms. We recall that the degree of this set by the combination of Reynolds
number and the speci c wavenumber under consideration.

General (mostly) Physical Concepts from Turbulence

In this section we begin by presenting some mostly heuristideas concerning the nature and
causes of turbulence, relating these to the mathematicalmstructs of the preceding section. We then
describe the various well-known length and time scales thatcur in turbulent ows, again showing
how these are associated with the mathematics|in particula, where they reside in the energy
spectrum. In connection with the relationship between lertg and time scales we will introduce the
often-used (especially in analysis of experimental data)aylor hypothesis. Then we provide more
details on homogeneous and isotropic turbulence, and we chrde the discussions with some basic
analysis of the law of the wall.

What is turbulence?|and where does it come from? In some respects, it is not clear that the
answer to either of these questions is completely known. @anly, from a physical standpoint there
are many unresolved issues. Earlier in this chapter we gave axtensive list of characterizations of
turbulence and noted that turbulent ows always exhibit sone (and maybe all) of these features;
but this does not really de ne physical turbulence. On the dier hand, we were able to at least
propose a mathematical de nition, namely, 3-D, chaotic sations to the Navier{Stokes equations
at high Reynolds number. But this \de nition" is certainly n ot universally accepted for reasons we
will discuss later in these lectures. So, the answer to thest question seems to yet be lacking, at
least on purely physical grounds. We remark, that part of theli culty seems to be that there are
so many possible characterizations that do not all occur invery ow situation intuitively viewed
as turbulent that evidently turbulence may be more than a sigle phenomenon. If so, this would
suggest that the mathematical de nition might be the best wecan obtain.

Before addressing the second question we here introducesa ¢if misconceptions associated with
turbulence. These have been extracted from a somewhat londist provided by Tsinober [3] in
Appendix D of his book.

“Statistical' and “structural' contrapose each other.
Turbulence possesses a random (quasi)-Gaussian backgibun

Kolmogorov picture is structureless and quasi-Gaussian.
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Large scales and small scales are decoupled.

"Eddy viscosity' and “eddy di usivity' explainthe enhanced transfer rates of momentum, energy
and passive objects.

Spatial uxes represent ‘cascade' in physical space.

Vorticity ampli cation is a result of the kinematics of turb ulence.
Strain rate in turbulent ows is irrotational.

Enhanced dissipation in turbulent ows is due to vortex stréching.

Each of these has been touted as an important characterizati of turbulence by numerous au-
thors, but in [3] they are all shown to imply serious logicalgnd physicallbased on experimental
observations) aws.

The second question can be answered somewhat more satisfalyt from a physical standpoint;
and, fortunately, the answer is in accord with the mathemads of the N.{S. equations. In particular,
it is well understood that turbulence only occurs in ows exlbiting fairly large velocity gradients.
The simplest familiar example is pipe ow, but the descriptbns we will provide work equally well
for essentially any ow; only the mechanism for producing té velocity gradients would change.

We rst observe that pipe ow is laminar until a Reynolds number of approximately 2000 is
reached, whereupon transition begins. Recall that, in a pg& the velocity satis es the no-slip
condition at the walls and adjusts to the centerline velocjt across the radius of the pipe. Hence,
there is a velocity gradient that is largest at the pipe wall. Furthermore, it is easy to imagine
that if the wall of the pipe is rough the velocity gradients mght be locally (but not necessarily
uniformly) higher than in the smooth-wall case; and, indeedfor pipes having extremely smooth
walls, it is possible to delay transition to turbulence untithe Reynolds number is well above 50,000.
Furthermore, there are no known uniform ows|either physic ally or mathematically|that exhibit
transition.

From a purely mathematical standpoint, it is well known (andnot di cult to show) that Fourier
series converge far more slowly for functions having largerivatives than for very smooth, well-
behaved functions. This, in turn, implies that larger waveambers will still provide signi cant
contributions, and in the context of the Galerkin approximaion to the N.{S. equations given above,
this means that even higher wavenumber information will beamerated spontaneously. Then, Reis
large, such wavenumber data will not be readily damped by thascous terms, and chaos generated
in the nonlinear terms will dominate the behavior|hence, turbulence. Conversely, if a ow has
only small gradients, the linear viscous terms of the Founieepresentation very e ectively damp
the solutions, thus maintaining, or even further reducingthe small gradients.

It is important to also mention here the classical view of tlg interpretation as given, for example,
in Tennekes and Lumley [7]. In that reference, as well as maathers, the role of vorticity is stressed,
in conjunction with the energy cascade described earlier iDef. 1.68. In patrticular, it is argued
that energy is usually supplied to a turbulent ow through mechanisms that create large vortices.
It is hypothesized & la Richardson [4]) that these vortices, usually referred to a®eddies," are
somehow broken into smaller ones, that themselves split otstill smaller ones, and so on, until
they are su ciently small as to be dissipated by viscosity. V& remark, however, that vorticity,
the quanti cation of the strength of such vortices, is not atually physics|vorticity is a purely
mathematical de nition. Indeed, vorticity is constructed from the velocity gradients described
above|which are physics: the amount velocity changes over given distance. So, it is not clear
that a viewpoint expressed in terms of vorticity and eddiesantributes to physical understanding
even if it happens to be correct. But in addition, careful exaination of most physical ows
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does not clearly show sequences of sizes of vortices simplyaking or splitting as suggested by
this simplistic scenario. Moreover, this view is not comptely consistent with mathematics of
the Galerkin approximation to the N.{S. equations. We notedn earlier discussions that Fourier
coe cients (think \energy”| i.e., the L2 norm) are in uenced by behaviors at both higher and lower
wavenumbers; hence, energy might be transferred in eitherettion, at least locally, in wavenumber
space. But this is not included (permitted?) in the energy cade description involving breakup
of eddies.

Length and time scales of turbulence. One of the items in our earlier list of characterizations
of a turbulent ow at the end of Sec. 1.2 was its wide range of hgth and time scales. In fact, if
such scales did not cover wide ranges, the \turbulence praph" would have been solved long ago.
In such a case, the N.{S. equations could be easily and e cidyn solved on a digital computer for
essentially any physical ow. But as will be evident as we pieed, it is precisely this feature of
turbulent ow that precludes use of DNS in most ow situations. Thus, it is especially important
to understand some of the detalils.

We begin by noting that there are, in general, four main setsfecales in a turbulent ow (there
may be more if other physical phenomena.g, heat transfer and/or combustion are important);
these are:

i) the large scale based on the problem domain geometry,

i) the integral scale which is anO(1) fraction (often taken to be 0:2) of the large scale (and
termed the \outer scale," especially in Russian literaturg

iii) the Taylor microscale which is an intermediate scale, basically corresponding t@ctually,
within) Kolmogorov's inertial subrange, and

iv) the Kolmogorov (or \dissipation”) scalewhich is the smallest of turbulence scales (called the
\inner scale" in Russian works).

Before considering details, it is worthwhile to rst qualitatively compare these scales in terms
of (spatial) wavenumbers (and we will later indicate that esentially the same description holds for
temporal frequencies). Figure 1.5 displays the essentiaktdils as one would deduce from analysis
of experimental measurements. We note, in passing, that thigure would correspond to a quite
high Re because the range of wavenumbers encompassed by the inkstiidbrange is relatively large.
In particular, at low Re there is essentially no inertial range, and aRe increases the length of this
range increases. Observe that the range of wavenumbers agureg in the large scale and integral
scale is only mildly e ected, if at all, by increasingRe. This should be expected because the rst
of these is set by the size and shape of the ow domain, and thecend is in uenced by aspects of
turbulence already present at relatively low wavenumbergnd by energy input. On the other hand,
the wavenumber corresponding to beginning of the dissipati scales is strongly in uenced byRe,
as we have already seen in our Fourier analysis of the N.{S.uagions (recall Eq. (1.47)). Thus,
the wavenumber range covered by the inertial scales must nease with increasingRe. (Observe
that we also have already indicated in the gure the 5=3 slope in the spectrum of this range in
anticipation of later results.) If we now recall thatjkj 15rjandE(k) a2 u? we can also
easily deduce the physical-space correspondences|in p&tlar, the highest energy is associated
with larger scales of motion.

We now treat each of these scales in more detail, beginningthwvthe largest. On this scale we
take the characteristic length to beL, basically the size of the physical problem domaire(g, the
radius or diameter of a pipe, or the chord length of an airfgil and we useU (the mean, or possibly
centerline, velocity in a pipe, or the freestream velocityver an airfoil) for the characteristic velocity.
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Figure 1.5: Turbulence energy wavenumber spectrum.

Then, if is the kinematic viscosity, the Reynolds number will be

UL
Re = —:

Furthermore, from the length and velocity scales we can cdngct a \convective" time scale given
by tc = L=U. There is a second time scale that can also be obtained frometlyiven physical
guantities; it is the \di usive" time scale. Recall that kin ematic viscosity has generalized units
L2=T, so it follows that ty = L2= is another possible time scale. It is of physical interest tform
the ratio of ty and t., as done in [7], to compare the rate at which ow properties artransferred
by (molecular) di usion, as compared to (macroscopic) comction. We nd

t L2=
hi = ReL X

indicating that Reynolds number can be viewed as a ratio of #se time scales in addition to the
usual interpretation as the ratio of inertial to viscous foces. Thus, ifRe is large, the di usive time
is very long compared with time for convection, and hence disive e ects are essentially negligible
in the high-Re limit.

We next consider the integral scales. As hinted in Fig. 1.5hése do not cover a wide range;
indeed, they are sometimes associated with a single waveren k;, the one corresponding to the
maximum in turbulence energy. We have already indicated aatistical approach to estimating the
integral time scaleT in Eq. (1.17), and we can similarly obtain an integral lengtlscale as

1Zl

S = TR udx; uYx + r;t)dr; (1.51)
2 1

where, as in Eq. (1.25)u°denotes a turbulent uctuating component of velocity (with zero mean),
andk kfz is taken with respect to the spatial domain . We note here tha the integrations required

to estimate " and T give rise to the terminology. Clearly, once (or T) is known, the other can
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be estimated using some norm ai® as a velocity scale. We note here thau®in this case is not
generally the same as that in the Reynolds decomposition, toaather is more closely related to the
subgrid-scale part of the LES decomposition. It is probablpest to view u® as a high-pass Itered
quantity still retaining a signi cant portion of the large-scale motion. In this view, employingu®
from a Reynolds decomposition is not extremely inaccuraté&igure 1.6 provides a \cartoon" of what
is usually intended for this quantity. In particular, notice that much of the large-scale \structure" of

/7 original signal

low-pass filtered —\

high-pass part

Figure 1.6: Low-pass and high-pass lItered parts of a signal

the low-pass lItered signal still appears in the high-passapt, indicating presence of low-frequency
(or wavenumber) behavior in addition to the obvious high-fequency content. Thusu®is somewhere
between the RANS uctuations which carry _alltemporal information except the mean, and LES
which, ideally, corresponds mainly to dissipation scales.

We should note that without further averaging the integral sales are not constant (and so do not
correspond well with what is indicated in Fig. 1.5). In homogneous turbulence spatial averaging is
justi ed, and temporal averaging may be appropriate for stdonary ows; but generally = must be
a function of x and t in complex turbulent ows. In any case we can now de ne the irggral scale
Reynolds number (often called the \turbulence" Reynolds nmber) as
jui”

Re (1.52)

Here, juY is usually taken to be the square root of the turbulence kini&t energy (per unit mass)
consistent with the interpretation provided by Fig. 1.6;i.e., ju = k™2 with k = Z(u® + v& + w®),
or juj may be the (square root of)turbulence intensity?, usually given ascf = 2k, but in some
cases (mainly associated with isotropic turbulence) thisalue divided by three, corresponding to
averaging the three uctuating components.

It is of interest to also consider a somewhat di erent approzh to obtaining the integral scale

length, as provided by Lesieur [14]. In this treatment a veldty scale analogous to that discussed
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above is used, and in conjunction with this, turbulence engy dissipation rate", usually given as
"=2 kSK?; (1.53)

is employed to construct a length scale with elements of thdrain rate tensor S given earlier
in the discussion of Cartesian tensors. In [14] a slightly érent de nition of " is used, namely,
"= R li.InEqg.(1.53)k kis the usual matrix two norm, and in the preceding formuld is the
vorticity vector. We note that these formulations are equialent in the sense of norm equivalence
since bothS and! are obtained from rearrangement of U into a sum of symmetric ( S) and
skew-symmetric ( ! ) parts as follows for any arbitrary portion of the velocity eld.

0 1
Uy Uy U
ru = %Dvx Vy vzg
W, W, W
200 7 7 1 0 13
1 2Uy Uy + Vx Uz + Wy 0 Uy  Vx Uz Wy
= éﬁé\muy 2vy VZ+WyX+%)VX Uy 0 Vv, wyfig:
Wy + Uz Wy + vy 2w, Wy Uz Wy V 0

Also, we observe that the generalized units of must be L2=T3. Then it follows that a length
scale can be constructed as

i1G3
Lo P (1.54)
Clearly, this is based entirely on uctuating velocity still containing some relatively low wavenumber
behavior, and hence, consistent with the physical interptation of integral scale as inferred from
Fig. 1.5. But we remark that if S is decomposed into mean and uctuating component&Sk will
be dominated by the latter, implying that " is mainly a small-scale quantity. We would expect this
based on our earlier Fourier analysis of the N.{S. equations

We now derive the length and time scales associated with theyllor microscale. We begin with
a de nition for the Taylor microscale lengthprovided in [14]:

,_ hugai
hksSkzi ’

(1.55)

where we are using the velocity scale discussed previousiydaare now formally indicating an
averaging process withh i, and again using norm of the strain rate tensor in place of nor of
vorticity since this is more often done (see [7]). Then from de (1.53) (with the factor of two
suppressed, in accord with [14], we obtain the Taylor microale length expressed as

hjujsi =

(1.56)

A time scale can be obtained using this length scale and theloeity juj, and the Taylor microscale
Reynolds number is calculated as

Re = Jﬂ (1.57)

We again note that the Taylor microscale length is roughly awsistent with the Kolmogorov inertial
subrange scales.

We now nd expressions for the smallest scales of turbulenc&hese were derived by Kolmogorov
under the assumption that at these scales mainly dissipatiowould be important, so the only two
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physical parameters needed to describe behavior from a dmsenal standpoint are viscosity
and dissipation rate” of turbulence kinetic energy. We will see that combination®f only these
parameters lead to all three of length, time and velocity sé@s in the dissipation range. Again,
recall that the generalized units of kinematic viscosity @ L2=T, and those for energy dissipation
rate are L>=T3. It follows that a length scale can be obtained by eliminatig time between these
two sets of units. This can be done by forming the ratio of® with ", and taking the fourth root of
the result. Thus, we obtain theKolmogorov length scale

3 1=4
= — : (1.58)

Similarly, a Kolmogorov time scalecan be constructed as the square root of the ratio ofto ":

1=2
Finally, the Kolmogorov scale velocitys just the ratio of the preceding quantities:
=( ") (1.60)

One can readily see that the Reynolds number formed from thiength and velocity scale equals
unity, as might be expected on scales where viscous dissipatdominates all other phenomena.

It is of interest to compare some of these various scales. Weserve that the length scales and
Reynolds numbers can be related as follows. First, we can quane the Kolmogorov length scale
with the integral scale length™ using Eq. (1.58) with Eg. (1.54) solved fof' to write

3 1=4
juge=’
then
3 1=4 324
T ogups o Re
or .
—  Re™: (1.61)

We have used the symbol in deriving this result to emphasize that both of Eqs(1.54) and
(1.58) are merely based on dimensional arguments. Nevefdss, Eq. (1.61) has very important
consequences for computation because it implies that thesdipation scales, which must be resolved
in a DNS of the N.{S. equations, scale like the integral scalRe to the 3=4 power|and this is for
only one direction. Thus, in a 3-D problem the gridding requements, and hence the computational
work, must scale likeRe™ for a single time step. As noted by Frisch [80] a typical timetsp for

numerical stability is of the order of the space step (Courancondition), implying O (Re?’z“)
required time steps; so a very optimistic (under)estimatefdotal arithmetic for DNS is  Re?; for
Re (which, recall, is somewhat larger tharRe ) of any reasonable size this is still a very formidable
computation even on modern parallel supercomputers.

We next compare the Taylor and Kolmogorov scales, and , respectively. Again starting with
Eqg. (1.58) we now use Eq. (1.56) witthjuj?i replaced withjug? for notational convenience to write

3 2 1=4 2 2 1=4
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Then
2 1=4

S Re 2:
Zjuqz

or
—  Re; (1.62)

This shows that length scales in the inertial subrange are adtor of square root of the Taylor
microscale Reynolds number larger than those in the dissigan range. For realistic ow situations
this tends to be much greater than an order of magnitude.

We can now use results (1.61) and (1.62) to estimatee in terms of Re.. First, from the
de nitions of these two Reynolds numbers, Egs. (1.57) and @2), respectively, we have

Re
Re - (1.63)
But from (1.61) and (1.62) we have
R e1:2 1=2 o 34 1=2 -
- Re:?’:4 = = Re\ RE« = < Re‘ ’
or
1=2
- Re™ ) - Re':
Then using Eq. (1.63) for="yields
Re Re'™: (1.64)
Finally, again using Eq. (1.62) shows that
—  Re"™:
or .
Re. ™ (1.65)
Thus, we conclude that
‘Re. 2 and Re . ™; (1.66)

and substitution of the rst of these into the second leads bk to (1.61), as it must. Finally, note
that for large Re- (or Re_ ), we have )

Taylor's hypothesis.  As noted in Def. 1.110, Taylor's hypothesis can be employed tleduce
spatial information about turbulent uctuations using tim e series of measurements at a single
point, or at a sequence of points at which measurements havetrbeen taken simultaneously. The
preceding discussions of length and time scales suggestt itiese can typically be related through
some velocity scale, and this is what is involved when invalg Taylor's hypothesis. In particular, as
described in [7], measurements of uctuating velocities arsometimes collected by traversing a probe
through the ow eld so rapidly that the nature of the turbule nce does not change signi cantly
during the measurement process. This permits constructiasf spatial derivatives of the uctuating
guantities at an ostensibly xed time. If the speed of travesal U of the probe is su ciently high,
then a uctuating velocity signal uqt) at a xed location can be identi ed with uctuations at

a di erent location a distance x away by substituting t = x=U. This is often termed a \frozen
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turbulence" approximation, and it is shown in Hinze [6], amiog other places, thatjuj=U 1 must
hold for results obtained from Taylor's hypothesis to be va.

A somewhat more applicable description of Taylor's hypotlss is provided by Garde [101].
Assume the average ow velocity in thex direction is Ua,g. Then turbulent uctuations u®observed
at a xed point in space can be approximately interpreted asasulting from a frozen turbulence
pattern being convected through the point from elsewhere bg mean ow velocity U,4. This
suggests we can relate temporal and spatial derivatives odw quantities as

_@: U _@
@t Y ax
with the negative sign arising from the fact that a measurenm¢ at the current time and spatial
location corresponds to the frozen pattern that earéier_ waspstream (negativex) of the current

location. It is noted in [101] that for shear ows u® 0:45 must hold, and for isotropic,
homogeneous turbulence a value on the order of P0is needed for use of Taylor's hypothesis to
provide accurate results, an implicit assumption being thaUs,q O (1).

(1.67)

Homogeneous and/or isotropic turbulence. In Def. 1.75 we noted that homogeneous tur-
bulence is such that statistics are invariant under spatiatranslations, and Def. 1.80 implies that
isotropic turbulence is invariant under rotations and re etions. Because rotations and re ections
can always be constructed as combinations of translationene might suppose that homogeneity
implies isotropy; but this is not the case. Instead, isotropy is far more restrictive than hoogeneity,
as we will now describe.

It is important to rst note the consequences of homogeneityThe requirement that statistical
properties remain invariant under arbitrary translationsimplies, for example, thatu®(x) = u®(x +
r) for any possible vectorr 2 R® within the domain of the ow eld. On the other hand,
homogeneity doesiot imply that, e.g, u®(x) = v&(x), and this provides the distinction between
homogeneity and isotropy.

Isotropy requires invariance of statistical quantities uder rotations and re ections of the co-
ordinate system. Suppose for de niteness that we consideotating the coordinates through a
counter-clockwise angle of 90 Then in this new system, what had been the physical component
of velocity will now be thev component, and conversely (up to a sign). Thus, if statistgare to
remain invariant under rotations it must be that

u® = v@ = e (1.68)

throughout the ow eld. But to enforce statistical invaria nce under arbitrary rotations, beyond
(1.68) must be the requirement that derivatives of these quuities in the normal coordinate direction
relative to each also be invariant. This implies that

@®_ @%_ @°

@x @y @z (1.69)

must hold.

It is thus fairly easy to see that a uniform strain in one direton on homogeneous isotropic
turbulence will destroy the isotropy, but not the homogendy. On the other hand, few if any
physical shear ows are uniform, nor are they typically aliged with a single coordinate direction;
so generally, introduction of shear (strain) will eliminaé both isotropy and homogeneity. That is,
real turbulent ows are inhomogeneous and anisotropic. Newtheless, as is argued in Batchlor [39],
the simpli cations that can be achieved via assuming homogeity and isotropy are su cient to
permit some pure analysis of turbulence, and this is consigel worthwhile.
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It is often argued that the smallest scales of turbulence mu&e isotropic; this is referred to
as \local" isotropy, meaning local in wavenumber. This views made reasonable by the Fourier
analysis of an earlier section. In particular, we showed th&r very high wavenumbers the viscous
terms dominate the nonlinear terms (including pressure gdéent terms), and it is also easily checked
that for this situation there is essentially no coupling baveen momentum equations. Moreover, all
such equations are of the same form so it might be expected thithey would all have the same
solution. Hence, small-scale behavior would be isotropif/Ve will later see that this is an argument
used to suggest that constructing SGS models for LES oughttrioe too di cult.)

This expectation of at least local isotropy leads to the coept of \return to isotropy" described
in Def. 1.97. That is, removal of a strain eld that is inducirg anisotropy should allow turbulence
to relax back to an isotropic state, at least on small scaledt is clear, again from Fourier represen-
tations, that this must occur at a nite rate, which for certain ows can be measured in laboratory
experiments. This provides a quite detailed test of turbulece models (most RANS models fail this
test), and some representative experimental results of Chand Lumley [102] are compared with a
well-known second-order closure model in a paper by Speei§l03].

It should be observed, however, that the notion of local isoipy is not precisely correct math-
ematically, nor is it strictly observed in laboratory expeiments. Results coming from the rather
heuristic Fourier analysis are too simpli ed. Indeed, Braseur and Yeung [104] have theoretically
shown via a detailed analysis of the Fourier representatioof the N.{S. equations that, in fact, the
smallest scales inherit much of the anisotropic structuref the large scales. While the work of these
authors has at times been viewed as somewhat controversidlere have been numerous experimen-
tal results also indicating a lack of isotropy on small scade for example, Shen and Warhaft [105].
Thus, strict local isotropy must in general be viewed with soe skepticism and accepted only as an
idealization.

Law of the wall. Here we provide a mainly heuristic (and pictorial) treatmet of one of the
best-known and widely-used concepts from the classical trg of turbulence. We will not present
derivations at this time because these can best be done aftte RANS equations have been ob-
tained. But we will be able to deduce some fairly useful regslhaving direct links to the physics
of turbulent ows. At the same time, as is done in [7], we conme the various physical regions
associated with the law of the wall to the scales introducedylolmogorov.

We begin by noting that there are two quite general and distict types of turbulent ow beyond
the homogeneous isotropic ow treated in the preceding substion: namely, free shear ows and
wall-bounded shear ows. We will consider the theory of bottof these in Chap. 2 after we have
derived the RANS equations. Here, we note that examples ofdhformer include wakes, jets and
shear layers, and that theoretical treatment of these is sipter than that of the latter because they
possess only a single length scale.

As the name suggests, the law of the wall is asociated with walounded shear ows, and
depending upon just how one counts, these might be viewed aaving two, three or even four
di erent length scales represented in their physical beh@ws. Such ows are found in boundary
layers, and thus also in pipes, ducts and channels. Our treméent in these lectures will follow that
of [7] to a great extent.

It is useful to begin by recalling the di erence in the natureof velocity pro les between laminar
and turbulent ow in a duct. This is depicted in Fig. 1.7. The parabolic prole of part (a)
corresponds to a fully-developed Poiseuille ow in a duct fovhich it can be seen that the velocity
gradient at the wall, and hence also the wall shear stress,, is not nearly so large as in the turbulent
case of part (b) representing the (time) mean ow for fully-@&veloped turbulence. The latter closely
approximates uniform ow beginning quite close to the wallsso in light of the no-slip condition we
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Figure 1.7: Comparison of laminar and turbulent velocity pro les in a duct; (a) laminar, and (b) turbulent.

see that

@u
@y,

must be fairly large. Figure 1.7(b) also clearly demonstras that there must be at least two length
scales associated with this ow; one corresponds to the rahthin region adjacent to the walls in
which the velocity pro le is nonuniform, with large gradiens, and the other can be related to the
nearly uniform part of the ow farther from the walls.

The region very close to the wall exhibits a nearly linear vetity pro le in the turbulent case,
and in light of this we might recall Couette ow which is compétely dominated by viscous e ects.
Indeed, this is the case for this inner layer, termed th&iscous sublayerin which velocity varies
linearly with distance from the wall. Furthermore, because&iscous e ects are so dominant within
this region, it is reasonable to associate the ow behaviorith the Kolmogorov, or dissipation,
scales de ned earlier in Defs. 1.64 and 1.83.

The so-called \outer region" shows nearly constant velogitwith distance from the wall, and we
will not speci cally analyze this here. But we note that in the context of perturbation analysis we
recognize that this outer layer velocity cannot satisfy theno-slip condition at the walls, and at the
same time the inner (linear) pro le which does satisfy no g will not correctly asymptote to the
outer solution. This suggests that a third solution is needkto match these two results; formally,
such solutions are derived via the method of matched asympio expansions. Here, we follow [7]
and present an heuristic, physically-based treatment notequiring this formalism.

Let t(y) denote the time mean velocity, and letu denote a velocity scale for the inner region.
(This should generally correspond to turbulent velocity ctuations and might, for example, be the
square root of the turbulence kinetic energy. Here, as the tadion suggests, and will be evident
later, we use the friction velocity.) Now observe that the tw length scales are a large advective
scale associated witlu (say, h=2, the half-height of the duct) and a viscous scale correspding to
u, viz.,, =u . In order for an intermediate scale to make sense, it must bée case that the ratio
of these two length scales be largeg.,

w

h= hu
—=— 1
=u 2
Then we are able to identify a range of distanceg from the wall(s) such that
o1, and simultaneously % 1:

(We have dropped factors of two from these formulas becaudgis argument is approximate, and
an O(1) constant will be introduced subsequently in any case.)
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Within this range one argues that =u is too small to control ow dynamics, andh is too large
to result in e ective interactions. Hence,y itself is then the only length scale for this region; but
there are two velocity scales, namely and u . On purely dimensional grounds we argue that these
must all be related according as

whereC; is a constant that ultimately will be determined from expenmental data. We now de ne
the dimensionless quantities
u
Y+ ya ; and u. U=uU ; (2.70)

and in terms of these express the above as

du., .
dy, Cry: -
This can be directly integrated to yield
Us = C1|n Vs t Cz, (171)

where C; is an integration constant which also will need to be found &dm experimental data.
Modulo a few details which will be supplied later, Eq. (1.71js the well-known \log law" that
matches the inner to the outer layer. As noted in [7], the rargof length scales over which the
log law is valid corresponds to the inertial subrange of the ?dmogorov theory or, equivalently, to
approximately the Taylor microscales.
It is worthwhile at this point to summarize these results in he usual way, as shown in Fig. 1.8.
We remark that the inset to this gure is a more detailed repreentation of a turbulent velocity
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Figure 1.8: Law of the wall.

pro le than that of Fig. 1.7(b). Moreover, we note that the somewhat arbitrary characteristic
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turbulent velocity of the viscous sublayer is usually takemo be the friction velocity as hinted earlier

and alluded to in Def. 1.71. This is de ned as
r

u = E: (1.72)

Furthermore, we de ne in the usual way corresponding to theatation of the gure. The formula in
the gure corresponding to the logarithmic part of the velogty pro le contains the usual notation

for the von Karman constant and B for the integration constant given earlier asC,. In Chap. 2
we will discuss these in more detail and, in particular, supp values for them.

We observe that this gure exhibits four di erent length scdes as we hinted earlier might be
the case. The one not previously discussed is usually termix \bu er layer," and it (smoothly)
connects the the viscous sublayer to the inertial sublayerAs indicated on Fig. 1.8 with dashed
lines these two regions match mathematically, but the matclis not smooth. Moreover, neither
experimental nor computational data show the sharp changedicated by the dashed lines. The
bu er layer might be viewed, physically, as a small range otales over which inertial and dissipation
e ects are nearly balanced, corresponding to the range of venumbers in the energy spectrum just
beyond that of the inertial subrange where the decay rate iselginning to increase (recall Fig. 1.5).
In addition, the terminology \defect layer" is not universdly employed for the outermost (furthest
from the walls) region. It is suggested by the viewpoint that turbulent boundary layer might be
considered to be a turbulent wake with a solid wall on one siddn any case, it is clear from Fig.
1.8 that the log law does not hold in this part of a ow; typicallength scales are of the order of the
integral scale.

Finally, we note that the importance of the law of the wall in he present era is that it provides
an explicit formula for the mean turbulent velocity pro le near a solid boundary. With this in hand
it seems not necessary to employ the ne gridding required twapture behavior on the scales of the
bu er layer and smaller, as is formally necessary in LES; ingsticular, one can evaluate the log law
formula and use the result as a velocity boundary conditiontdahe outer edge of the bu er layer,
or even farther from the wall if extremely coarse gridding iemployed. This signi cantly reduces
the required amount of total arithmetic for simulating walkbounded shear ows and is widely used
both in RANS methods and in LES. But it is important to recall the assumption that led to the
log-law result, viz., fully-developed ow. As a consequence, the simple law ofdéhwall described
here is not valid for nonself-similar boundary layers, andufthermore cannot be used accurately
in the presence of ow separation. There have, however, beenmerous attempts to extend the
law of the wall to other ow situations beginning already wih Tennekes and Lumley [7], and some
of these have been at least moderately successful. But treent of these is beyond the intended
scope of these lectures, and the reader is referred to the anit literature.

1.5 Summary

In this introductory chapter we have begun by rst attempting to provide some heuristic views
of turbulence, an historical overview of its study and the prgress to date, to some extent con-
trasting the classical, statistical view of turbulence as aandom phenomenon with the modern,

deterministic viewpoint. We next included an extensive gksary of terms associated with turbu-

lence, many of which will be used repeatedly as we proceeddbgh the following lectures. Then,

as further preparation for these, we presented fairly deteid discussions of numerous mathematical
and physical ideas that are of a fundamental nature and thusilvbe of use independent of whether
we are considering the classical or modern view of turbulencThese included several alternative
decompositions of ow variables, Fourier analysis of the §5. equations, length and time scales of
turbulence, and the law of the wall.
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We again emphasize that it is now almost universally acceptethat the N.{S. equations are
capable of producing turbulent solutions. Moreover, suchokitions obtained via DNS agree ex-
ceptionally well with experimental observations within tre range of Reynolds numbers currently
accessible by this technique. This suggests that indepemtl®f what form of modeling might be at-
tempted, tests of model results and/or analysis of model stcture must include direct comparisons
with the N.{S. equations and their solutions.



Chapter 2

Statistical Analysis and Modeling of
Turbulence

Statistical analyses of turbulence have been employed frothe beginning, certainly already in
Reynolds' 1894 paper [16], but at least implicitly in the edier work of Boussinesq [15] in 1877. The
works of Reynolds, Prandtl, Taylor and others emphasized ¢hperceived randomness of turbulent
ows with the implication that statistical approaches werethe only possibility for analysis, and
this view was dominant during the early years of developmermf turbulence modeling procedures
necessitated by averaging the nonlinear Navier{Stokes ({$.) equations.

In a sense, modeling began with the work of Boussinesq citeboae, but in the absence of the
Reynolds decomposition formalism. Prandtl's mixing lendjt theory represents the rst turbulence
model in a more modern sense; in particular, it attempts to é@mate values of eddy viscosity,
introduced by Boussinesq, to close the Reynolds-averagedvier{Stokes (RANS) equations. It is
sometimes claimed that Kolmogorov [106] already by 1942 hadroduced the ideas underlyingk "
models that we will treat in the sequel, and similar ideas werproposed later by Rotta [107] in 1951.
But Jones and Launder [108] introduced the basic form of thesnodels that has been studied to the
present. In addition, Launderet al. [109] presented the form of so-callesecond-ordey or second-
moment closuresalso calledReynolds stress modelshat until rather recently received considerable
attention.

In this chapter we begin by deriving the RANS equations, andhen discuss a number of math-
ematical consequences that are independent of modeling.ll&aing this we consider some details
of a number of speci ¢, widely-used models including Pranti¥ mixing length, k " models, eddy
viscosity transport and the basics of second-order clossreWe then provide a section in which the
Kolmogorov theories are discussed. These also are statatj but they do not rely on a Reynolds
decomposition, and until only recently little e ort had been expended in attempts to make direct
use of them in modeling. We remark that this was probably at kst in part due to the fact that
this theory did not seem to provide anything of use for typicaRANS approaches that, as we will
see, usually require construction of an eddy viscosity.

2.1 The Reynolds-Averaged Navier{Stokes Equations

In this section we begin by employing the Reynolds decomptisn, Eq. (1.25), to derive the RANS
equations. We then obtain related results for vorticity transport and examine the relationship
between vortex stretching and Reynolds stresses. We follawis with analyses of attempts to
include time dependence in the RANS equations, and in partitar consider a currently-popular
procedure termed unsteady RANS (URANS). We then provide a ifidy detailed analysis of the

59
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inherent di culties of RANS approaches in general, both wit respect to formal mathematics, and
with respect to physics. Finally, we present descriptionsnal comparisons of some of the more
widely-implemented RANS procedures.

2.1.1 Derivation of the RANS equations

The starting point for this derivation is, of course, the N.§5. equations,

r U=0; (2.1a)
Uu+U ru=r P+ U; (2.1b)

given earlier in Egs. (1.1), and written here without the bog-force term. We next recall Eq. (1.25)
for the Reynolds decomposition and substitute this into therst of the above equations:

r U=r @+u%=r u+r u’=0: (2.2)

Then averaging this equation results in

r o+r u®=0; (2.3)
and from Eqg. (1.26) we deduce that
r ou=0: (2.4)
Then it follows from the far right-hand side of Eq. (2.2) that
r u=0 (2.5)

also holds.

We remark that if the averaging performed in Eg. (2.3) had beeomitted, we might conclude
that only

r o=r uo

is required to satisfy the divergence-free constraint of éhoverall velocity eld. But we should recall
that the Galerkin form of the N.{S. equations implies that the divergence-free condition must hold
on a mode-by-mode basis (recall Eq. (1.41)), and this woulcelcontradicted by the above.

We next consider Eqgs. (2.1b). We begin by substituting Eq. (25) for each entry ofU, with an
analogous expression fdP, to obtain

U+ ud)+(u+ud) r (@+udh=r (P+pl+ (U+u%:

Now recall that U is independent oft, by de nition, so the rst term in this expression is identically
zero. Then upon expansion of the dot product on the left-hanside we have

wW+o ro+o rul+ul ro+uru’=r (p+ph+ (OT+uY:

Next, just as we did with the continuity equation, we time aveage the entire equation. This
results in

—~+Ol

W+ ro+o ru’+u’ro+ulrul=r (p+pd+ (U+uY: (2.6)
Here, we have already commuted time averaging and spatial @lientiation in the linear terms on
the right-hand side. Proof of validity of this is trivial. We next commute temporal averaging and
di erentiation in the rst term on the left-hand side, and use the second of Eqgs. (1.26) to conclude
that L

ul= u’ 0 (2.7)

t
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We leave formal proof of validity of this, under the assumptin that u°2 C(R.) with respect to
time as an exercise for the reader.
Using Egs. (1.26) in the right-hand side of (2.6) and (2.7) othe left-hand side leaves

ogro+oru’+u’ro+u’ru=r p+ w: (2.8)
We now consider the details off r u®. We have, by de nition of the time average, that
Z
0

ogru® = lim = o r uldt
T T

The second equality follows becausg is independent oft. Similarly, the third occurs because
as an operator, is also independent of time, and the nal eglity arises from application of the
second equation in (1.26). A similar analysis can be carriexiit for u® r o, with the same result
holding. Thus, Eq. (2.8) becomes

oTru+u’ru’=r p+ U

We next observe that by the divergence-free conditions Eq&.4) and (2.5), the terms on the

left-hand side of the above can be expressedrasu? andr u®, respectively, whereu? is shorthand
notation for (u;v; w)T (u; v;w). We leave demonstration of this as an exercise. Then it ebsfollows
that

r U2=r U2=r UZ;

and

®=r u®:

ﬂ
c

(Again, supplying detailed arguments is left to the readey.As a consequence of these identities we
can now write Eq. (2.8) as

rw+r u®=r p+ T (2.9)

the Reynolds-averaged Navier{Stokes equations. It is clethat this vector equation contains far
more unknowns than equations; that is, the second term on thleft-hand side does not possess
an equation for any of its six independent components to be sl&ibed in more detail below. This
constitutes our rst direct encounter with the so-called \turbulence closure problem” which has led
to extensive modeling e orts from the early 28 Century to the present day.

We note that there are numerous formulations for the RANS eations, with no particular
notation being completely standard. We present a few of the ane common ones here. We begin

by noting that u® is usually called theReynolds stress tensoalthough a check of dimensions will
show that it is not actually a stress; it must be multiplied bydensity , as done consistently in [7],
in order to have dimensions corresponding to the terminolgg(On the other hand, since  const.
we might set it to unity, thus obtaining implicit dimensional correctness. Moreover, because we
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typically employ kinematic viscosity, there is an implied dsision by in any case.) The matrix
representation of this tensor is the following:

o __ 1
u® Uy uWwo

u® = %W) Ve W%: (2.10)
udn® Va0 w@

In addition, in Cartesian tensor notation this is often dented simply asR with components some-
times denoted both byR; andr; and expressed as

ufu? ufu§  udug
R = U0 U Y 211
Uju3 Uu3u3 Usug

In this context the individual components are often also dested j, especially after multiplication
by as described above. We will not use this notation herein as vggefer to employ this for
components of the complete (undecomposed) stress tensomdfly, the functional tensor notation
R (u%u9 will sometimes be found. Note that this usually contains th divergence operator as well
as the Reynolds stress tensor to simplify the notation; thais

0 1
ud0 uldnO

u®
Ru%u9 = r %W) v VTNO§:
uwe Ve we®

Thus, Eq. (2.9) might be written in any one of the following aernative (and equivalent) ways:

r u?=r p+ U R@U%UY; (2.12a)
@ @ @u; @—F—. .
~uu = — —u0: i=1:2:3: 2.12b
@}(UU‘ @x @x@x @}(u' A ( )
@ __ @ @u  @R. . _. ...
Q= @  i=1:23: 2.12
@x @x @x@x @x' | 3 (2.12c)

or with R; in Eq. (2.12c) replaced with eitherr; or ;. We will mainly employ the rst two of
these notations, or Eq. (2.9), itself, in the sequel.

Finally, as we have already noted, it is common to ignor the ¢ that U is independent of time
and write, e.g,

u+r u’=r p+ U R@u%uY; (2.13)

or in Cartesian tensor notation,

o @ @u; @—45v5. -
U= — ———  —ud?; i=1:;23: 2.14
W ex” erex ex ! 219

Ui;t +

@x

We will examine this in more detail in the following section.
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2.1.2 Time-dependent RANS equations

In essentially all modern practical formulations of the RANs equations the time derivative term
@r=@fs included, despite the fact thatu = U (x) only is independent of time. In this section we
brie y discuss two of the widely-used arguments justifyingetention of this term. The rst of these
comes from an appeal to ergodicity of turbulent ows while tke second is associated with time scales
actually needed to obtain reasonably accurate averages. \WWensider some details of each of these
and present consequences that follow from these arguments.

Appeal to Ergodicity

Recall from Def. 1.3 that the ergodic hypothesis implies \the averaging is equal to ensemble
averaging." There are several precise statements of thig)dathe reader is referred to Frisch [80] for
more details. Here, we rst indicate how this might be emplagd, and then return to some of the
details.

We rst recall from Chap. 1 that the ensemble average di realizations of a variableu(x;t),
say

1 X
hu(x;t)i = —  u®(x;t);
N i=1
is formally time dependent. Consequently, we might write tb ensemble-averaged N.{S. equations

as
Wi+ hJirh Ui= rth Pi+ HJi R@u%u%; (2.15)

with the components ofR now computed with ensemble averaging.

This form was often employed in early analyses of turbulendsee, e.g, Batchelor [39]), but
more recently it has sometimes been used in conjunction witihhe ergodic hypothesis to justify
the form of the RANS equations given in Eq. (2.13). That is, ifetaining the time dependence in
ensemble-averaged equations is valid, and ensemble avarggs equivalent to time averaging, then
it follows that

m+uru=r p+ U R@%u9

is a valid equation to consider.

There is, however, a basic aw in this argument, and this ares from not recalling the hypotheses
required in the ergodic theorems. There are two basic oneshd rst is stationarity of the ow.
Bradshaw [110] comments on the importance of this in turbutt ow data. Indeed, most (but
not all) turbulent ows considered in practice are stationay. The second hypothesis is that the
formal limit T!1 be observed in the time-averaging process just as implied bye de nition.
The consequence of this is that formal time dependence of taesemble-averaged equations cannot
be used to deduce time dependence of the usual time-averagspiations, but rather precisely
the opposite must hold|solutions to the ensemble-averagecequations, themselves, are naime
dependent. In fact, this can be inferred also from the discsiens in [80] although it is not explicitly
stated there. (But note that this does notinvalidate use of ensemble averages to obtain time-
dependent data. It simply negates use of the ergodic hypotis.)

Use of Multiple Time Scales

Probably the most commonly-used justi cation for retainirg the time-derivative operator in the
RANS equations comes from arguments associated with muligptime scales. These arguments are
usually rather heuristic, but Wilcox [98] provides a particlarly good treatment of this, and we will
follow this, to some extent, in the present discussions.
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The basic hypothesis used in such arguments is that the ow aer consideration exhibits at
least two widely-separated time scales, saly and T, such that T,  T;. Then one expects that
there will be a range if timesT such that T, T T,. Furthermore, one might then associate
turbulent uctuations with the time scale T, and large-scale uid motions withT,. In the context of
modern computing environments, the latter motions should & easily resolvable, so there is no need
to indirectly account for them via averaging. Thus, we now dae Reynolds averaging in terms of
the time scalesT as,e.g,

Z

u(x;t) = U(x;t)dt;

1

T 0
where T T,, and no limit is taken. In particular, u now depends on time with respect to the
scaleT, T; and sinceT is assumed to satisiy T, we have evidently accurately averaged the

turbulent uctuations while retaining the slow time scale d the large-scale motions. This is shown
pictorially in Fig. 2.1 which also suggests a correspondenwith low-pass temporal ltering.

Figure 2.1: Multiple time scales for construction of time-dependent RANS equations.

On the surface the preceding is a quite compelling argumerdnd it is now widely accepted.
But like all other proposed justi cations for retaining the U; term in the RANS equations, it is
seriously awed. We rst note, as does Wilcox [98], that mosturbulent ows contain far more
than two time scales. One would expect this from the nature adhe Galerkin approximation to
the N.{S. equations given in Chap. 1. In this case the aboverfoalism cannot lead to accurate
results (essentially any choice of will be inadequate), and Wilcox recommends use of LES rather
than attempting to employ RANS modeling. Second, we shouldbserve that even in the case of
two distinct time scales, the scalél' with respect to which averaging is actually performed, is o
well de ned|we never say what T is, or how one might determine it. From a purely-mathematica
perspective this is an extremely serious (essentially fdfaaw, but even in practice this poses a
signi cant problem. In particular, we will later see that deermination of various constants present
in any turbulence model requires experimental data. But iflte time scale of the averaging is not well
de ned, the model constants, themselves, are not well de deleading to very signi cant di culties
in employing experimental data (or results from DNS).

We conclude from this that, in general, little is likely to begained by attempting to compute time-
dependent solutions using RANS equations. Doing so is in cmh with the formal mathematics
used to derive the equations, and at best it results in an undeed time scale that ultimately works
its way into model constants.
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2.1.3 Importance of vorticity and vortex stretching to turb ulence

We have earlier observed that turbulence is inherently theedimensional; indeed, even in ows that
are at least nearly 2D on large scales, it is observed in lalatory experiments that small-scale
uctuations are generally three dimensional. Furthermorgit is widely argued that turbulence,
itself, is intimately connected with vorticity. Reference as otherwise widely disparate as Tennekes
and Lumley [7] and Tsinober [3] make this same claim|albeit br di erent reasons and backed
by di erent supporting arguments. Tennekes and Lumley argel that turbulence must be 3D on
the basis of demonstrating a relationship between vortex retiching and production of Reynolds
stresses, and the fact that vortex stretching can only occun 3D; hence, Reynolds stresses can only
be generated in 3D ows. Moreover, they argue that vortex saétching is the physical mechanism
leading to the hypothesized energy cascade from large to dhsgales. On the other hand, Tsinober
[3] notes rst that this cascade is not exactly what happensral second that it is in fact vortex
compression|not stretching|that would result in energy tr ansfer to smaller scales. But in addition,
he emphasizes that strain rate is equally as important as wigity in the context of creation and
maintenance of turbulence.

In this section we rst present a somewhat di erent view of veticity and its importance in
uid ow, generally. We then outline arguments provided in [7], but balanced by those in [3] and
interpreted in light of the viewpoint given here.

What Is Vorticity, and How Important Is It|Really?

Vorticity and its study have been extremely important topics in almost any uid dynamics
course for the past century, and as already noted vorticitysi considered to be a key ingredient of
a turbulent ow. But what, exactly, is vorticity? It certain ly is not a property of the uid; but
moreover, it is not a directly-measurable physical propeytof the ow. In fact, vorticity is nothing
but a mathematical de nition|the curl of the velocity eld:

I U: (2.16)

Thus, mathematical vorticity is constructed from gradiens of the physical ow property velocity,
and these gradients are calculated from measured velocitglds, leading to a rather indirect deter-
mination of vorticity. Furthermore, the same is true of stran rates, and this should be of no surprise
because both rotation (essentially one half of the vortign) and strain rate arise in a straightforward
decomposition of the velocity gradient tensor (the Jacobmamatrix of the velocity eld) as is well
known and is shown in Chap. 1.

What is clear from this is that the fundamental physical quatity is the set of velocity gra-
dients; vorticity and strain rates are derived quantities. This is not, however, intended to imply
that they are unimportant, or that they are not useful, but rather that they have possibly been
overemphasized. Moreover, vorticity does not occur natuig in the N.{S. equations (or even in
their derivation), and while strain rate is an important elenent of the derivation it does not, per
se appear in the nal form of the equations unless variable tnasport properties are considered.
Thus, especially in the case of vorticity, an overemphasig s use in deducing ow behaviors can,
potentially, result in misleading notions.

Relationship between Vorticity and Reynolds Stress

Here we will closely follow the treatment found in [7] to demustrate the connection of vorticity
to Reynolds stress, and thus to turbulence in the context of &eynolds-averaged Navier{Stokes



66 CHAPTER 2. STATISTICAL ANALYSIS AND MODELING OF TURBULENCE

interpretation. As in that reference, we begin by writing tre N.{S. equations in terms of Cartesian
tensor notation given in Egs. (1.30):

@u, @u_ @p, @u;
at’ Yex @x @x@x’

We now express the advective term as

@ _ ~ @u @ @y

“ex T Y @x ex " Yex

i=1;2;3: (2.17)

@
= kUit g U

and substitute this into Eq. (2.17) to obtain
Qu, @p @u;

ot 2@?(( jup) = @X+ ik Uj !+ @?(@?(; (2.18)
We next introduce the Reynolds decompositions
u=o+ud; !i=1+12% p=p+p% i=1;2,3;
and use these in Eq. (2.18) followed by averaging of the restd arrive at
or B
%@@; uu? et P = @@; p+ %UJUJ ok Ot @@;23?(1 (2.19)

Here, we have expressed the uctuating quantities relatedotReynolds stresses in terms of mean
guantities, including mean vorticity, thus emphasizing tle importance of vorticity in generation of
the Reynolds stresses.

There are, however, two serious aws in this argument. The st is that introduction of vorticity
into the N.{S. equations as done here is contrived and artiial; it in no way re ects any actual
physics. (It was obtained by adding zerdo the momentum equations.) But the second is more
damaging, for even if introduction of vorticity could be argied on physical grounds, there is no
justi cation for the implicit assumption that the Reynolds stresses aréurbulence. In the rst place,
they are merely artifacts of having averaged the N.{S. equiaihs|again, simply a mathematical
operation; but beyond this is the fact that, formally, Reyndds stresses could be constructed for any
stationary time-dependent ow, whether or not it happens tobe turbulent. Finally, the Reynolds
stresses, themselves, are time-averaged quantities anché¢e independent of time, and beyond this
is the fact that only the normal stresses actually appear inhie formulation. It is thus di cult to
rationalize a direct equivalence between turbulence, wiias characterized as always being time
dependent, and a simple velocity correlation that by de niton does not depend on time.

Vortex Stretching and Turbulence

As mentioned earlier, one of the proposed mechanisms for risderring energy from large to
small scales is via vortex stretching. The basic physicaled is that a vortex tube subjected to
strain from local velocity gradients of the surrounding ow eld will be stretched, thus shrinking
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its diameter. Then the energy associated with this vortex igacting at smaller length scales (and
higher wavenumbers). For the moment we will assume validitpf this argument and examine
the mathematical representation of the N.{S. equations todentify terms able to generate this
behavior. In particular, we will be seeking terms involvingnteractions of strain rate and vorticity
in the context of the vorticity equation.

The 2-D vorticity equation. We rst consider the two-dimensional case. If one begins vt
the 2-D N.{S. equations and computes the curl of these, theselt is the 2-D vorticity transport
equation,

IW+U r! = I: (2.20)

Observe that in 2D only the third component of the vorticity vector is nonzero, and we denote this
simply as the scalar .
If we now recall that components of the strain rate are of theofm, e.g,

_1 @y, @y
%275 @x ' @x

we readily see that Eq. (2.20) contains no such factors. (Raktthat they do appear in the formal
derivation of the N.{S. equations but disappear via the divgence-free constraint in the case of
constant-viscosity ows even for these more fundamental egtions.) From this it is concluded that
turbulence cannot be 2D. That is, there is no mechanism in 2Dptcause vortex stretching in the
vorticity transport equation, and hence no physics to fadtlate the energy cascade.

1
=§w+w%

The 3-D vorticity equation. We now provide a more detailed analysis for the 3-D case. Just
as in 2D we take the curl of the momentum equations (2.1b), buh contrast to the 2-D case the
result will now be a vector. Formally, we write

r [Ug+UrU]=rr P+r u:

Since the curl of a gradient is identically zero (under mildmoothness conditions) as is easily checked,
the rst term on the right-hand side is zero, as in 2D. Furthemore, assuming some smoothness, we
commuter and @=@andr and . Then the above becomes

(r U}x+r @Uru)= (r U);

or
ly+r (Uru)= .
where! (! ;15,1 3)7 is the 3-D vorticity vector.
We now need to consider the curl of the advective terms in mooetail. We have
rr Uru) = (r U)ru+u(rr U)
= (r U)ru+ur((r U)
= !l ru+ur!:

Then the 3-D vorticity transport equation can be expressedsa
l'++Ur!l = 1 ru+ (2.21)

which is of the same general form found for the 2-D case, Eq.2Q), except for the term ! r U
on the right-hand side. Now recall, as we have shown in Chap.that r U can be decomposed as
the sum of strain rate and rotation tensors. In particular, his extra term appearing in the 3-D case
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is associated with the interaction of vorticity and and the elocity gradient tensor (which contains
strain rate|but also vorticity), and is called the \vortex- stretching" term.

It is important to recognize, however, that while vorticity can be a useful tool in studying uid
ow, its overemphasis can be misleading, as we have alreadyggested. In the present context
there has been a tendency to identify existence of vorticitwith actual vortices, or \eddies," and
arrive at a cartoon of turbulence in which these hypothesideeddies and their behaviors are used
to explain the nature of turbulence. The cascade of turbulérenergy from large to small scales is
a prime example of this. In particular, we have contrived a thory of the 3-D vorticity equation
that supports such a cascade when it is now known that the sirtgpidea of vortex stretching and
subsequent breaking into yet smaller vortices (eddies) i®han accurate picture of actual physics.
Moreover, especially in wall-bounded shear ows it has bedaund that as much as one third of the
energy cascaded to small scales is \back scattered” up to tlagge scales. But in addition to this, the
simple eddy cartoon of a turbulent ow is hardly an accurate epresentation in any circumstance.
At any given instant the fraction of the volume of a turbulent ow actually occupied by eddies can
be rather small. This, of course, does not imply that the voitity is zero nearly everywhere but
rather serves to emphasize that constructing a physical tbey based on this cartoon of vortical
eddies may be ill advised. Finally, we observe that there islagical inconsistency in attempting to
view strain rate as the_causef vortex stretching. Namely, vorticity and strain rate aresomewhat
arti cially contrived contributions to the velocity gradi ent tensor. Hence, they occur simultaneously,
thus removing the ability of one of them the \cause" the other

2.1.4 Some general problems with RANS formulations

In this section we discuss several specic problems that aneherent in RANS formulations inde-
pendent of details of any speci c model. These are) the time-averaging processij) the Reynolds
decomposition, iii) the generic form of the RANS equations andv) general inequality of time-
averaged N.{S. solutions and RANS solutions.

E ects of Time Averaging

We will here restrict attention to time averaging since thisis essentially always employed in
practical RANS formulations, and we begin by noting that aveaging intrinsically results in a loss of
information. Indeed, this is the purpose of averaging|to stip away \non-essential” details leaving
only the core information. Figure 2.2 displays this idea in gictorial way, and with respect to
this it is worthwhile to recall Reynolds' [16] proposal thatit would be impossible to understand
turbulence in detail, and it would thus be more useful to conder only statistical properties of a
turbulent ow.

There are at least two fundamental aws with this viewpoint n the context of uid physics. The
rstis that in many ow situations details are, in fact, quit e essential. An important example of this,
which we will consider again later, is turbulent combustionthe small-scale ow eld uctuations
can interact with the chemical kinetics leading to signi cat changes in reaction rates, temperature
and species concentrations. These e ects cannot be ignorédccurate predictions are desired.

But there is a second di culty that arises from averaging, orfrom use of statistical characteri-
zations in general. It is that the mapping

physics!  statistics

is many to one. That is, the same statistics (at least at the lesl of only the rst few moments,
as considered in RANS formulations) can be generated from nyadi erent physical ows. This is
easy to imagine simply be replacing the erratic signal shown Fig. 2.2(a) with any periodic signal
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Figure 2.2: Loss of information due to averaging; (a) the corplete signal, and (b) the time-averaged signal.

having the same mean|and this can be done completely indepaent of the frequency content.
The result of averaging of any member of this uncountable sef signals will always be that shown
in Fig. 2.2(b). Furthermore, second-order statistical quatities (auto and cross correlations) that
comprise the Reynolds stress tensor can even be independehtow direction; e.g, u® = ( u92,
etc.

From a formal mathematics perspective any many-to-one map is generally noninvertible.
But it is precisely inversion that is being attempted when weompute with RANS formulations. In
particular, we are attempting to recover a speci c realizabn of the ow eld (expressed in terms
of its time mean) usually by employing this (unknown) mean topredict higher-order statistics
(the Reynolds stresses) which, themselves, a ect the meahat is being sought. This is a quite
convoluted and complicated approach, and again from the stdpoint of pure mathematics, one
would never expect this to succeed|and with respect to true pedictability, it does not! Indeed,
we remark that, except in cases of very simple ow situationsRANS models are never able to
accurately reproduce an entire ow eld. They may be quite acurate in some locations while being
very inaccurate in others, even when model constants havedmecarefully \tuned." An important
question to consider here is what if this were observed fordhN.{S. equations|would we then
accept them as the equations of uid motion as the RANS equatns are accepted as a proper
description of turbulence? One should hope not!

Finally, as we have already seen in Sec. 2.1, averaging theu&ipns of motion (in contrast
to simply averaging their solutions) leads directly to the losure problem alluded to above. It is
clear, and this will be more evident when we discuss speci cARIS models below, that averaging
of both solutions and equations as required in constructinthe RANS equations, results in many
di culties and shortcomings. Some of these are essentiallijpsurmountable as withessed by more
than a century of e ort with little in the way of predictive ca pability resulting.

The Reynolds Decomposition

We have already considered the details of Reynolds decomiios in Chap. 1, and we have
employed it in Sec. 2.1; but it is worthwhile to recall some ahese details viewed from a slightly
di erent perspective than that taken earlier. Recall that Reynolds decomposition of any ow vari-
able, sayu(x;t) the rst component of the velocity vector, for de niteness can be expressed as

u(x;t) = T(x)+ udx;t): (2.22)

It is interesting to consider the mathematics of this decongsition as we did earlier for the LES
decomposition. In particular, we suppose(x;t) 2 L2() C*(0;t;) for some spatial domain and
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time interval (0;t;], possibly witht; ' 1 . Then, as done in Chap. 1, we can expres$x;t) as the
Fourier series

b3
ux;t) = a(t) k(x):
jkj 0
We now time average this representation:
g% 14X
Tllgn T . u(x;t)dt = y!rp = . a ()" «(x)dt
X 1kZ T
= g A
= a’ k(x):
k
It then follows from (2.22) that
X
Ut = (@) &) «(x): (2.23)

k

Now if we associatea, with the \dc" part of the original signal u(x;t), as would commonly
be done in signal processing analyses, we see th§i ;t) contains all other (temporal) modes of
the Fourier representation and, moreover, contains adipatial wavenumbers. That is, in generaly®
represents all of the solution except the zefotemporal modes, and as a consequence we should
expect that it would be quite di cult to model. But, at least i n principle, this is precisely what
must be modeled in RANS formulations; that is, essentiallyhte entire solution must be modeled!

Generic Form of RANS Equations|Absence of Interactions on S mall Scales

The above implied di culties led, from the beginning, to moceling of ow statistics (the Reynolds
stressese.g, ud9 rather than ow physics (u%Vv° etc.), and this essentially precludes any possibil-
ity for resolving short-time/small-length scale interactons between turbulence and other physical
phenomena. To begin with, the quantities actually modelede(g, u%9 have already been averaged
over a time considered long compared with time scales of therbulent uctuating quantities them-
selves. In fact, as we have discussed earlier, for this avgireg to be well de ned it is necessary that
the averaging time approach in nity. Thus, u4? for example, is not even time dependent. At the
same time, in typical computations the spatial scales are cken to be small enough for resolution of
large-scale behavior, but little more. Thus, in RANS formasms, both spatial and temporal scales
on which interactions would occur are absent from the models

There are numerous physical situations in which such an apgpach cannot succeed. We will
describe two of these here. It is well known (see Warhaft [1]14nd references therein) that passive
scalars tend to exhibit a greater degree of intermittency rfithe sense related to atness, as discussed
by Frisch [80]) than does the turbulent ow in which they are leing carried. So consider a uctuating
temperature x;t) ata xed location x and its interaction with a component of uctuating velocity,
say u{x;t). Now recall that, by de nition, both ®and u® have zero mean; but in the case of, the
uctuations will remain close to this mean value for long peods with an ocassional brief departure
that may be of quite large magnitude. The consequence of thigill be a temperature-velocity
correlation such thatu® © O (1), implying that the turbulent heat uxes have essentially no e ect
on the mean temperature. But in reality, the turbulent uctuations could produce very signi cant
local in space and instantaneous in time e ects. RANS mode#se unable, in general, to reproduce
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such phenomena, and in fact do not attempt to do so. Rather, thgoal of RANS modeling in such
situations is simply to produce averaged scalar uxes whoswerall e ect is close to a \smearing"
over time of the actual physics. This is sometimes acceptablbut often it is not.

A second example comes from combustion chemistry. It is wkhown that typical reaction rates
can be expressed in terms of various physical parameters byoamula of the form

— n Ea .

k(T)= AT"exp RoT
whereE, is activation energy which, along withA and n, is an empirical constant;R, is the universal
gas constant, andT is (absolute) temperature (seee.g, Williams [112]). Species production rates
(needed to compute species concentrations) are obtainedthe reaction rate times a product of
species concentrations raised to various powers|an extrealy nonlinear form|and these must be
averaged in the context of the RANS formalism. We will conset details of averaging only the
above formula since, alone, it already poses extreme di ctiks. It is clear that

Ea
RoT

Ea
RoT
and lack of equality is so severe that the second formula onefright simply cannot be used. In
particular, reaction rates cannot be accurately predictedn an instantaneous basis, and this would
be true even ifk(T) = k(T) because only the time-mean temperature is used in the seddiormula;
that is, no e ects of instantaneous uctuating temperatures are included. Hence, species production
rates will be inaccurate.

Beyond this, the species transport equations have been timgeraged and contain terms of the
form, for example,u®®, where ¢® represents temporal uctuations in thei!" species concentration.
But this scalar ux has also been time averaged, as the notain indicates, and carries no temporal
information. Thus, there is no instantaneous interaction btween the uctuating ow eld and
chemical kinetics. So it is clear that no useful details of ehemically-reacting turbulent ow can be
obtained from a RANS calculation unless the overall physids such as to remain very close to the
mean values of all variables at all times|which is rare in reation chemistry, and even in this case
an extreme amount of di cult modeling is necessary.

k(T) = AT exp

6 AT exp = k(T);

Inequality of RANS Solutions and Time-Averaged Solutions o f N.{S. Equations

In this nal subsection we consider what is possibly the mosimportant question related to
RANS solutions. To put this into the proper setting we rst think in terms of time-averaged
experimental results. Since it is now almost universally aepted that the N.{S. equations embody
all the physics of turbulence, it is reasonable to view expearental time series as solutiongalbeit,
analog) to the N.{S. equations, subject, of course, to measment errors. Hence, averaging of
any such time series yields a time-averaged solution to the.{S. equations. Then, with respect
to the RANS equations, the natural question to consider is wdther solutions to these equations
equal time-averaged solutions to the N.{S. equations. Faile to demonstrate such equality would
obviously raise serious questions regarding use of RANSmiations in general, and it is well known
that comparisons of RANS solutions with experimental data &ve, from the earliest calculations to
the present, always shown more than minor discrepancies.

This fact motivated an analytical study by McDonough [113]carried out in terms of ensemble
averaging, which demonstrated that the desired equality ctd be obtained only if exactReynolds
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stresses could be constructed and used in the RANS equationk the current section we will
present an analogous result derived in the more useful coxtef time averaging, and then discuss
some of its consequences.

We begin by observing that from the standpoint of mathematie there are two operators to
consider in making the required comparisons. The rst, andrpbably the more familiar one, is the
averaging operatothat we have already introducedyiz., we can write the time-averaging procedure
in the general form 7

_ 1T

() [Jim = . ()dt; (2.24)
with () representing any quantity of interest for which the combiation of integration and limit
processes exists. The second is a construct that often appes modern PDE theory and is called
the solution operator. This is simply a mapping from initial and/or boundary data for a PDE
(or ODE) system to the solution of that system, evaluated at ay prescribed time and/or spatial
location. Such operators appear in many di erent forms (evefor the same problem), and we will
initially employ the generic notation

u(x;t) = S(t)uoe(x) (2.25)

used for initial-boundary value problems. But we note thatittle change is needed in the symbolism
to accomodate steady-state boundary value problems. Her8(t) is the solution operator being
applied to initial data uy(x) to produce the solutionu at time t and locationx.

The notation provided by Egs. (2.24) and (2.25) permits us texamine the basic question being
considered here in a more formal and abstract way. In partitar, the question of whether solutions
to RANS equations equal time-averaged solutions to the N.{®quations takes the form

. ? e N
SRANS Uo = SNS (t)UoZ

Thus, we are simply inquiring into the commutativity of the averaging and solution operators, but
we note that the solution operators in the above expressiomeidentical only with respect to space
since the one the left-hand side is independent of time. Butemwish to investigate the overall e ect

of the combination of both operators on each side of the equan to be the same. In particular,

we can formally viewSrans 0N the left-hand side as containing a temporal operator emgpted in a

pseudo-time integration to steady state, as would often beaied out in a numerical computation.

In this context, U, could be the same on both sides of the above equatiore(, an initial guess),

but it would not necessarily have to be if uniqueness of steadolutions could be shown. Then we
can de ne the commutator of these two operators (solution operator and averaging) as

[S;( )] SwUo Sgus Uo; (2.26)

RANS

and if this commutator is identically zero we are guaranteetthat interchanging the order of averaging
and solving the equations is valid; otherwise, it is not.
We can now prove the following theorem.

Theorem 2.1 SupposdJ (x;t) is a stationary solution to the Navier{Stokes equations ondomain

R3, and let averaging and solution operators be de ned as abovden the RANS equations are
equivalent to the time-averaged N.{S. equations if, and gnif, the Reynolds stress tensor employed
in the RANS equations is exact.

Proof. We express the N.{S. equations as

U= Ur p UTU
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with initial data U o(x) = U (x;0) and formally integrate in time:
YA t
U(x;t)= U(x;0)+ Ur p UTrud S,s HUo ; (2.27)
0
where we assume is such that the divergence-free constraint is satis ed by . Observe that Eq.
(2.27) is a speci ¢ solution operator that could be readilymplemented in a numerical algorithm
even though the unknown solution appears on both sides of tleguation|and, even nonlinearly
on the right-hand side.
We next rearrange the above N.{S. solution and formally avage the result:
1 Z T B Z .7,
lim = U(x;t) U(x;0)dt= lim = Ur U ruddt:
T!1T0(’) (x:0) ™ T ¢ P
Then we observe that for each value oF occurring as the indicated limit is taken, the upper limit
in the inner integration with respect to must beT. Thus, we express the above as
Z ; 1 Z ;
U (x) UO(X):JI_'H] O?O Ur p U ruddt:
Now as the limit is taken, the entire integrand of the outer itegral approaches the average of the
N.{S. equations, but at the same time the limit on this outer ntegral approaches in nity. Thus,
some care is required in treating this limit process. We rsapply the Fubini{Tonelli theorem (see,
e.g, Royden [114]) to the double integral to obtain
Z; 1Z T Z Z

UerrUddt:lilrln dtliml Ur p UTrud,;

lim
o Th T

Ti1 o T o

which is valid provided the terms in the N.{S. equations arentegrable (an already implicit assump-
tion in constructing the solution operator). Hence,

U Goto) _ o 177

IimT!1 OTdt T T 0

Ur p U Trud,;

and it follows, under the assumptionU is bounded, that

Ur p Uru=0:
Thus,

Ur p UruU=0;
and if we introduce the Reynolds decomposition we obtain,taf rearrangement,

r u’=r p+ U R@U%uY; (2.28)

which is the time-averaged N.-S. equation. Here, as earligR (U%u9 is the divergence of the
Reynolds stress tensor. We see from this that R (u% u9) is exact in the RANS equations (recall
Eq. (2.12a)), then these equations are identical to what idtained here by time averaging the N.{S.
equations; and conversely, iR (u%u9 is not exact the identity does not hold. This completes the
proof.

In the more abstract terminology introduced earlier, this Bows that the commutator [S;( )]
in Eq. (2.26) is zero if, and only if, exact Reynolds stressese employed in the RANS equations.
But we know that, in fact, we do not even have equations for thetatistical correlations|other
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than their de nitions|that comprise the elements of this te nsor. Consequently, there is essentially
no way in whichR (u%u® can be exact, and we should not expect to obtain very accuetesults
from the RANS equations. Indeed, the only way in whictlR (u%u® could be exact is if it were
constructed with results from a DNS, and if such results weravailable there would be no need
for a RANS calculation. Thus, it is important to investigate the error likely to occur when solving
RANS equations if the Reynolds stress tensor is not exact.

To do this we need to rst introduce some additional notation We now write the RANS
equations in terms of the dependent variablg as

r v?=r py+ V Ru(%Vv9; (2.29)

whereR ), andp,, denote modeled Reynolds stress and the corresponding puesseld required to
maintain the divergence-free condition o, respectively. We further de ne the error in a computed
solution as the di erence between the time-averaged N.{Sesult and the RANS result:

e(x)=u(x) Vv(x); (2.30)
and similarly for the error in the pressure,
&(x) = p(X) Py (x): (2.31)

We recognize the rst of these as the commutator given in Eq2(26) sinceu results from S u,,
and v is computed fromS,_, . Vo with Vo = u,. Finally, we denote the di erence in divergences of
the Reynolds stress tensor as

EW%v®) = RU%UY) Ru(v%Vv9H

UfUT  ViVD UjUp VIV Ujug  ViVg

I
—

ufud  vOS udud  vVS ufu§  vvE - (2.32)

UjUs VIV Ul VoV Ul VgV

We can now prove the following result that provides an estinta of the error incurred by using
the RANS equations.

Theorem 2.2 SupposeR )\, is the divergence of the Reynolds stress tensor correspargdio any
arbitrary RANS model, andE is the corresponding Reynolds stress error given in E(.32). Then
a bound for the errore of Eq. (2.30), i.e., the commutator of averaging and solution operator&q.
(2.26), on a domain R3 is of order O (KEk + kRy k)¥™? and satis es

( S
1 C, C, 2 2
— = + e + +
kek 5 2 c. c c 2kE k + kR y k
2.33
E < 2 : (2.33)
C, C, 2 2
2 24 =2+ Z 2kEk+ kRyk + —KEk
Cl Cl C]_ M C1 ’

whereC; and C, are O(1) positive constants with values depending on the domain is one half
the usual kinematic viscosity, ank Kk is the L? norm.
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Proof. We rst obtain a di erential equation for the commutator by taking the di erence between
Egs. (2.28) and (2.29). This yields

r v= (T v)r (p pvw) (RUGUY Ru(vEVI);

or in the notation introduced above,

r u

2

r u’r vi= er g E: (2.34)

We begin by rewriting the left-hand side of (2.34) as

r v: = r U

= r €+2V e)
= 2ere+2erv+vre:

2 2

Ve =71 u+v u Vv

Then, by using this along with Eqgs. (2.30){(2.32), we can expss (2.34) as

1 1
ere 2e+2rep— 2E erv+vre.: (2.35)

We immediately observe that, except for the factor 42, the left-hand side of this equation is in
precisely the same form as occurs for the steady N.{S. equats. Thus, it is fairly easy to prove
existence of (strong) solutions (in both 2D and 3D)|although the latter may not be unique|
provided the right-hand side is at least inL2() and is divergence free. The reader should consult
[2] and [89] for more details, especially the former. We remkathat, as noted in these references,
the situation for steady N.{S. equations is not nearly so delate as described in Chap. 1 for the
time-dependent equations. On the other hand, the right-hath side of (2.35) is not, in general,
divergence free.

The simplest treatment of Eq. (2.35) is via Leray projectiorto remove the term corresponding
to error (due indirectly to modeling) in the pressure gradiet and at the same time to force the
right-hand side to be divergence free. This results in

ere e= E ; (2.36)

where we have not introduced any speci ¢ notation to signifyeray projection. Furthermore, we
have set = =2 and de ned
1
E EE+e rv+vre,; (2.37)
which now can be assumed to be divergence free.

It is worthwhile at this point to note that Eq. (2.36) is expressed entirely in terms of modeling
errors and the RANS solutionv that results from these. At the same time, due to the similaty of
this equation with the steady N.{S. equation we know that a dation e exists, and is inH?(). It
is then clear that we can write

ke r e ek = kE k;

from which it follows that
ke r ek k ek k E k;

and from the Poincae inequality (seege.g, [89]), Cikek kr ek with C,; depending on the geometry
of , it follows that
C.kek? k ek k E k: (2.38)
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Now if e is su ciently regular (e 2 H?() is need, but this is required for e to be a strong
solution to (2.36) in any case), we can \boot strap” the Poinge inequality to obtain a Sobolev
inequality (see [89])

1 1
kr ek 6k ek ) C,kek kr ek 6k ek:

and hence,
Cokek k ek:

But we are now unable to maintain the direction of the inequdaly in (2.38), so we must simply
express it as an order relation:

C,kek? Cokek k E k:

Clearly, estimates based on this can no longer be sharp, biigty should nevertheless be informative.
We observe that the above expression is a quadratic kek with E presumed known. We
rearrange this to obtain

kek? %kek k E k O:
C:

At this point we reintroduce the de nition (2.37) for E . Then we have

kE k = %kE+e rv+v r ek

%kEk+ kekkr vk + kvkkr ek

%kE k +2C kekkvk;

with the last line following from the Poincae inequality, and again leading to inability to maintain
direction of the inequality. Substitution of this expressbn into the above quadratic expression
results in

C, B 1
kek? ~2 +2kvk kek —KEk : 2.
e c, v e 2C; 0; (2.39)
the solution of which is
2 S 3
1, GC, _ C, 22
kek =4 Z2+2kvk+ Z2+2kvk + —KEKS : 2.4
&« 27 oY c, C ’ (2.40)

where we have taken the larger of the two possible solutions bbtain an upper bound.
To complete the proof of Theorem 2.2 we need an estimatelafk. This will be provided by the
following lemma.

Lemma 2.1 Supposev is a solution to the steady-state RANS equatiof2.29). The kvk satis es
the order relation S

C, C, > 1
24 22 4~ KRyk
2C, 2C, 2c, "

kvk

wherek k is the L2 norm on
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Proof (of lemma). The proof of this estimate is quite similar to that already arried out to estimate
kek. In particular, since (2.29) is of the same form a steady-s&N.{S. equation, we know strong
solutions exist in both 2D and 3D provided, in this caseRy is divergence free. Of course, this will
not be true, so Leray projection must be applied to arrive athie form

ro vl V= Ry
where, as before, we have not specically denoted the projemn operator. Observe that this is
now of precisely the form (2.36), the starting point for esthating kek, but the procedure is now
somewhat easier becaudee k of (2.36) explicitly containedkvk (the reason the current lemma is
needed); but hereRy, is simply a RANS model. Thus, calculations analogous to thegperformed
above lead directly to the stated result, and the proof of théemma is complete. A somewhat more
useful form of the result given above is contained in the folving:

Corollary 2.1  Supposekvk séatis es the estimate of Lemma 2.1. Then iécan be expressesl a
S

1, G, C, 2 2
kvk =4 =2+ ~2 4+ = 2kEk+ kRyk 5 : 2.41
VK27 ¢ C. C, M (2.41)

Proof (of corollary). We have the following estimates.
kRuk=kR Ek=kE Rk
by the de nition of Ry, . But
KE Rk<kE + Rk< kEk+ kRk< 2kEk + kR k:

This proves the corollary.

Proof of Theorem 2.2 is now completed by substituting (2.44hto the occurences okvk in Eq.
(2.40).

There are several interesting observations to be made redeng this result. The rst is that,
in some sense to leading order, the di erence between timeeaaged solutions and solutions to
time-averaged equations scales as the square root of theoerin the Reynolds stress tensor. That
is

kek k Ek*; (2.42)

and this at least hints at an explanation for why RANS modelsr& able to produce at least reasonable
results in portions of many ow elds (after constants have een tuned) despite the fact that they
have many fundamental aws. That is, despite all the aws, the end result is not as bad as might
have been expected. Second, we see that e ects of moleculascwosity are not likely to be an
important contribution to kek for high-Re ows. In addition, because of the way in which the
Poincae inequality was applied, it can be checked that theonstantsC; and C, become small for
large domains , and this will tend to increasekek. At the same time, it must be recognized that
Eq. (2.33) is a global, order-of-magnitude estimate; it t&d us little about what occurs on a point-
to-point basis unless the exact turbulent solution is homameous on , and this is also correctly
re ected in Ry . Furthermore, we remark that although these results have foally been derived
for the 3-D situation, there is nothing that intrinsically restricts them to this case. Thus, we could
expect the relation (2.42) to hold in 2D, and even for a 1-D Bgers' equation problem.

Finally, it is important to recognize that the result given in this theorem is completely analytical
and independent of any numerical computational techniquerlhis implies that re ning discretization
step sizes will not, in general, decreadesk and, in fact, could even increase itjsomething that is
often observed in computations. As a consequence, we sed #udutions to RANS equations cannot
converge to solutions to the time-averaged Navier{Stokegj@ations, no matter what RANS model
is used, unless the modeling errdt is identically zero.
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2.1.5 Reynolds-averaged Navier{Stokes Models

This section will be devoted to treatment of some of the be#trown and most widely used of the
classical turbulence models. One might wonder, in light ohe theorems of the preceding section,
what is the point of considering this modeling approach at bl But it is rather clear that studies
associated with such models have so dominated turbulencén&ory” for so long that no treatment
of the subject could be complete without a fairly detailed psentation of these. Moreover, these
models still are very often used, especially for industrigcale computations performed in the context
of commercial CFD software. We will in a rst course, howeverrestrict discussions to the most
fundamental versions of these methods.

We begin with a few rather general remarks on modeling itselFrom the viewpoint of mathe-
matics, and probably also from that of engineering, other @n turbulence, models are usually taken
to be simpli cations of problems (or of the equations representing them) that aiv analyses that
might not otherwise be possible. Thus, we would expect thatsually the equations of a model
problem should be simpler than those of the actual completéwsation being modeled. A familiar
example of this in uid dynamics is potential ow. Here, the Navier{Stokes equations are replaced
with Laplace's equation which often (at least formally, ahays) has exact solutions. But of course
we give up the ability to predict skin friction drag with this model. If we upgrade this slightly with
boundary-layer theory, then we are able to readily solve a dé range of ow problems because the
equations involved are still much simpler than the full N.{S equations. Rather generally, the goal
of modeling is to replace a complicated system of equationstiva much simpler one that can be
solved analytically, or at worst, with minimal numerical aralytic e ortjand, hopefully, be able to
assessa priori, the range of validity of any such solution.

We will see, however, that this does not occur with classicér any other) turbulence models.
In fact, in all cases known to date, the model of turbulence presents equais that are more
complicated than the N.{S. equations themselves. On the o#h hand, these equations are in a
sense \more easily solved” when viewed in the context of rdged computer CPU time because
their run times usually scale a®O(Re ) with < 3. Indeed, the methods we will consider herein
have run times generally independent dRe, but in some cases, nevertheless, not very short as will
be obvious. Thus, turbulence models accomplish what a modgiould in a rather general sense.
But at the same time it is usually the case that ranges of vality of such models cannot be generally
predicted.

We begin this section with presentation of some widely-usédrminology associated with classi-
cation of turbulence models followed by a fairly detailed teatment of the Boussinesq hypothesis.
We then consider, in turn, Prandtl's mixing-length theory, the basic k{" model, and nally the
second-moment closure methods.

RANS Turbulence Model Terminology

There are several di erent ways by means of which RANS modetse classied. One of the
more common is in terms of the number of additional PDEs one mtsolve beyond those of the
Navier{Stokes equations. Thus, as described earlier in Ddf.119, one considers zero-equation, one-
eguation and two-equation models, and as noted by Wilcox [P&ere are also%-equation models
which include a single ordinary di erential equation in ther formulation. But this does not exhaust
the possibilties. Indeed, the \second-moment closures, samed because they include equations for
each of the second-moment statistical quantities comprngl the Reynolds stress tensor, employ at
least ve additional PDEs, and in some forms might include s&n. In principle, one could construct
third- and higher-moment closures, although this is almostever done, even theoretically. In part
because of all these various possible formulations and asated terminologies, turbulence models



2.1. THE REYNOLDS-AVERAGED NAVIER{STOKES EQUATIONS 79

are often simply called \algebraic" if they include_ncadditional ODEs or PDEs, and otherwise they
are termed \di erential.”

There is yet a di erent way to view modeling and, correspondgly, construct models which we
have not previously considered. It involves two-point (orin general, multi-point) closures. All of
the models to be considered herein will be based on statisticonstructed at a single point ¢ne-
point closureg. For example,ud?is a time average of data collected at a single point. Of coars
this correlation must be constructed at every point in a comygtational ow eld, but at each such
point data only from that point are used to constructu®® There is no particular reason to do
this (beyond its relative simplicity, of course), and indeg it can be argued that this is completely
inadequate due to the fact that turbulence involves erratispatial uctuations as well as temporal
ones; no account of the e ects of these can be included in a gmeint closure. Thus, one might
consider atwo-point correlation such asuqx)vqx + r) wherex and x + r are two distinct points
where data might be collected. One could generalize this evéurther by rst averaging in space
over all points a distancer from the chosen pointx, and then perform the indicated time average.
We remark, however, that with the exception of structure funtion based sub-grid scale LES models
(see Metais and Lesieur [115] and Sagaut [73]) there preflgrare no multi-point closure models in
use.

The Boussinesq Hypothesis

The Boussinesq hypothesis, often called the \Boussinesqgpaipximation”|which leads to confu-
sion with a completely di erent concept associated with natral convection|was described in Def.
1.56 as a means to relate turbulent shear stress to the meanwastrain rate. (This is also termed
\gradient transport,” especially in the context of passivescalars; see [91] and also [7].) Thus, for
example, we might hypothesize that
1@ + @ ; (2.43)
2 @y @x

The rst question one should ask is \Why would we suppose sudch relationship might be valid?"

To answer this, we need only recall Newton's law of viscosityhich might be paraphrased as \shear
stress is proportional to strain rate, with viscosity beinghe constant of proportionality.” That is,

@u
@y
for example. But it is important to bear in mind that the physical situation is very di erent for
the two cases corresponding to the above respective relai$o In the laminar ow case, Eq. (2.44)
is an empirical relationship that is extremely well suppoed by experimental results. Moreover,
the (dynamic) viscosity is a property of the _uid, and at least in the case of perfect gases, a
rst-principles formula for it can be derived from the kinetic theory of gases (sees.g, Vincenti and
Kruger [116]).

The turbulent ow case, which might be expressed as

@,@ .
T . . )
@y @x
where 1 is the turbulent eddy viscosityis not an empirically-supported physical result|in fact, just

the opposite is true; see Cheat al. [117]. (Here, the factor% from Eq. (2.43) has been absorbed into
T, and the negative sign has been introduced on the left-handis for reasons that will be apparent

T

(2.44)

U0 = (2.45)
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as we proceed.) Indeed, Boussinesq himself warned of itsrétmmings, not the least of which would
be actually determining values of . Moreover, DNS results, from which all factors in Eq. (2.45)
(except for t]and actually even this by inference) can be directly computed, indicate a rather poor
correlation betweenu®? and @=@y @=@xor any other similar relationship. Finally, it should
be observed that the Boussinesq hypothesis attempts to redapresumably small-scale statistical
behavior characterized by the Reynolds stress to large-ggamean (again, statistical) behavior (the
mean strain rates). Of course, we should recall that due to énature of the Reynolds decomposition,
u® and v° are not necessarily small; but independent of this, Eq. (5% relates statistical, and not
physical, properties of the ow.

It is thus clear that Eq. (2.45) has no basis in physics beyona simple analogy from laminar
ow, and t cannot be a physical uid property. Indeed, it changes with &h ow, and if one takes
the view that Eq. (2.45) is nothing but a de nition for 1, viz.,

il (2.46)
T ; .
1l a, g

2 @y @x

we see that t cannot be a constant, except for extremely simple ows. Moower, it is also easy
to see that 1 should actually be a tensor if we are to employ this in 3D. Thigs all very di erent
from the situation for the physical viscosity , as should be obvious.

Wilcox [98] provides a fairly detailed discussion of the B@sinesq hypothesis, emphasizing its
shortcomings, in order to justify consideration of more sdypsticated approximations to the Reynolds
stress tensor. He lists the following set of ow situationsni which the Boussinesq hypothesis has
proven to be inadequate:

i) ows with sudden changes in mean strain rate,
i) ows over curved surfaces,

iii) ow in ducts or, in general, those containing secondary wl motions, including boundary-layer
separation,

iv) ow of rotating and/or strati ed uids,
v) three-dimensional ows.

We will not here provide an exhaustive discussion regardingxactly what goes wrong with the
Boussinesq hypothesis in each of these separate situatidng rather give some general comments
that apply to several of these. The reader is referred to [98)r more details.

It should rst be observed that turbulence tends to \remembég’ its past history, at least for
short times. This is, of course, one of the strongest argunteragainst randomness (but not nec-
essarily against stochasticity) of turbulence, and indeedhe Taylor hypothesis would never work
if turbulence did not, however brie y, remember its past. Egation (2.45) does not re ect this. It
is clear that in a ow eld exhibiting mean strain rate this equation predicts nonzero turbulent
stresses (which is qualitatively correct); but as soon aséhstrain is removed, this same relationship
instantaneouslypredicts zero turbulent shear stress. This does not at all cwide with experimental
observations, and related to something we mentioned earlig our discussion of isotropic turbu-
lence, the rate of decay of turbulent stresses is a physicdiservable (albeit, statistical) that can be
used to calibrate turbulence models that are more sophistited than the Boussinesq hypothesis-
based models, and which are to some extent able to correctlgcaunt for this. We also remark that
the instantaneous decay to zero of turbulent stress preded by Eq. (2.45) violates the basic notion
of causality|an e ect can neither precede, nor be simultaneus with, its cause.
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Somewhat as an aside, we mention that precisely this same amgent (lack of causality) might
be made against using Newton's law of viscosity for laminaows. Indeed, this is a valid criticism,
and such use might conceivably have some in uence on detdilaccuracy of Stokes ow Re! 0
and hence viscously dominated). But in the casRe ! 1  as in turbulent ows, the e ects of
the viscous terms are balanced (at some point even dominajday the nonlinear advective terms
which lead to nite-time responses. This, in turn, leads to stensibly correct behaviors regarding
the ability of ows computed via DNS and LES to remember theimpast for short times, and at least
in the case of DNS such results agree extremely well with exjpeent even in the relatively lowRe
regimes currently accessible via DNS.

This very basic and fundamental aw in the form of the Boussiasq hypothesis lies at the heart
of essentially all of the items in the preceding list, in uening some more than others. But there are
additional problems with the hypothesis, and we will touch o just two of these. First, regarding
failure in three-dimensional ows, we remark that this is nbas serious as might be thought because,
as already mentioned, Eg. (2.46) implies thatt should actually be a tensor; and if we allow this,
then use of the Boussinesq hypothesis can, at least formalhe extended to 3-D ows|modulo
its more fundamental aws, of course. Second, in associatiavith rotating and/or strati ed uid
ows, the form (2.43) is, from the start, lacking the physicsof these ow situations. In principle,
one might consider attempting to include this physics, andtdeast in a very informal way, this is
often done in the context of strati cation resulting from thermal e ects. In particular, a turbulent
Prandtl number, Pr+, is often used with the Reynolds analogy (see Def. 1.100) d=tjusti cation,
to account for uctuating turbulent uxes (of thermal energy). Similar arguments are also used to
obtain turbulent Schmidt numbers, S¢r, for application in models of turbulent transport of chemial
species. But in the end, the basic aws of the Boussinesq hythesis persist, and computed results
always re ect this except in the simplest ow situations.

Finally, we mention a di culty arising from the Boussinesq gyproximation that is of a more
mathematical nature and is seldom cited (or even recognizeth the engineering literature. To
understand this particular shortcoming we must rst recallthat the source of the Reynolds stresses
was averaging the nonlinear advective terms of the N.{S. egtions. But, as will be apparent in
the sequel, the Boussinesq hypothesis leads to replacingesk with linear di usive terms. The
mathematical consequences of this are far reaching. To séestwe should recall the balance of
nonlinear advection and linear di usion (dissipation) exlibited in the Galerkin form of the N.{S.
equations (1.44) and (1.45). Clearly, adding a di usive tan of any size (and in practice it turns out
to be large) will signi cantly upset this balance; the resuing equations will be far more dissipative.
While this may be good for numerical computation, it is bad pysics, and in the context of the
modern view of the N.{S. equations it is guaranteed to alterifurcation sequences. This essentially
precludes any chance of predicting transition to turbulereewith RANS models, and it is well know
that this is true. Separate,ad hog models of transition must be implemented.

Some Speci ¢ RANS Models

In this section we will somewhat brie y treat three speci ¢ RANS turbulence models. The rst
of these will be the \mixing-length" model of Prandtl [19] whch, in the terminology introduced
earlier, is an example of a zero-equation, or algebraic, medWe will follow this with a description
of the widely-usedk{" models that in some sense were already foreseen by Kolmogdi®6] and
Chou [118], and introduced in their present form by Jones anddaunder [108] and Launder and
Sharma [119]. These are the so-called two-equation modelge will then present the equations cor-
responding to a second-moment closure. These include paltdi erential equations for each of the
components of the Reynolds stress tensor. We nally closedlsection with a few remarks regarding
methods we have neglected to discuss in any detail, includisome quite recent developments, and



82 CHAPTER 2. STATISTICAL ANALYSIS AND MODELING OF TURBULENCE

an overall assessment of results from RANS models. We commanthe outset that much of the
material presented here can be found in far more detail in theook by Wilcox [98].

Mixing-length theory. As we have noted earlier, the \mixing-length theory" introcuced by
Prandtl [19] in 1925 was the rst attempt to formally derive the turbulent eddy viscosity appearing
in the Boussinesq hypothesis. Our treatment of this stronglre ects that of [98]; there is a yet more
detailed analysis to be found in Tennekes and Lumley [7] whigs highly-recommended reading for
the serious student.

We begin our discussions by recalling the form of the RANS egions presented earlier in Egs.
(2.12) as

r w’=r p+ U R@u%uY;

or now restricted to 2D:

@IZ @v_ @ @ @y
@x @y @x+ 3] @x @y’ (2.47a)
av,@_ @ o @\ @®.
@x @ @ @ @x @y (2.478)
and
g + gy: 0: (2.48)
We now observe that, for example,
g= @u.@u _@ @ @ @ (2.49)

@ @  @x @x @y @y’

thus showing the well-known relationship between the visos terms of the N.{S. equations and
Newton's law of viscosity. But even more important for our pgposes is the suggestive relationship
of the last two terms on the right-hand sides of Eqgs. (2.47) tthe terms on the far right-hand side

of Eqg. (2.49) via the Boussinesq hypothesis. Namely, we have

. @ L @ @,

0
u T@X’ ud/ T@y, \ T@y
We note that within the framework of 2-D free shear ows and bondary layers, where use of
a mixing-length model has been most successful, only the sed of the above relations actually
appears in the RANS equations, so we will concentrate only dhis term. o
We now observe that if 1 were known, we could immediately comput&®? (and u®, v®, as
appropriate) becausd, itself, is the solution to Eq. (2.47a), and we could expreghis equation as

@2 @v _ @+@( ) @
@x @y @x @x @x @y

Clearly, an analogous equation could be developed from E@.47b) to complete the construction
in 2D, and a similar derivation can be done for 3-D problems.

Then to complete the modeling e ort and thus \close" the equions, we must determine |
precisely what Boussinesq warned \might be very di cult, oreven impossible." It is worthwhile to
follow the line of reasoning employed by Prandtl, as is caad out by Wilcox [98], not because it is
correct, but more because such a presentation makes it eadi highlight the fallacies. Thus, we
rst recall that the kinetic theory derivation of the molecular coe cient of viscosity (here replaced

(2.50)

( + T)gy ; (2.51)
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by = = ) requires, among other things, establishing length and @ity scales associated with
transport of momentum in the gas under consideration. Indele we know that L>=T L L=T

L Uwhere L, T and U are general length, time and velocity dimemans, respectively. Also recall
that within the framework of kinetic theory, the length scak is the mean free path between molecular
collisions (assumed to be elastic in the simplest analyses)nd the velocity scale comes from an
average over the Maxwellian distribution for a xed volume 6gas in thermodynamic equilibrium.
A direct, but tedious, derivation results in a closed-formdrmula for (or ) that agrees fairly well
with experimental measurements, and which can be broughttmvery good agreement by replacing
the elastic \billiard-ball" collisions with use of more redistic molecular potential energy distribution
functions and collision cross sections (see,g, Hirschfelder et al. [120]). It was Prandtl's goal to
construct an analogous treatment leading tot|despite the fact that it is not _ a physical property
of the uid.

Prandtl rst hypothesized that one might envision the uid ow as consisting of collections of
uid parcels moving about randomly with some characterist speed, which here we denote ag,x
consistent with [98], and which over some characteristicrigth scale ,x they would essentially
retain their momentum. We remark that one often encounters a&imilar description based on
turbulent eddies & la Richardson [4]) instead of uid parcels, and with',x corresponding to the
distance over which these eddies retain there identities.

Independent of the details of these descriptions, it is cle¢hat the behavior of a uid parcel (or
eddy) is rather di erent from that of molecules of a gas; so &mpting to apply anything resembling
the formalism from the kinetic theory of gases is dubious atst. Nevertheless, we will proceed in an
attempt to establish formulas forvpyx and "k . Prandtl [19] chose to employ dimensional analysis
to nd vnix , and since it is obviously desirable to express this in termed mean ow quantities (we
have equations for these), he hypothesized that

Vimix  mix 3—3 ; (2.52)

Now since, again simply on dimensional grounds, we shouldvea

T ‘mix Vimix
we set q
. u
= dy : (2.53)

where any required constants will be absorbed intg,x . We observe that this formulation preserves
the positivity of 1 as must be done, if for no other reason than mathematical wglbsedness. Also,
if we use the above in the Boussinesq hypothesis, we obtain estimate of the magnitude ofud?
component of the Reynolds stress, namely,

du ?

udo = \mixd_y

(2.54)

It is now worthwhile, again following [98], to examine the \adity of the mixing-length anal-
ysis. We rst observe that in the turbulent ow situation there is, in general, no true analog of
thermodynamic equilibrium, and unlike the kinetic theory guation the uid parcels are constantly
changing. Thus, on very fundamental grounds, attempting t@pply anything like kinetic theory
makes essentially no sense. But beyond this (or, maybe, besa of it) is the fact that we have not
been able to obtain a formula for ;. In this sense the mixing-length theory is an \incomplete"
one in that a major part of the corresponding model must be detmined entirely from experiment
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(or, possibly, from DNS). Despite this shortcoming, nix has been quite successfully determined for
a number of free shear ows possessing only a single lengthlec But the value of ",k is di erent
for each type of ow, as should be expected. In particular, ihas been typical to expressyix as

“mix = C1 (X); (2.55)

where (x) is the single characteristic length €.g, the diameter of a jet), andC; is the closure
constant to be determined such that computed mean velocityrp les match corresponding mea-
surements. Flows exhibiting a single length scale includbé free shear ows, far wake, mixing layer
and jet (both plane and round). The values obtained foC, for these cases are given in [98] and
repeated here as Table 2.1.

Table 2.1: Values of mixing-length closure constant for veaus ows

Flow Type | Far Wake | Mixing Layer | Plane Jet | Round Jet

C, 0.180 0.071 0.098 0.080

We observe that there is a nearly 20% discrepancy even betweabe two types of jets, although
with these constants the match ofu is quite good. But sinceC; is associated with a single ow
feature, "nix , this wide range of values required for very similar types obws strongly suggests
basic aws in the theory.

Finally, we note that in the context of wall-bounded shear avs (e.g, boundary layers), signif-
icant modi cations must be made not only to the closure coe gent (recall that we absorbed an
undetermined constant into™,x in Eqg. (2.53)), but also to the structure of the model itself.Never-
theless, this has been carried out with a fair degree of sussdor unseparated boundary layers. We
will discuss only the simplest instance of this here; the iatested reader is encouraged to consult
[98] and references therein for further details.

We rst recall our discussion of the law of the wall in Chap. 1.There it was shown that four
distinct regions exist within a boundary layer:i) viscous sublayerji) bu er layer, iii ) log layer and
iv) defect layer. Thus it appears likely that there must be morehan a single length scale needed to
adequately describe a boundary layer, and indeed, this olpgation was already made and utilized
in producing the formulas for the velocity pro le correspoding to the law of the wall. Wilcox [98]
notes that Prandtl [19] had proposed that the mixing length mght be given by

“mix = Y (2.56)

where is the Karman constant having the experimentally determined value = 0:41, andy is the
distance normal to the surface bounding the ow. But apparetty Prandtl did not expect this single
form of ",ix to work throughout the boundary layer|and it does not. It was not until introduction
of the Van Driest damping function[121] in 1956, however, that a workable result was available
This empirical modi cation brings the mixing-length formula to
h [
mx =y 1 oeY o (2.57)

where, as in Chap. 1y* = u y= with u = P “w=, and A} = 26. This result works reasonably
well from the bounding surface out through the log layer, buit does not adequately describe the
defect layer.

There have been numerous other modi cations to the basic mng-length model through the
years. Here we simply mention two of the most widely used: théebeci{Smith model [122] and
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the Baldwin{Lomax model [123]. The former is valid only for 2D calculations, and while the latter
is used in 3-D, it already contains a total of six adjustablelosure constants. There are a couple
items deserving mention here. First, both the Cebeci{Smitland Baldwin{Lomax models provide
treatment of the defect layer. But because the precise valug y at which this layer begins is not
known, a priori, it is necessary to construct testable \switching functiog" to determine where to
begin using the appropriate formulas for the defect layer.nlthe case of the Cebeci{Smith model
(but not for Baldwin{Lomax) this results in a formula for "« that depends on velocity. In turn,
this implies that  depends on velocity, and it is easy to check that the resulinRANS equations
are no longer Galilean invariant. Proof of this is left as anxercise for the student. The reader will
nd further details of these models in [98].

k{" models. In this section we provide an introductory treatment of the videly-usedk{" models.
As might be inferred from the terminology, these are two-e@tion models. In their basic form they
consist of a PDE for each of turbulence kinetic energk, and turbulence kinetic energy dissipation
rate". Together, these two quantities provide velocity and lengpt scales needed to directly construct
eddy viscosity at each point in a computational domain. In tis sense thé&k{" models can be viewed
as being \closed" because unlike zero- and one-equation netsd (with the possible exception of
the Spalart{Allmaras model [124], and other similar onespf eddy viscosity) these models possess
su cient equations for constructing eddy viscosity with no direct appeal to experimental results
needed. We also note thak and " are not the only variables employed in two-equation models.
For example, there are als&{", k{! and k{! 2 models, among others. The latter two of these are
quite well known, but we leave it to the interested reader toesek more information on these; a good
starting point is Wilcox [98] and references therein.

We will begin this section with a derivation of a general totbkinetic energy equation for incom-
pressible ow expressed in its simplest form. We follow thigith an outline of the derivation for
kinetic energy of the mean ow, again expressed in the simgiemanner. Then, following Tennekes
and Lumley [7], we present a detailed analysis of the equatidor turbulence kinetic energy that
permits us to analyze the physics represented by each termutBhis is not the equation employed
in practical calculations, so we next present this with a bef comparison to the theoretical form.
We then very brie y treat construction of a PDE for dissipation rate and collect results to obtain
a completek{" model. We close the section with presentation of some wehdwn results and
discussion of the consequences these imply.

To obtain a general energy equation for incompressible oweasimply form the dot product of
the N.{S. equations with the velocity vector that is their sdution. Thus,

UU+Uru)=U (r p+ u): (2.58)
A straightforward calculation shows that

@

1. 2 1 2 — 1. 2 .
@@JUJ +Ur QJUJ =r (pU)+ EJUJ ;

where 1 1
EjUj2 = E(u2 +vi+w) K; (2.59)
the total kinetic energy per unit mass. Thus, the above can bexpressed as
Ki+tUrK=r (pU)+ K: (2.60)

This equation is a very general result; but at the same timenithe context of incompressible ows,
it carries no new information not already found in the N.{S. quations themselves. Nevertheless,
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we will see that various manipulations of it can lead to usefinsights. In this regard we stress that
in the current chapter only the Reynolds decomposition wilbe studied. But, in fact, essentially
any decomposition could be used, and as will be apparent as p@ceed, details of any associated
analysis will depend on the form of decomposition employed.hus, we emphasize that for a LES
or Hilbert space decomposition, results we will obtain heneould not be valid in detail.

We now introduce the Reynolds decomposition into Eq. (2.59p obtain
h [

K = % W+ U9+ (v+ V9% + (w+ wh?
= % U+ Vi + W+ % u®+ v+ w® + au’+ v+ wn
k+k°+U U° (2.61)
Finally, we note that the de nition of turbulence kinetic energys
K % u®+ v@+ we = KO: (2.62)

We can also construct an energy equation analogous to Eq.qR) for the mean ow in exactly
the same way,viz., form the dot product of the mean velocity vector with the RANS equations.
This results in

ogrk=r (pw)+ k U RU%uY: (2.63)
There are two key observations to make in comparing Eqg. (2.68r the mean ow energy with
Eq. (2.60) for total energy. First, Eq. (2.63) is a steady-stte equation, as it must be, while Eg.
(2.60) is time dependent. Second is the appearance of termsdlving the Reynolds stress tensor.
Particularly the second of these will ultimately play a majo role in interpretations given to terms
in the equation for turbulence kinetic energy.

We should now observe that we still do not have an equation favhat we actually want|the
turbulence kinetic energy. Derivation of this is extremelytedious and is essentially always left as
\an exercise to the reader.” Here too, we will mainly followhis approach, but we will provide a few
intermediate steps. As noted in [7], the starting point is tdime average the total energy equation
(2.60), and then subtract the mean ow energy equation (2.§3rom this result.

Formal time averaging of (2.60) after substituting the decmposition obtained in Eq. (2.61)
yields

Urk+k9d+Ur U UY= r (pU)+ ( k+Kk9;
and after considerable manipulation this can be expressed a

ogr(k+k)+r uko=7r (pu) r pu°+ k+ Kk; (2.64)
wherep®is uctuating pressure divided by density.
We observe that Eg. (2.64) is now steady state, and that it isxpressed in terms of both mean
and uctuating quantities. Subtracting Eg. (2.63) from this leads to an equation for the turbulence
kinetic energy:

urk+r uk0=r pu®+ k+uR@U%UY: (2.65)

But this is not the form found in either [7] or [98], so we need to perform cadderable further
manipulations to arrive at either of these. We will not carryout the details here, but instead
merely present the results with a brief indication of how thg are obtained.
We begin by presenting the results given in each of the two B¥Ences being used. From Tennekes
and Lumley [7] we have
" %: @—@; PO+ UG 2 US) OS2 SUS) (2.66)
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The si and si? represent components of mean and uctuating strain rate tesors, respectively:

— — 1 @L @I] . 0 — 1‘ Qﬁ @_B .
Sj = > @?( @x and Sj = 5 @}(+ @x (2.67)
Similarly, from Wilcox [98] we obtain
— @ k 1
K+ T g u?u?% + @—@i @% P U (2.68)

with " expressed in Cartesian tensor form as
"=2 ﬂ (2.69)

At rst glance Egs. (2.65), (2.66) and (2.68) all appear to beaather di erent; but with the
exception of the time-derivative term (incorrectly) retaned in (2.68), these equations are actually
equivalent. To see this we rst note the similarities and tha brie y explain the apparent discrep-
ancies.

We immediately recognize the term corresponding to adveon of turbulence kinetic energy
appearing in the left-hand side of all three equations. Thenty di erence between (2.65) and the
other two equations is the Cartesian tensor notation empleg in the latter two; in particular,
we haveU r k = U; @k=@x Similarly, the rst term on the right-hand side of (2.65) ewals the
corresponding term in (2.66) and the fourth term on the righthand side of (2.68):

showing the equivalence of these terms. We next observe ttiae remaining term on the left-hand
side of Eq. (2.65) is easily shown to be identical to the velie \triple correlations" appearing in
the right-hand sides of Egs. (2.66) and (2.68). That is,

1@

uko = = ——uQao:

2@ i M

Finally, we easily see that the di usion terms on the right-land sides of Egs. (2.65) and (2.68)
exactly match; namely,
@ @k

@x @
but there appears to be no corresponding term in Eq. (2.66).tAhe same time, there seem to be no
strain-rate terms in either of Egs. (2.65) and (2.68) whileltere are three such terms in Eq. (2.66).
However, using the de nition of" from Eq. (2.69), we see that the last term on the right-hand de
of (2.66) is precisely the' term of (2.68). Finally, we observe that by making use of therpperties
of the Cartesian tensor notation it can be checked that to witin a factor of two, we have

uou0 5 udl @ ,

Thus, to reconcile the forms of Egs. (2.66) and (2.68) we muatcount for the factor of two, and
for the lack of a term in (2.66) corresponding to di usion of urbulence kinetic energy.

The latter of these is easily explained, and this in turn leagito resolution of the factor of two as
well as all the apparent discrepancies between Eqgs. (2.65)da(2.66). In particular, if one begins
derivation of the equation for turbulence kinetic energy vih the N.{S. equations expressed in terms
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of strain rate and ignores the cancellations resulting frorthe divergence-free condition (as is done
in [7]), then one arrives at Eq. (2.66). On the other hand, ifhiis is not done (following the approach
we have taken in the present notes), no explicit strain rateetms appear. This essentially resolves
all di erences between Eq. (2.66) and Eq. (2.68).

We still need to provide arguments to show that Eqgs. (2.65) ah(2.66) are equivalent. The basic
one has already been noted, namely, retaining strain rate ireu of invoking incompressibility to
remove most of the terms arising in this representation. BUEQ. (2.65) contains a Reynolds stress
term that has not been matched with any terms in either of Eqs(2.66) and (2.68). It is easily
checked that use of product-rule di erentiation permits oe to recover the termsUiOUjOST of (2.66)
in Eq. (2.65) (recall that R includes a divergence operator), but additional terms alsarise. Similar
product-rule di erentiations in the strain rate terms (along with judicious combinations of these
with terms from the Reynolds stress tensor) lead to the remaing terms appearing in (2.66). As
indicated in [7], these are very tedious calculations, andhéy will not be repeated here.

The point of this rather lengthy development is the followig. The derivation we have provided
for Eq. (2.65) is fairly easy and straightforward and corrgsnds to a purely math-oriented approach.
The form corresponding to Eq. (2.66) leads to a number of sigrant physical insights as we will
brie y discuss below, and Eq. (2.68) is directly related tolie turbulence energy equation actually
used in RANS models. Thus, each form has an important applitan, and demonstration of their
equivalence is important.

The physical interpretation of terms in Eq. (2.66), as presged in [7], can be summarized as
follows. As already mentioned, the term on the left-hand sa&lis simply advection of turbulence
kinetic energy, and the rst term on the right-hand side repesents pressure work due only to
turbulence. The second term on the right-hand side correspds to transport of turbulence kinetic
energy by turbulent uctuations, which is more clearly seemn the equivalent term appearing on the
left-hand side of EqQ. (2.65). Tennekes and Lumley [7] dedwei the next term on the right-hand side,

2 u?sfj’ as \transport by viscous stresses," but they do not make & what is being transported.
Indeed, Eg. (2.66) is a transport equation for turbulence kietic energy; but if the term in question
is accomplishing transport by viscous stresses, then it i¢ear that it is not kinetic energy that is
being transported, but rather simply the turbulent uctuations. In fact, from our earlier discussions
it is evident that this term is actually associated with the d usive transport of turbulence kinetic
energy which is the same as transport of viscous stressest isuan intuitively clearer concept.
Tennekes and Lumley [7] associate the nal two terms on theght-hand side of Eq. (2.66) with
\two kinds of deformation work." They term the rst of these \ turbulence production,” and use

the notation
P ulul sy (2.70)

to identify it. We see from this that what is actually represated is ampli cation of the Reynolds

stress tensor components by the mean strain rate. We have eddy argued that this is equivalent
to the rst term on the right-hand side of Eq. (2.68), and thatit arises from rearrangement of terms
involving the Reynolds stress tensor as appears on the righand side of (2.65). We remark that
if true \scale separation” occurs, as is usually supposed the context of model construction, we
must question whether the mean strain rate would actually beapable of interaction with Reynolds
stress components.

The nal term on the right-hand side of Eq. (2.66) is describé in [7] as the \rate at which
uctuating viscous stresses (si?) perform deformation work against the uctuating strain rate
(si?)." But we have already seen that the term ﬂ is (up to a constant factor) simply the
dissipation rate of turbulence kinetic energy given in Eq.2.69). A physical interpretation based on
the latter description seems far more intuitive, especigliwith regard to the purported consequences.

At this point it is worthwhile to observe, as noted in [7], tha " ' P often holds, at least
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in an order-of-magnitude sense; that is, dissipation of tbulence kinetic energy by viscosity is
approximately equal to its production via strain rate amplication of Reynolds stress. Recall that
we earlier, in Def. 1.70, termed this type of situation \equibrium turbulence." This corresponds
to

ululsy =2 SPsY (2.71)
We immediately note that the right-hand side of this expresen is nonnegative, which implies
that velocity correlations and corresponding mean strainates would be expected to usually have
opposite signs. On the other hand, we must be careful to recoge that Eq. (2.71) does not often
hold exactly, and as also observed in [7], it will seldom bet&ed for shear ows. If we recall
the Galerkin form of the N.{S. equations presented in Chap., We see that \production" actually
arises simply from the nonlinear terms, and dissipation is gesult of only the diusive terms.
On small scales (high wavenumbers) it is indeed a \balance"hot necessarily equality|of these
that produces the strange attractor of the dynamical systemAt the same time, if equality holds
over essentially all scales (implied by mathematics of thedgnolds decomposition) as required in
equilibrium turbulence, the Galerkin form of the equationf motion collapses to triviality. This all
re ects the di culties that can arise when one attempts to asociate physics with quantities that
are merely statistical. Nevertheless, the authors of [7] pceed to derive the estimate

ﬁ S S (2.72)

using Eqg. (2.71). Indeed, the magnitude of the di erence beken these two parts of the strain rate
tensor is of the order of the integral scale Reynolds numbeRe . Despite the rather unrealistic
assumptions made in [7] in the course of obtaining the inedug (2.72) (equilibrium turbulence with
single length and velocity scales), it is an expected resfiftom the standpoint of our understanding of
the mathematical nature of solutions to the N.{S. equationsWe recall that a feature of turbulent
solutions is their intrinsic nonsmoothness, particularlyin their high-wavenumber/high-frequency
components; that is, spatial derivatives on small scales rtdbe expected to be much larger than
those on larger scales. Since strain rates are simply conmdttions of spatial derivatives, inequality
(2.72) is completely consistent with this.

We are now prepared to return to Eq. (2.68), the form of the tusulence kinetic energy equation
employed for computations, and indicate how it is convertedo the form usually taken in k{"
models. We begin by observing that there are three terms thanust be modeled, a remaining
one that will be computed from a PDE, which itself requires wg signi cant modeling, and then
construction of eddy viscosity from the results of all this.These terms correspond to production,
pressure work, velocity triple correlation and dissipatin. Following Wilcox [98] we employ the
Boussinesq hypothesis in the form

OP=2 1S ok (2.73)
to model the Reynolds stress factor in the production term. fie second term in this expression
accounts for the fact that the trace of the strain rate tensors zero for an incompressible ow, and
is thus necessary to provide consistency with the de nitioof turbulence kinetic energyk from Eq.
(2.62) wheni = j. We remark, however, that this results in employing normal igcous stress terms
in the absence of eddy viscosity which is logically incongst with the Boussinesq hypothesis.
Despite this, it is useful to recognize that Eq. (2.73) prodes a means to calculate each term of the
Reynolds stress tensor once a calculation of the mean vetpdias been completed. Thus, second-
moment information can be retrieved even though we have notrdctly calculated it as we would in
a second-moment closure approach. In principle, this is teufor any model employing a Boussinesq
hypothesis; in particular, once the mean velocity eld has &en obtained, if + is available, we can
directly compute the udu®s.
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We next consider approximation of the pressure work termpu? appearing in the right-hand
side of Eq. (2.68). To accomplish this we rst observe that alight modi cation of the Boussinesq
hypothesis leads to an approximation of scalar turbulent wes analogous to the Reynolds stress

component uctuations. For example, suppose we decomposentperature asT = + % Then
the Reynolds-averaged thermal energy equation will contaterms of the form ujO Oknown asscalar

uxes, and these are approximated as (= T)@_:@x where 1 is the turbulent Prandtl number.
So one might suppose that we could represent the pressure kvderm (usually called pressure
di usion in the modeling literature) asijQ = 1@=@x But this does not work. Indeed, it is clear
that pressure does not satisfy a transport equation, so theotion of pressure di usion is completely
fallacious. Much e ort has been devoted to modeling this ten, and rather complicated results have
been obtained and used in the context of second-moment clossi (see [98]). There is little physical
or mathematical justi cation for any of these, so we will notprovide any further descriptions.

Within the con nes of k{" models a simpler approach is usually taken. This begins bysal
recognizing that we have little in the way of sound theory fomodeling the velocity triple correlation.
So we (arbitrarily) combine this with the pressure diusionterm and model these together as
\di usion of kinetic energy:"

T @k

@y
Here, ( is an additional closure constant. We emphasize that thers no physical justi cation for
use of Eq. (2.74). It is merely a convenience that permits us express Eq. (2.68) as

@k+ Uj gk: W@ "4 _@ + 1= k)gk :
@t ~ @x I @x @x @x

It is worthwhile to point out the types of terms appearing in his equation because it is common
practice in RANS modeling to presume all turbulence quantis, physical or otherwise, satisfy
transport equations of this basic form. Thus, we observe than addition to the time-dependent
term on the left-hand side there is also advection (macrogua transport) of kinetic energy. On the
right-hand side we nd production, dissipation and di usion of kinetic energy. This is almost always
the point of departure for construction of essentially all sch models. The fact that there is nca
priori reason to expect that many such quantitiesg.g., eddy viscosity, as in the Spalart{Allmaras
models) should satisfy a transport equation is never congiged.

We have yet to construct a model fof'. We begin this by recalling the de nition from Egs. (2.67)
and (2.69). Clearly, a model is needed since we do not knafy and we therefore cannot compute
the required derivatives. We also observe that when we preséhe equation for second-moment
closure in the next section we will see that within this conte dissipation of turbulence kinetic
energy is a second-rank tensor|a matrix:

. _, @GP

T @xex’

So the rst approximation we make here in our e ort to model dssipation as it appears in (2.75)
is the usual one; that is, dissipation is locally isotropicmmeaning that small-scale (high wavenum-
ber) behavior is independent of direction and satis es reged rotation and re ection properties
discussed earlier. Then we express the above as

(2.74)

1
P U -

(2.75)

with

. @heh (2.76)
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E ects of this, and modi cations, have been widely studied ¢ee [98] and references therein), and
we will not dwell on this in these lectures. We mention, howev, that in the context of a Reynolds
decomposition it is much more di cult to justify invocation of a local isotropy hypothesis than
is the case for a LES decomposition for the simple reason thtte u? represent far more than
high-wavenumber behavior, in general, in the present case.
Even within the con nes of local isotropy, the equation fot' is di cult to derive, and it introduces

a total of six new higher-order correlations that must be mogled. These are all statistical, and as
noted by Wilcox [98], the result is not a model of physics butather a model of the original PDE(S)
associated with the tensor component§; . Nevertheless, it is widely used, and we present it here:

" " " : n2 "
@+ UJ-Q = Ciy— UPUJO@ Cip,— + _@ (+ == Q
@t @ k ' @x k  @x @x
This equation contains three new closure constant§-;, C-, and -. But assuming values of these
can be found, it can be seen that we now have a complete systefrequations. In particular, we

observe that the required length and velocity scales need&at construction of + now are available
at each point of a computational grid. To see this, we note thak  (L=T)?, and" L2=T3. Thus,

we immediately obtain a velocity scale fronk'?, as is obvious; moreover, it is clear thak="T.
It then follows that k32=" L, and since 1 L2=T, we obtain
k2
1=C +;

where C is a constant needed to account for the fact that this has beederived entirely via
dimensional analysis. It is important to recognize that wih 1 given in this form the di usion
terms of the kinetic energy and dissipation equations becarhighly nonlinear, and while fairly
elaborate numerical techniques probably should be emplay¢o handle this, in practice this is
seldom done.

We now collect the complete set of equations comprising thestandard” k{" RANS model.
These consist of the mean ow continuity and momentum equatns, with the latter containing
the eddy viscosity, the equations for turbulence kinetic eargy and its dissipation rate, and those
corresponding to the Boussinesq hypothesis and eddy vistp# this context. Thus, we have the
following:

r u=0; (2.77a)
um+turu=r p+r [( + 1)rul; (2.77b)
ke+Ur k=P "+r [( + 1=)rk]; (2.77¢)

n n2
ttur "= CHlEP CI'Z? +r [(+ =) (2.77d)
with production P given by
_ o @i
P = uiOUJ_O@_?'(, (2.78a)
- 2
and
k2
1=C —: (2.79)

The closure constants corresponding to the so-called staard k{" model are:
C =0:09; C.1=1:44; C.,=1:92; Kk =1:0; «=1:3: (2.80)
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It is clear that this provides a completely closed system fatomputing U, p, k and ", and from
(2.78b) all components of the Reynolds stress tensor.

Several remarks are in order regarding Egs. (2.77){(2.80The rst, and possibly most impor-
tant, is that they cannot be integrated all the way to a solid mundary. Instead, the law of the wall
must be employed to provide velocity \boundary conditions"away from solid boundaries. Numer-
ous physical arguments have been proposed to explain this.d, approximations made to obtain
equations fork and" are not strictly valid in the viscous sublayer), but the simgest follows directly
from the mathematics of the energy dissipation equation E2.77d). It is clear from the de nition
of ", Eq. (2.76), that " will not generally go to zero approaching a solid boundary. tAhe same time
we see from Eq. (2.62) thak ! 0 as a solid boundary is approached. Now the term involving in
Eq. (2.77d) approaches zero near solid surfaces, but thertecontaining "2=k is singular. Clearly,
if we can assign Dirichlet conditions fot' on solid boundaries this formally removes the singularity
since in this case the dissipation rate equation will not beok/ed on the boundary. But despite this,
as gridding is re ned, the"?=k term can become large at the rst few grid points near the boudhary,
and thus di cult to handle from a computational aspect. In particular, this is often associated with
\sti ness" of the numerical problem.

The simplest way to avoid this di culty is to employ the law of the wall to permit assigning
velocity (and all other) conditions at a distance from the wh corresponding to somewhere in the log
layer. One must be somewhat careful with this, however. It igell known that turbulence kinetic
energy attains its maximum fairly close to the wall (but somehere in the log layer) for wall-bounded
shear ows. Thus, if one is to have any hope of predicting thisorrectly it is necessary to evaluate
the log law fairly close to the wall to nd the required velody boundary condition. We also note
that the speci c di culty we have analyzed here is not presenif we employ Neumann conditions on
solid walls for the dissipation rate equation. In some respes, this might be preferable in any case
since there is actually no way to accurately assign Dirictleonditions for dissipation rate. Another,
somewhat more complicated, approach is to employ the sodea \low-Re" k{" formalisms in the
vicinity of solid boundaries. Treatment of these can be fouhin [98] and references therein.

The second observation is that the equations for kinetic ergy and dissipation rate are strongly
coupled with each other, but only weakly so with the momentunequations. This suggests that
signi cant di culties can arise in solution procedures forthe k and" equations which are not present
for the momentum equations alone. Moreover, little matheneal analysis has been applied to
these equations beyond the rather nase treatment provideby Mohammadi and Pironneau [125].
In particular, these equations exhibit, in addition to ther stronger coupling, forms of nonlinearity
not generally encountered in transport equations raisingumerous questions regarding existence
and uniqueness of their solutions, and their regularity. Ean in the absence of these questions there
clearly is signi cant extra computer arithmetic because tkre are two additional nonlinear PDEs to
be solved.

In general, assignment of boundary conditions, férand™ is di cult. We have already mentioned
the problems with " on solid walls. But at in ows and out ows values are not knownfor either
k or ". For outows it is common practice (although not necessail accurate) to assume fully-
developed ow and employ homogeneous Neumann conditions bmth of these. But at in ows this
is not valid, and it is di cult to obtain accurate conditions , especially for". Indeed, bothk and
" are statistical, rather than physical, so it is not easy to dduce their values simply from physical
considerations alone.

Finally, we note that the de nition of 1 in terms ofk and " renders the system of equations no
longer Galilean invariant. (We leave demonstration of thisis an exercise for the reader; consultation
of [99] may be helpful.) As we have emphasized earlier, Gaéih invariabnce is a crucial physical
property of solutions to the N.{S. equations, and its lose ding construction of any turbulence
model must cast strong doubts on validity of such a model.
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We remark that none of these issues is new; they are all welldwn. So poor performance d{"
methods applied to realistic ow situations is not surprisng. There have been many modi cations
through the years to improve this situation including thoseassociated with guaranteeing realizability
and Galilean invariance (see Durbin and Pettersson Reif [@Pfor a brief treatment of these), and
the modern renormalization group (RNG) approaches begun byahot and Orszag [93]. We will
not provide treatment of these methods herein, leaving thimaterial to the cited references. One
of the main reasons for this is suggested by Fig. 2.3, a replot one given by Freitas [94]. This
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Figure 2.3: Comparison of variousk{" models for ow over a rib of square cross section.

gure displays computed results obtained from several dieent commercial ow codesk{" models
for a very straightforward problem, 3-D ow over a rib locatel in the center of a wind tunnel,
and compared with experimental data. The gure shows meased (normalized) turbulence kinetic
energy and calculations along the centerline of the wind tunel at a height corresponding to the
center of the rib. The Reynolds number based on the wind tunhapstream ow speed and the rib
height was approximately 14000.

We observe from these results that no version of thg " model performed extremely well over the
entire ow eld despite the fact that all calculations were performed with professionally-developed
commercial CFD software set up and run by professional starém each code vendor. As can be
seen from the gure, both the best and worst results were ohtzed by the same (RNG) version
of the k{" model, but implemented by di erent vendors. When it is further considered that the
results presented here were ultimately computed with knoetige of the experimental data, and
represent the best that could be doneirca 1994, it is di cult to have much con dence in this
modeling approach. Indeed, it appears that success of RN&" depends very much on the particular
implementation, but in addition no two k{" models produced the same results. As we have already
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emphasized, this poor performance is not unexpected; the i&sinseq hypothesis lacks any rigorous
physical justi cation, and as a consequence, for anythingub the simplest ows it cannot be expected
to provide adequate accuracy, almost independent of the irgmentation. But as we have already
observed, there are further (unjusti ed) approximations nade in the derivations of both thek and

" equations, and beyond this the fundamental aws inherent irall Reynolds-averaged approaches.

Second-moment closure (SMC) models. The poor results produced byk{" models have long
suggested attempting use of models \containing more physit Recall that the Reynolds stresses
arising in the RANS formulation are modeled entirely in terrs of the Boussinesq hypothesis in
k{" models, and as we have already seen, reasons can be cited fobgble failure of this for most
nontrivial physical ows. Launder et al. [63] rst proposed use of second-moment closure (also
known as Reynolds stress models, RSMs) in 1975 shortly aftetroduction of the modern k{"
models. Such methods provide PDEs for each component of theyRolds stress tensor rather than
depending on the Boussinesq hypothesis. But as we will shoiiese equations contain so many
unclosed terms which themselves must be modeled, often irang arbitrary ways (including analogs
of the Boussinesq hypothesis), that it is rather doubtful mah has been gained. Moreover, in 3-D
calculations typically nine PDEs must be solved, comparedith four for the N.{S. equations alone,
and six for k{" models. Thus, the computational expense is extremely highpproaching that of
DNS for low-Reynolds number calculations. On the other handhe total arithmetic required by
SMCs is not strongly dependent orRe, so at least in principle these might be used e ectively
for high-Re ow calculations not currently accessible by DNS. Indeed,anmercial CFD codes are
beginning to contain SMC options.

Herein we will provide a simple derivation of the equationsoecresponding to typical SMCs, for
the most part following Wilcox [98] but employing somewhat iderent notation more consistent
with that used throughout these lectures.

The RANS equations used in conjunction with SMC models are ¢hsame as originally derived,
but they are typically expressed in a form containing the temoral derivative operators. Thus, in
the context of Cartesian tensor notation these are

@; _ @ @ au; @W .
_— — = : =1:2.3: 2.81
@ Yex ex’ exax ex @ | b1Ed (2:81)

along with the divergence-free conditior@;=@x= 0.

Now let NS (U;) denote the Navier{Stokes operatorfor the i component of velocity;i.e., we
have

NS (U;) @@t+ ur U + @;:0; i=1;23: (2.82)

Then to derive the equation for the Reynolds stress comporten?ujO we form

u’NS(U;)+ u?NS(Uj) =0 ; ij =1;2,3; i6]j: (2.83)

We now carry out the indicated operations in a term-by-termdshion.
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We rst consider the time derivative terms. These can be expssed as

u?%+ up%f - uio@@t b+ “P@t(ni £ )
_ uio%pt +u107%%
= @g %t: (2.84)

where we have introduced the notatior;; T‘ujo From the advective terms of theNS operators
appearing in Eq. (2.83) we obtain

uﬂJkg—;J+ ufukg—g = ul(Ty + ud) @—@i O + Ul + Ul (T + ) @—@i((l:[i + ud)
@ @ @ @i @ @
- . uﬁjk@—§+ u?ug@—f:+ S s upuk@_iu u?uﬁ@—s
= Uk%"’ rik%"‘ r,-k%+ @—@i upufuy (2.85)

We note that the last term has been simpli ed by invoking the dvergence-free condition shown
to hold for uctuating quantities in Eq. (2.5), which in the Cartesian tensor form used here is
@f@x=0.
Similarly, the di usive terms from Eq. (2.83) can be treatedas follows:
!
Uio @UJ + U0 @U, @ U, + Uj + u.o@(ui + Uio)
@x@x ' @x@x @x@x I @x@x

up e, L
@x@x ' @x@x
@ , @pef.

@x@x @x@x

Finally, terms arising from the pressure gradient in theNS operator are

ug@DJ, 08P _ 0@+ P) | ,@P )

@x @ Q@x @«
U?@'i‘ uo@:

@x @x

We now collect the results contained in Eqgs. (2.84){(2.87)ot complete the construction corre-
sponding to (2.83) and thus obtain our equations for the Reyids stresses.

@+ _@f _ @ @ @rij

up

(2.86)

up

(2.87)

@t ax "“ax “ex' @x@x
_ @
@—@K uuluy 2 gg@g u?gf uf%s: (2.88)
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We observe that for eachi;j = 1;2;3 the rst line of this tensor equation could be directly
solved for ther; s. This comprises a system of six independent equations cagpwith Egs. (2.81)
for the mean ow quantities. All of the terms in the second lie, however, must be modeled in order
to accomplish this and thus close the SMC formulation.

Following [98] we rst note the extent of this task. The rst term in the second line of Eq. (2.88)
is divergence of the velocity triple correlationsu?u?ug, which when expanded taking into account
the summation convention and the-j, etc. symmetries results in a total of 10 independent terms.
There are six further terms from expansion of the second teram line 2 of (2.88), which we recognize
as the dissipation rate tensor also de ned earlier in conngen with the k{" method. Finally, there
are six more terms arising in the pressure-velocity corrélans, the last terms on the second line
of (2.88). Thus, there are now a total of 22 additional unknoms. (The reader will recall that
there were only eight such terms appearing in thk{" formulation once the Boussinesq hypothesis
was invoked.) These are all statistical quantities with litle veri able physical relevance although
much e ort has been devoted to attempts to ascribe such relamce to them. (See [98] for a slightly
di erent arrangement of (2.88) which is cast in terms of suclphysical interpretations.) So, despite
the fact that SMCs are claimed to \contain more physics" thando k{" models, in reality if this
were actually true to begin with (which requires contrived nterpretations to argue), any bene ts
of this additional physics are likely to be lost in the modefig of these terms. In the end, what is
actually accomplished is not a model containing more physidut rather one containing far more
closure \constants" that can be adjusted at will in e orts to match observed ow eld behaviors.
But there is no signi cantly improved predictability.

Summary of RANS Modeling

We summarize the preceding discussions of RANS methods dkfes. After introducing commonly-
used terminology we provided a fairly detailed treatment afhe Boussinesq hypothesis, emphasizing
its fundamental shortcomings. The main ones of these are it@ack of physical basis and the need
to compute eddy viscosity (which is actually a tensor) in orer to use it. We then discussed in
considerable detail two of the main classes of RANS methoddldn wide use, namely Prandtl's
mixing-length theory and thek{" models. The rst of these is an algebraic model while the sewb
is of the two-equation type. Both of these explicitly employthe Boussinesq hypothesis to convert
uctuating (nonlinear) advective terms of the N.{S. equations to mean (linear) di usive ones. In
addition, the k{" methods require completely unsubstantiated modeling of saus other statistical
terms to arrive at the nal forms used in computational proceures. We then presented specic
results from the extant literature that demonstrate the inalequacies of th&k{" models when applied
to nontrivial ows.

Following this we brie y described second-moment closur&ghich were introduced speci cally to
include \more physics" in turbulence models. These approlhes utilize PDEs to directly compute
Reynolds stress tensor components rather than relying in @éhBoussinesg-hypothesis model. Unfor-
tunately, the process of obtaining these equations leads #ototal of 22 unclosed statistical terms
that must be modeled. Most of these are su ciently removed fym actual physics that there is little
guidance in constructing their models, and the end result hat SMCs are \models of di erential
equations” rather than models containing more physics. Exience with these to date has been
only slightly better than that with k{" models, but with an extremely increased arithmetic penalty
As a consequence, they are not widely used.
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2.2 The Kolmogorov Theory of Turbulence

The Kolmogorov theory of turbulence published in a series diree brief papers [26] in 1941 is one of
the most quoted, and yet least well understood of turbulencdeories. It is not well understood,at
least in part, because the original papers are di cult to rea: the assumptions made are not clearly
stated, and the purportedly proven results do not clearly flow from the assumptions|because
they are highly nontrivial. On the other hand, these resultshave withstood the \test of time,"
and in general should be viewed as correct within the con nesf the assumptions made to obtain
them. The monograph by Frisch [80] and references thereingwide a very good but still not easily
comprehended modern treatment and interpretation of thisesninal work. In the present lectures
we will only brie y summarize Frisch's treatment by stating main hypotheses and results, but not
attempting the detailed proofs provided in [80].

We will begin by stating Kolmogorov's \universality assumpions,” and then introduce three
related hypotheses employed by Frisch [80] to prove the detated 4/5 law. We then present the
three main results provided by Kolmogorov in 1941 (known ashé K41 theory), and discuss some
of the consequences of these.

2.2.1 Kolmogorov's \universality" assumptions

Before presenting speci ¢ statements of these assumptioitss worthwhile to brie y consider the
overall setting in which they were made. In particular, we sbuld recall the general nature of
solutions to the Navier{Stokes equationsyiz., that they possess certain symmetries (discussed in
Chaps. 1 and 2 of [80] and in Sec. 1.4.3 of these notes) at veow IReynolds number which are
successively broken aRe is increased, and which are ultimately recovered in a statisal sense as
Re becomes very large and the ow becomes turbulent. Within tlsi framework Kolmogorov's rst
universality assumption (also called his \ rst similarity hypothesis") is the following:

Kolmogorov's rst universality assumption. At very high, but not in nite, Reynolds number,
all of the small-scale statistical properties are uniquelgnd universally determined by the length
scale’, the mean dissipation rate (per unit mass) and the viscosity .

Similarly, the second universality assumption is as follasv

Kolmogorov's second universality assumption. In the limit of in nite Reynolds number, all
small-scale statistical properties are uniquely and unisgally determined by the length scale and
the mean dissipation rate".

It is worthwhile at this point, before proceeding further, b clarify terminology and notation.
First, it is important to note that both of these statements @ncern \small-scale”_statistical prop-
erties. Thus, we need rst to indicate precisely what is medrby small scale. Indeed, this is not
the same as the uctuating quantities in a Reynolds decompit®n (although classical turbulence
theorists often equate these). In the rst place, we shouldecall that the lowest moments of the
uctuating quantities in a Reynolds decomposition are null for example, u® = 0. In the present
case we should associate small-scale quantities with thelipass ltered part of a N.{S. solution,
i.e., the high-wavenumber/high-frequency components. Thuspithe context of our Hilbert-space
decomposition discussed earlier, the small-scale part vidwbe, e.g,

X
utx;t) = a ()" «(x): (2.89)
ik ¢

Clearly, in this case we would generally expeat®8 0. A slightly di erent, but related (essentially
equivalent) interpretation of small scale is to associatents with length scales that are very much
smaller than the integral scale.
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We can now compare details of Kolmogorov's two similarity tgotheses. The rst of these
concerns nite-Re behavior and as such implies that statistics will be uniquegl(and universally) set
by length and dissipation scales, and viscosity. The secohglpothesis, on the other hand, concerns
the Re! 1 limit. In this case we expect ! 0, so the universal statistical behaviors should no
longer depend on . We remark that it is this hypothesized universality that caises most problems
(and criticisms) regarding these assumptions. It should s be mentioned that the ow properties
homogeneity and (local) isotropy are generally regarded &®ing essential to applicability of the
Kolmogorov theory, but we see neither of these explicitly cgiired in the similarity hypotheses. We
will see below, however, that these will be needed in order pvove the 4/5 law.

2.2.2 Hypotheses employed by Frisch [80]

Treatment of the Kolmogorov theory provided by Frisch is theoutgrowth of many careful and
thorough examinations and analyses by a number of researcheluring the 1980s and early 1990s,
and it has culminated in a much more easily understood repm#ation of this theory. We will
provide an abbreviated, and slightly reorganized, versioof this in the present lectures. The starting
point is the set of three hypotheses put forth by Frisch in [0 These can be stated as follows.

Hypothesis 1. Inthe Re!1l Iimit, all possible symmetries of the N.{S. equations, uslg broken
by the (physical) mechanisms producing turbulence, are t@®d in a statistical sense at small scales
and away from boundaries.

Hypothesis 2. Under the same assumptions as above, turbulent ow is selhdar at small scales;
i.e., it possesses a unique scaling expondnsuch that

u(x; )= "ux;); 8 2R.; x2R? (2.90)

with increments™ and ~ small compared with the integral scale.

Hypothesis 3. Again, under the same assumptions as in Hypothesis 1, turod ow has a nite,
nonvanishing mean rate of dissipation per unit mass,

It is important to consider some of the details and implicatins of these hypotheses and, further,
to compare them with Kolmogorov's two original universaly assumptions. We should rst note,
again, that small scales are associated with length scalesry much smaller than the integral scale.
As explained in [80], we can interpret small-scale homogdyefor example (the requirement for
which is not explicitly stated), in the context of velocity increments

u(x;’)  u(x+7) u(x); (2.91)

and in particular require that statistics of these incremets be invariant under arbitrary translations
r for stationary ows. That is, e.g,

hu(x+r;)i=hu(x;)i;

whereh idenotes any generic averaging procedure, as described im@hl. A similar interpretation
applies to isotropy of velocity increments in which invariace must hold under arbitrary rotations
of " and u.

We now provide a few clarifying remarks associated with eaofithese hypotheses. First, taken as
a whole, they are used to obtain consequences of the 2/3 lawdgwroof of the 4/5 law. Also, we note
that they are not identical with the Kolmogorov universality assumptions. In this regard, we observe
(as does Frisch, himself) that Frisch does not employ the tsof the Kolmogorov assumptions; in
particular, all of the hypotheses used in [80] involve thRe! 1  limit. Second, all three of Frisch's
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hypotheses require the assumption of recovery of N.{S. syrmeines in the statistical sense, while
the Kolmogorov assumptions do not explicitly state this. Itis, however, needed in the proofs of
the Kolmogorov results, but it is not clear that Kolmogorov a@tually intended this simply because
experimental evidence of this property was not yet particakly strong at the time of his K41
analyses. The nal aspect of Frisch's rst hypothesis is theequirement of being \away from
boundaries." Again, this did not explicitly appear in the Kdmogorov assumptions, and it is the
rst hint that homogeneity and or isotropy will be invoked|n either of these can be expected to
hold in the vicinity of (solid) boundaries.

It is important to consider the details of Frisch's Hypothes 2. It proposes self similarity on
small scales and expresses this in terms of a typical powewleepresentation. We earlier provided
an heuristic description of self similarity in Def. 1.45; he, Eq. (2.90) establishes a more concrete
characterization in terms of velocity increments. It is wath noting that this is a vector expression;
but and h are scalars, and this is hypothesized to hold for all spati@crements™ and positive
multipliers  provided these are small compared with the integral scale. &¥emark that this seems
basically equivalent to small-scale homogeneity and isopy assumptions, the latter due to the
vector nature of Eq. (2.90). We also mention that this equatin expresses a \pure math" version
of homogeneity of velocity incrementsyiz., it is precisely a statement that these are \homogeneous
of degreeh,” a concept often encountered in analysis of di erential agations| e.g, dynamical
systems. At the same time, the power law representation isgical of characterizations associated
with fractal attractors of di erential (and discrete) dynamical systems, and often phase portraits
of their trajectories appear the same on all scales (see, ®atample, Alligoodet al. [85]).

Finally, Hypothesis 3 coincides with experimental obsertians, and it also embodies important
mathematical consequences. To understand the nature of 8eewe again recall the de nition of
dissipation rate, given originally in Eq. (1.53):

" =2 kSk?;
where S is the strain rate tensor whose elements are of the form
1 .
i @u @P ; ) =1;2,3:
S 2 @;( @x
Clearly, asRe ! 1  as required in all of Frisch's hypotheses (and in Kolmogortv second
assumption), ! 0. Then if" is to remain nite, it must be the case that some ( rst) derivatives

of U become unbounded. But we emphasize thdtis a mean dissipation rate, with the average
being constructed spatially in the context of Frisch's profs. We see from this that nite " in the
Re!1 limitis not at all inconsistent with modern mathematical theories of the N.{S. equations,
despite the the form of the de nition of". In particular, such theories permit unboundedness a&f
on sets of zero measure, and an averaging process (which isidzlly integration) can ignore such
sets without a ecting the value of the average. We also empbge that", itself, is just a de nition,
and it does not naturally appear in the N.{S. equations. In pdicular, within the context of the
Galerkin representation of the N.{S. equations provided irfEqs. (1.42){(1.45), viscous dissipation
occurs due to linear di usion terms of the form,e.g, jkj’a,=Re and only from such terms. This
merely implies that asRe ! 1  larger values ofjkj must be retained in Fourier representations
of N.{S. solutions to maintain di usive (dissipative) phydcal e ects. Thus, nite dissipation as
Re! 1 s not inconsistent with the N.{S. equations themselves dpte a possible inconsistency
with the de nition of ".

2.2.3 Principal results of the K41 theory

As mentioned earlier, there are three main results of the K4theory, namely, the nite dissipation
rate just discussed, the 2/3 law and the 4/5 law. The rst two d these follow from dimensional
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analysis and experimental observations (to set undeterned constants), with the second modi ed
somewhat in Kolmogorov's K62 theory [27] to bring it into beter agreement with more recent
experimental ndings. The third one, on the other hand, is a mthematically-provable outcome
of the N.{S. equations. We will treat each of these here, begiing with the result concerning the
dissipation rate.

Finite Dissipation Rate as Re !1

We begin by noting that considerable discussion of this apaes already in the previous subsec-
tion. Indeed, this is simply one of the three hypotheses engyled by Frisch [80] to prove the 4/5
law. While our earlier discussions were of a more mathemadic(but not rigorous) nature, in the
present treatment we focus on physical con rmation (or, atdast suggestion) that dissipation rate
of turbulence kinetic energy remains nite aRRe!1 , despite the factthat ! 0. We will mainly
follow the treatment provided in Chap. 5 of [80], with some nmior changes.

Frisch employs the physical example of drag created by ow gaa blu object to arrive at
a physical argument for nite dissipation rate asRe ! 1 . It is rst noted that wind tunnel
experiments, although di ering in detail from one geometag shape to another, rather generally
produce plots of drag coe cient, Cp (de ned as Fp :(% U 2A), where Fp is (measured) drag force,
and A is area over which it acts), versus Reynolds number of the farshown in Fig. 2.4. Plots of this
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Figure 2.4: Drag coe cient vs. Re for ow over a circular cylinder, from experimental data referenced in
Tritton [127].

nature underscore several main ideas. The rst is that for l@ Reynolds numberCp depends fairly
strongly onRe, and uptoRe 10 is approximately inversely proportional taRe. It should be noted
that such ows are laminar and steady, but at least some of theroken symmetries occurring on the
route to turbulence will have already taken place. Next, it lsould be observed that forRe & 10
there is essentially noRe dependence ofCp until onset of the \drag crisis” which occurs forRe
somewhere between 2Gnd 1¢. But with continued increases inRe beyond this, Cp is essentially
constant. The reader may recall an analogous behavior repested in the Moody diagram of skin
friction coe cient vs. Re for pipe and duct ows.

At this point it is interesting to relate the drag coe cient t o the energy dissipation rate because
the drag coe cient in general depends onRe, and this will lead to the result that dissipation
remains nonzero ake! 1 . This will be done simply via dimensional analysis. We obses that
the power\W. needed to move ow past an object should be related to the spkef the ow U and
the size of the object, here characterized by a length scdle In particular,

W W=T FL=T M L=T? L=T M L%=T%;
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whereF is force;M is mass, andT is time. We observe that\\l has units mass times rate of viscous
dissipation and also can be related to the drag coe cient as

W Cp L 2U3:
To see this, observe that by de nition
F
CD = 1 b .
Zuy?
2

At the same time

W:FDL:%UZALCD; )VM:W:T:%U3ACD Cp L 2U3:

The dissipation rate is generally written per unit mass; in articular, we recall that " L?=T3,
Thus, we write
W us
n - C _ ;
L3 L

by equating" to power per unit mass. Now recall from Fig. 2.4 that at higliRe when a ow should
be turbulent, Cp is independent ofRe, and hence" is independent of viscosity foRe!1 . This
provides an heuristic demonstration of the following (as ggears in [80]):

Finite dissipation. If, in an experiment on turbulent ow, all control parametes are held constant
except for viscosity, which is lowered as much as possiblee tnergy dissipation per unit mass
de=dt " behaves in a way consistent with a nite positive limit.

The 2/3 Law

We begin by stating Kolmogorov's 2/3 law as given by Frisch [§. We follow this with a speci c
formula corresponding to the statement, and nally show howhe well-knownk 5= energy spectrum
follows directly from this formula. We emphasize from the sirt that these are mainly empirical
results, and the reader is encouraged to consult Chap. 5 0o0[80 see speci ¢ comparisons with
experimental data. The 2/3 law can be stated as follows (Frah [80]):

Kolmogorov's 2/3 law. In a turbulent ow at very high Reynolds number, the mean-sgte
velocity incrementh( u())?i between two points separated by a distancéehaves approximately as
the two-thirds power of the distance.

Several remarks are in order for interpretation of this resu First, we should observe that (u)?
is a (squared) magnitude of the vector quantity u, so one might question whether any sense can
be made of this unless the turbulence is isotropic. But it turs out that this same scaling seems to
hold for individual components of velocity increments, indpendent of isotropy (see experimental
results presented in Chap. 5 of [80]). Of more importance ité length . We would expect
from hypotheses discussed in preceding subsections thashould be very much smaller that the
integral scale. Indeed, the 2/3 law holds speci cally in theénertial subrange of the energy spectrum
corresponding, roughly, to Taylor microscale lengths as weve previously discussed in connection
with Fig. 1.5. Finally, the \very-high Reynolds number" asgect of the statement of this law is very
important. For low Re (but still high enough to be turbulent) the range of  over which the 2/3
law holds is very small; but asRe increases this range increases. We again remind the readér o
discussions associated with Fig. 1.5 where it was argued thhis type of behavior is predicted, at
least qualitatively, from the Galerkin form of the N.{S. equations.
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We can now provide a formula corresponding to the 2/3 law. Toalthis we rst recognize that
h u("))? is actually the second-order structure function ofi de ned in general in Eq. (1.22). That
is,

S:() = huC)A
= Hu(x+") u())A:

It is useful to note, as we have earlier, that in the context ofelocity componentsS; is clearly related
to kinetic energy, and that in general it is associated with &nergy" in the sense of 2 functions.

We next recall the meaning of the inertial subrange as given Def. 1.77; that is, this is the range
of scales over which viscosity is unimportant|viscous fores are dominated by inertial forces. In
particular, this corresponds toRe su ciently high that at low to moderate wavenumbers di usive
e ects are completely dominated by advective e ects in the NS. equations. We should recall
that this would correspond to Kolmogorov's second univerty assumption for which turbulence
statistics depend only on the length scale and the dissipation rate". Now becauses, is associated
with kinetic energy, it must have general dimensions3=T?2. Also, we know that" L2=T3, and
we want to nd a combination of © and " that has the dimensions of energy. It is thus easily seen
that the only possible combination of these variables is

S;(7) = C (2.92)

where C is a universal constant.

There are two main consequences that can be readily deduceah the 2/3 law. The rstis the
form of the turbulence kinetic energy spectrum, and a secomesser-known one is the exponetiin
the Frisch's Hypothesis 2 regarding self similarity of N.{Sturbulence. We will treat each of these
in the following two subsections.

The k 573 energy spectrum. We can now use Eg. (2.92) to derive the widely-quoted Kolmoguy
k 5= inertial-range scaling of the turbulent energy spectrum. @ do this we rst observe that S,
in Eqg. (2.92) is expressed in physical space, and we will démdhis as E as a reminder that it is
energy. Thus, we write

E=C"¥2%3, (2.93)

But what is needed is a function of the wavenumbek. Clearly, we should be able to express an
incremental part of E in Fourier space asdE = E(k)dk. From this it follows that the small-scale
total (cumulative) energy corresponding to all wavenumberhigher than an arbitrary (but evidently
chosen in the inertial subrange) on& must be

z 1 z 1
E(k) = dE = E(k)dk:
k k
It is shown in [80], under rather general circumstances, thd& (k) must satisfy
E(k)/ k "; l<n< 3; (2.94)

and substitution of this into the integral on the right-hand side above leads to
1

E(k) k "dk

1

— k n+1

1 n

L} 1 .
T—E(Rk:
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We remark that the estimate ofE (k) given in the relation (2.94) is consistent with velocity beng
at least in L?, so it is a mathematically-reasonable assertion.
Now observe that the range oh given above guarantees that

1
1 n

o > 0;

and sincek is arbitrary we can write E(k) = C,E(k)k for any k. Finally, we note that up to a
scaling constant (that depends on details of basis functisrchosen for a Fourier representation) we
havek = 1=", so from Eq. (2.93) we obtain

C.E(K)k = C"F3k 23,
and rearrangement leads to Kolmogorov's well-known restfibr the inertial range energy spectrum,
E(k) = G "3k °3; (2.95)

where C is the Kolmogorov constant This constant must be determined from experimental mea-
surements, and it appears not to be truly constant with obs&ed values generally in the range from
unity to two (see, e.g, Chasnov [128]).

We remark, as noted in [80], that Kolmogorov did not actuallypresent this result in his 1941
papers. Rather, it was rst given by Obukhov [129] in 1941. Fuwhermore, because the Russian
technical literature was not widely available in the West util considerably later, this same result
was independently discovered by several other researchdtging the mid to late 1940s.

The scaling exponent h. There is yet another result that can be easily deduced from &2/3 law.
Recall that in Frisch's second hypothesis it was assumed theelocity increments are self similar
on small scales, and that there is a unique scaling expondnivhich was not speci ed at that time.
The 2/3 law permits us to determine the value of this exponent
From Eg. (2.90) we have
ux; )= "ux);

which we write in terms of the second-order structure funadn as
S(C )= hu(x; )% = CER()F:

But by (2.90) this must be
Zhr( U(\)) i = Cu2=3 2=3\2=3:

Thus, it follows that the unique scaling exponent has the vak h = 1=3. We remark that while this
derivation would appear to require isotropy, Frisch [80] rtes that there is an alternative derivation
that does not require this.

The 4/5 Law

The 4/5 law, although probably less quoted and possibly lesbrectly useful than the 2/3 law,
is in many respects the most important of the K41 results. Tisi is true for two main reasons.
First, it is derived directly from the N.{S. equations (albet, with the use of a number of restrictive
assumptions), and unlike the 2/3 law it contains no adjustale constants|it is the only exact result
for the Navier{Stokes equations at highRe. Second, and equally important, it has been validated
in numerous laboratory experiments. The 4/5 law proposes #t third-order structure functions of
velocity increments scale linearly with separation distace ". More precisely, we have the following:
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Kolmogorov's 4/5 law. In the limit of in nite Reynolds number, the third-order longitudinal
structure function of homogeneous isotropic turbulenceyauated for increments small compared
with the integral scale, is given in terms of the mean energissipation rate per unit mass as

Su()= o (2.96)

Derivation of this exact result is lengthy and nontrivial, axd we will not present it here. (The
interested reader should consult Chap. 6 of [80].) We simpbbserve that the derivation provided
in [80] requires three conditions: homogeneity, isotropynd fully-developed turbulence. We have
not previously emphasized the last of these, so we will pro a few additional remarks here. We
rst recall from Def. 1.72 that this terminology implies high-Re turbulence in which statistics are
no longer changing in the ow direction. Thus, we see that witin the context of the other two
requirements, the only thing added by requiring fully-deMeped turbulence is the speci ¢ statement
of high Re (as given in the 4/5 law). Hence, this has in part been impliethy all of our preceding
hypotheses and is basically subsumed by the homogeneity asdtropy requirements. The specic
information employed by Frisch [80] to prove Eq. (2.96) is t following:

i) energy is input only on large scales;
ii) the N.{S. solutions tend to a stationary state at large times, and
iii) mean dissipation rate" remains nite asRe!1l

Moreover, it is emphasized that the self similarity of Frise's Hypothesis 2 stated earlier is notised.
With this combination of hypotheses and their consequenceis is possible to derive the following
third-order ODE for S; forced by":

d d d
1+ — + +
d 3 d > d

Ss()
=

= 12" (2.97)
The unique, exact solution to this equation is given in Eq. (86) for the longitudinal case.

Higher-Order Structure Functions

Finally we note that Hypothesis 2 suggests that structure foctions of arbitrary (but nite)
order p should scale as
Sp(7) = CpPPs; (2.98)

where theC,s are dimensionless and independent Be. It is clear that when p = 2 we recover the
2/3 law with C, = C¢, and whenp = 3 we obtain the 4/5 law with C3 = 4=5. We remark that
experimental evidence for the validity of Eq. (2.98) for lage p is not strong. It is believed that this
discrepancy is related to intermittency, e ects of which hee not been included in the K41 theory
(but attempts at this were made in the K62 theory), and theres still considerable ongoing research
related to this. We refer the reader to [80] and referencesdtein for more details on this important
and interesting topic.

2.3 Summary

This chapter has been devoted to statistical analysis and rdeling of Navier{Stokes turbulence.
We began with a fairly detailed treatment of the Reynolds-asraged Navier{Stokes equations. This
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included analysis of the Reynolds decomposition and of theARIS equations, independent of any
speci ¢ modeling procedures. The key results of this werg the Reynolds decomposition imposes
an extremely di cult modeling task because essentially allow details most be modeled|using
statistical quanti cations; and ii) the form of the RANS equations is such that their solutionsan
never converge to time-averaged solutions to the N.{S. edi@ns except in the case of availability
of exact Reynolds stresses|which can be obtained only via DNS.

We next described three main widely-used classes of RANS retsl i) mixing-length theory,
i) k{" models andiii) second-moment closures. It was clear that none of these igllfounded
in either physics or mathematics; so the generally poor rdtithey produce comes as no surprise,
and as a consequence they cannot be used as predictive to@s. the other hand, in the presence
of su cient data required for detailed calibration of closue constants and validation of results,
it is possible to use such models in an interpolatory fashifwf course, with caution. They are
sometimes able to at least mimic observed physical trendsyutbthey are essentially never able to
accurately reproduce entire ow elds. This, again, is a completely expected outcome|too much
information has been lost in the averaging process to be aldle recover it by anything short of
exact statistical correlations (the Reynolds stresses).

Finally, we presented a brief treatment of the Kolmogorov K2 theory. We emphasized that this
is also a statistical treatment of the N.{S. equations, buttiis intrinsically di erent from Reynolds
averaging in that the (implied) decomposition of ow varialdes is a Hilbert-space decomposition.
Furthermore, no modeling,per se is contained in the Kolmogorov results; on the other hand ather
restrictive assumptions must be imposed to obtain them. The are three main results:i) nite
dissipation rate asRe! 1 , ii) the 2/3 law, and iii ) the 4/5 law. The rst two of these are mainly
empirical but can be derived on the basis of dimensional ayals. The second of these leads to
two further results|the k 52 energy spectrum of the inertial subrange, and a value = 1=3 for
a universal scaling constant associated with self similrion small scales. The last of the key
results, the 4/5 law, is directly derivable from the N.{S. egations under the hypotheses of higike
homogeneous isotropic turbulence. It is exact (no adjustéb constants), nontrivial and in good
agreement with experimental data. It is the only such resulknown up to the present time.
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Chapter 3

Large-Eddy Simulation and Multi-Scale
Methods

In the preceding chapter we provided an overview of RANS matlds that demonstrated their
inability to produce solutions to the N.{S. equations. Thisis obviously a very serious shortcoming
of any turbulence modeling procedure, and although it has itainly been recognized for a long time
by theorists, especially mathematicians, it has had littleif any, impact on engineering analyses of
turbulence. On the other hand, failures of RANS methods aresvidespread that engineers have
sought other techniques from the earliest that computers ka been available. Large-eddy simulation
(LES) was the rst of these, proposed by Smagorinsky [130] 063 and by Deardor [10] in 1970,
and actually preceded both moderk{" models and SMCs.

In this chapter we will present a fairly thorough overview othe main aspects of LES, particularly
with regard to subgrid-scale (SGS) models, and to a lessertent the problem of Itering the
governing equations. But in addition we will propose viewip LES as a subset of the much wider
class of multi-scale methods (see.g, E and Engquist [131], and references therein) and show
that it, in a sense, represents a link between classical twlence modeling procedures and new
approaches (such as DNS) that emphasize the dynamical syste aspects of the N.{S. equations.
We will establish this link by rst providing a fairly detail ed treatment of LES, then presenting
details of the dynamical systems view of the N.{S. equatioresla Ruelle and Takens [8], and nally
showing how this relates to multi-scale methods in generahd LES in particular. We will then
conclude the chapter with a somewhat altered form of LES thagxplicitly utilizes this dynamical
systems viewpoint for construction of SGS models and at thamme time employs multi-scale ideas
to combine the large and small scales.

3.1 Large-Eddy Simulation

In Chap. 1 we briey discussed large-eddy simulation decoropition of dependent variables and
further described LES as a turbulence computation method ilyg somewhere between RANS and
DNS. But these discussions were mainly qualitative; here wall provide considerably more detail.

We begin with a more thorough discussion of just where LES deon the spectrum of turbulence

models. Following this we review material presented eanti@n the LES decomposition, and we
carry out the formal procedure for applying LES to the N.{S. guations, just as we have previously
done in the RANS case. This process will include two speci spects of crucial importance to LES:

ltering the governing equations, and construction of SGS wdels. It is the speci ¢ approach used
for each of these that allows distinctions to be made amongste various forms of LES, and we will

consider several of the currently most widely used of these.
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3.1.1 Comparison of DNS, LES and RANS methods

We have already emphasized in Chap. 1 that in the context of tbhulent ow simulations DNS
requires_ nomodeling, and RANS approaches entail extensive modelings ae have seen in Chap.
2. The former simply exploits numerical analysis to constat an e cient implementation of an
appropriate N.{S. solution procedure. No physical assumjins need be made beyond those already
embodied in the N.{S. equations themselves; but because bétextremely wide range of length and
time scales, re ected in the magnitude of the Reynolds numbeit is not yet possible to perform
such calculations ifRe is at all large. The reader will recall in Chap. 1 we argued thahe total
required arithmetic scales ake?® for DNS calculations, and this is an optimistic estimate. lis often
pointed out that at the current rate of improvement in compuing hardware, this translates to being
able to double the size oRe in a calculation only once in a ve to ten year period. Clearlythis is
completely unacceptable from a practical standpoint as isspecially obvious when it is considered
that Re O (10%) is the current state of the art.

Until recently, the only alternatives have been RANS methosl In these required arithmetic is
nearly independent ofRe, and in fact many such methods work best at very higliRe where scale
separation is more likely to be a reasonable approximatiofut as we have seen, no RANS approach
can be predictive due to the extensive modeling requirementso this too is unacceptable.

The same type of analysis leading to th&e® arithmetic requirement for DNS shows that total
arithmetic required for LES should not exceedre?. In particular, the goal in LES is to directly
simulate only into the inertial subrange, and not all the wayo the dissipation scales as must be done
in DNS. At the same time we see that the LES models need reprasenly the high-wavenumber
part of the inertial subrange, and the dissipation scales|n sharp contrast with RANS models which
are formally required to model everything from (at least) tle integral scales through the dissipation
range.

Furthermore, we know the Taylor microscales lie fairly deewithin the inertial subrange, and it
was shown in Chap. 1 that'= Re!™, where" is the integral scale length, and is the Taylor
microscale length. Thus, in 3D the ratio of largest to smalgt scales that must be resolved is
proportional to Re*?, and as we did in the context of DNS estimates we assume the nercal time
step sizes should satisfy a Courant condition; so the totarithmetic is Re? for LES provide SGS
model evaluation is independent dRe, which usually is the case. Unlike the DNS case for whicke®
is actually somewhat optimistic, theRe? estimate for LES is likely to be somewhat conservative,
and one sometimes nds predictions of total arithmetic as l@ asRe®*?. But even the Re? estimate
is beginning to be an acceptable amount of arithmetic on modecomputing machinery, and LES is
now an available option in many commercial CFD software swgs intended for practical engineering
applications.

We can summarize these comparisons as follows:

i) DNS requires no modeling, but it demands resolution from #large scales all the way through
at least the beginning of the dissipation scales. This ressllin total arithmetic scaling at least
asRe®, or worse.

i) LES requires modeling of part of the inertial subrange anadhio the beginning of the dissipation
scales. The amount of required modeling is set by the amount cesolution that can be
a orded, but it is unlikely that total arithmetic will scale worse thanRe?.

iii) RANS requires modeling of everything from the integral séas into the dissipation range|
only mean (zerd' -mode) quantities are directly computed. As a consequendetal arithmetic
Is at most a weak function ofRe.
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In addition, we remark here (and we will demonstrate this in dtail later) that in contrast to
RANS, it can be shown that LES procedures generally converge DNS (and thus their solutions
can be expected to converge to N.{S. solutions) as discrettion step sizes (and lter widths) are
re ned.

Finally, before proceeding to details, it is worthwhile to mention that just as is true for RANS
methods, there are by now many dierent forms of LES. We will at here attempt a detailed
treatment of all of these but instead concentrate on a few ohe better-known and more widely-
used approaches. The oldest, but yet still widely used, is¢fSmagorinsky model [130], with \model"
referring to treatment of the unresolved stresses. We wilafer see that this approach in not very
di erent from mixing-length models used in RANS methods, adh this is not surprising since early
work with LES was actually done in the shadow of RANS theory. ike mixing-length models,
the Smagorinsky model works well only for a very limited numdr of ow situations, and the rst
attempts to correct this resulted in what are now termed \scke-similarity” models, rst proposed by
Bardina et al. [132]. These were not successful in general, and the next Kokid" consisted of the
so-called \dynamic" models introduced by Germanet al. [68]. Both of these approaches tend to be
too little dissipative (although this can be corrected in tle latter), in contrast to the Smagorinsky
model which is essentially always overly dissipative. Theatural response to this conundrum was to
e ectively \average" scale-similarity and more dissipatte models such as Smagorinsky to produce
\mixed" models. All of these methods have been constructedasthe \classical" approach to LES
consisting of the following steps:

i) decompose ow variables into large- and small-scale partsith the large-scale part purportedly
de ned by a Itering process;

ii) Iter the governing equations, and substitute the decompsition from part i) into the nonlinear
terms to construct the unclosed terms to be modeled and obtaa system of equations for
resolved-scale variables that is as close as possible to bh¢S. equations;

iii) model the unresolved stresses;
Iv) solve equations for the large-scale contribution (whilessentially ignoring the small-scale part).

With the exception of the last, we will treat these steps in dail in the sequel; but before doing
this we wish to emphasize that there are beginning to appeasrims of LES that do not follow this
standard formulation, and we will mention a few of these at tis time and provide further details
in the section devoted to multi-scale methods.

There are many di erent approaches being attempted, rangmfrom simply solving the governing
equations with numerical methods that are strongly dissigave and thus replacing physical (actually,
model) dissipation with numerical dissipation, to quite sphisticated procedures which attempt to
directly model the subgrid-scale variables. The former appaches are usually termed \implicit" LES
(ILES), due to Fureby and Grinstein [133], an example of whiicis monotonically integrated LES
(MILES), as rst proposed by Boris et al. [134], while the latter comprise a wide class of methods
reviewed in some detail by Sagaut [73] and often called \syrgtic velocity" approaches. Specic
ones of these include the linear-eddy models (LEMs) and odamensional turbulence (ODT) models
of Kerstein and coworkers (sees.g, Kerstein [135] and Echekki [71], respectively), the \eshation"
models of Domaradzki and coworkerse(g, Domaradzki and Saiki [70]) and the chaotic-map models
of McDonough and coworkers€.g. Hylin and McDonough [136], and the summary in [73]).
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3.1.2 The LES decomposition

We earlier presented the LES decomposition in Eq. (1.27) fer generic scalar variable. Here, we
consider this in more detail for the velocity vectol = (u;v;w)" and begin by writing

U(x;t)= e(x;t)+ uyx;t): (3.1)

We remind the reader of two key points associated with this fon of decomposition. The rst is
that ~e' represents a spatial Iter that should be considered a loyass lIter which, in principle,
removes all wavenumbers in the Fourier representation &f above those supported by the chosen
discretization of the governing equatiozns. Formally, we ha

B(x;t)=  Gxj)HU(;H)d e(x;t); (3.2)

where the Iter kernel G is often taken to be a Gaussian, and; is a subdomain of the solution
domain such that the volume of ; is approximately h® with h being the discrete step size of the
numerical approximation. We remark that there is an alterntive interpretation of this. Namely, we
might instead take the domain of integration to be the entirgoroblem solution domain and then
demand that G have compact support over just a few multiples ofi (in each direction). Clearly,
this is equivalent to our notation. In addition, it is probably more precise to measure this support
in terms of the \ lter width," usually denoted , which itsel fis a few multiples ofh in length.

The second point, which follows from the rst, is thatuqx;t) is a very di erent mathematical
object from that possessing the same notation in RANS formiams. Indeed, we see that®is the
high-pass Itered part (or, remainder in the Fourier seriesontext) of the solution U (x;t) after the
low-pass lItering of EqQ. (3.2) has been applied. That is,

udx;t)= U(x;t) e(x;t); (3.3)

which formally has exactly the same appearance as the RANSudt. But due to the nature of the
LES decomposition the are obvious consequences of this fatism that di er from the RANS case,
namely,

8(x;t)6 e(x;t) and hox;t)60; (3.4)

except in the special case of a projective lter. In particwdr, from Eq. (3.3) we have

fox:t) = B(x;t) 8(x;t)
= ae(x;t) 8(x;t)
6 0;
since in general,
Z Z

B(x;)=  G(xj)e(;t)d 8 G(xj)U(:;)d =e(x;t);
for typical (non-projective) lter kernels. We remark that a speci c exception to this is the sharp-
cuto Fourier-space lIter which is projective.
As we have previously noted, the form of Eq. (3.1) is suggestiof a Hilbert-space decomposition
except, as already indicated, the subspaces are not perfgairthogonal. Despite this technicality,
it is useful to identify (3.1) with the Fourier representation

Xe bS
Ui = at) «(x) + ak(t)" «(x): (3.5)
ki 0 jki= ket
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In this manner it is easy to provide an heuristic (but not riggous) argument for convergence of LES
solutions to solutions to the N.{S. equations. In particula in contrast to a RANS decomposition
in which signi cant information may be lost in a nonrecoverale way due to the simple averaging
procedure employed, Eq. (3.5) representing LES shows thet discrete resolution is increased !

1 ), the computed result should converge to the true functionding represented (assuming, of course,
that the function is at least in L?()).

3.1.3 Derivation of the LES Itered equations

In this section we will derive the lItered equations employe in the LES formalism. We begin with
conservation of mass, which in the incompressible case te@ here is extremely simple, and we
then proceed to the more tedious momentum equationgiz., we follow the same process introduced
in treatment of the RANS equations in the preceding chapter.

The Continuity Equation

Conservation of mass, or the continuity equation, for an irmmpressible ow is just the divergence-
free conditionr U =0, or
Uy + vy + W, =0 (3.6)

in 3D. Formal application of the lter results in
b + %, +W,=0:

We see that to obtain the desired form will require commutatity of the spatial Iter and spatial
di erentiation. For example, the rst term in the above is of the form
Z

@
G(x] )—=(;t)d :
600 ) gl
It should be clear that commutativity will not hold for all possible kernelsG, but the typical ones
used for LES lIters usually possess arguments of the formm  , and they generally have (nearly)
compact support on . In this case it can be shown thatfi, = By, etc., at least in Cartesian
coordinate systems. We leave demonstration of this for theader. Thus, Eq. (3.6) can be replaced
with
B+ @ +w,=0; (3.7)

orr e=0.

At this point it is worthwhile to again recall that @ is a low-pass Itered quantity associated

with the rst few terms of a Fourier representation ofU as given in Eq. (3.5). Thusr 8 =r @
by de nition. Then it follows that

O=r U=r (a+uY:

But r @ = 0 also holds as seen from Eq. (3.7). Hence, just as was the edsr the Reynolds
decomposition, we see that
r u=0: (3.8)

We again recall from our Galerkin representation of the Nagr{Stokes equations in Chap. 1 that
in Fourier space this must hold on a mode-by-mode basis; butwsee that even in the absence of
a projective lter the divergence-free condition must holdseparately on large and small scales, and
in synthetic-velocity SGS models this requirement shouldeéexplicitly enforced.
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The Momentum Equations

From the preceding straightforward exercise in lItering tle continuity equation we can easily
deduce the Itered form of the momentum equations. These cdme expressed as
@ :
@t+ r gu =r p+ e: (3.9)
Obtaining the rst term on the left-hand side involves a trivial (assuming time-independent coordi-
nates) commutativity of the lter with the temporal derivat ive, while both terms on the right-hand
side follow in the same way as in the continuity equation. Thgj just as was true with Reynolds
averaging, ltering of the momentum equations leads to sigrcant di culty only in the nonlinear
terms (provided simple Iters with properties as we have beesupposing here are employed). As
will be clear as we proceed, the di culties associated withie nonlinear terms are similar to (but
more complicated than) those arising in the RANS case, and generalized coordinates they occur
for linear terms as well.
For the nonlinear terms we introduce the LES decompositiondg (3.1) and write

Z
r QU =r (e+u°)(e+u%

0 Z Z Z 1
GTHETH GroErd (o O@ew
Z % v v Z
E = GrOEd @ ey @ hmee £ (G0

Z Z Z
(a+ u9 (& + w% (e+ V9 (& + w% (w+ wO(w+ w%

We examine one component of this tensor in detail to deducesdtstructure induced by decom-
position and ltering. Consider
Z

(a+ u9(e+ v% = @e + 90+ QU0+ QYO (3.11)

We observe that there are three speci ¢ types of terms in thisxpression, and in all of the analogous

ones corresponding to the remaining components of Eq. (3)10he rst of these, e (a part of
what is known as thelLeonard stres$, would have simply been of the formtov in a Reynolds-

averaging procedure. On the other hand, despite its greateomplexity, @ still can be computed
directly (without any modeling required) since we have eqti@ns for 8 and e.

The second pair of terms@v°® + @u°, is known as thecross stressand this would be identically
zero in a Reynolds-averaging formalism. In the present canit, however, these terms are not only
nonzero, but they must be modeled because they contain smatlale factors.

Finally, terms of the form 84 are analogous to components of the Reynolds stress tensoatth
occurs in RANS procedures, and they are usually calléeynolds stressesven in the LES context.
In usual treatments of LES, the terms on the right-hand sidefdeq. (3.11) are expressed in Cartesian
tensor notation as given here parenthetically:

Ljj @e oe = Aai 8 ge (Leonard stress)

Cij bi UJ-O + hi Ujo

B + Bud (cross stress)

R; @0 = &l (Reynolds stress)
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where the origin of the second term in the Leonard stress wille made clear below.

It is important to recognize that the last of these terms areudndamentally di erent from the
Reynolds stress components arising in RANS formalisms, gés their common name. In particular
we should recall that the individual uctuating quantities appearing in the usual Reynolds stress
(2.23)), while the subgrid part of a LES representation is asciated with a high-pass Itering of
the solution, thus carrying information only from the modesabove some cut-o wavenumberk,
corresponding to what can be supported by the discretizatioemployed in treating the ltered,
large-scale equations. Furthermore, it should again be absed that, for example,u® = 0 in
RANS formulations; but U° 6 0 in the LES case, as we have already stressed. In short, aaé
from a fundamental mathematical viewpoint we must expect tat 8%° and ud?° are quite di erent,
and in particular we should notexpect @%° = u%0in general, although they have been given the
same nomenclature and notation. On the other hand, due to pgence of the Leonard stress, the
overall SGS stresses may not di er signi cantly from the caesponding Reynolds stresses of RANS
approaches aside from their time dependence.

We remark that in early treatments of SGS modeling each of theontributions listed above was
modeled separately; since they correspond to di erent pagtof the energy spectrum one could argue
that this should be an advantage. On the other hand, it is shawby Sagaut [73] that for typical
simple lters (but not for all Iters) the invariance proper ties of the N.{S. equations are preserved
under ltering, but in contrast, the individual parts of the LES decomposition do not all separately
preserve all invariances. In particular, neither Leonardar cross stresses are Galilean invariant, but
their sum is; hence, the complete SGS stress is Galilean irieat. This, however, suggests that at
least from the standpoint of maintaining N.{S. invariancesit is probably best to model SGS stress
as a single entity. This is now the usual practice. Beyond thiis the additional fact that unless
explicit time integrations are employed for the advectivedrms, an iteration process is required for
construction of Leonard and cross stresses at each time stefthough this might be incorporated
in the nonlinear iterations of an implicit scheme in any case

We also note that more elaborate Iters can result in loss ofnvariance of the Itered equa-
tions themselves. Speci c examples include those with dirent Iter lengths in di erent directions
and those having variable lIter lengths in any, or all, diretion(s). Such di culties suggest that
alternatives to Itering the governing equations should pesibly be sought.

We now observe that the Itered momentum equations still arenot yet in a useful form. To
obtain such a form we recognize that what is needed for the rnorear term on the left-hand side of
Eq. (3.9) isr (ee). But we have seen that this form does not occur in the analysiof the ltered
nonlinear term (except in the Leonard stress where it was appently added arti cially). Thus, the
only choice for obtaining what is needed is to add and subtrathis term from the left-hand side
of Eg. (3.9). Once this is done, we replace the ltered nonlear terms on the left-hand side of Eq.
(3.10) with

Z
ee + (e+u‘3(e+u% ee ee+

SGS !

where .. is notation for the LES subgrid-scale stress. We now can weitEq. (3.9) as
e.+r (ee)=r p+ e r cs (3.12)
with
SGS;i Lj + Cj + Rj : (3.13)

This is the equation for the large- (resolved-) scale part @ LES formulation. We observe that
only .., needs to be modeled, and in that sense Eq. (3.12) takes on tlaeng appearance as would a
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time-dependent RANS method. But in viewing (3.12) in this cotext we emphasize that presence of
the time-derivative term in Eq. (3.12) is rigorously corret}in contrast to the RANS case. Namely,
the LES decomposition is such as to retain time dependencehoth large and small scales because
temporal averaging has been replaced with spatial Iteringn the construction process. We will
also see in the next section that models of . have, from the beginning, usually been constructed
suchthat .., ! Oash! O (ork.!1 ), whereh is a measure of discretization step sizes. Thus,
it is clear that Eq. (3.12) converges to the N.{S. equationsnithis limit for such models, and as we
have previously noted, LES DNS. We again emphasize that such features are not part of RAN
modeling. Indeed, the mathematical nature of the Reynoldsedomposition precludes this.

Finally, we note that r <es IS typically modeled in a way reminiscent of the Boussinesq
hypothesis, so one might argue that all that is actually aceoplished with it is stabilization of the
numerical algorithms being employed to solve an under-rdged discretization of Eq. (3.12)| i.e.,
increased (numerical) dissipation. In fact, from a mathentecal viewpoint, the only reason for I-
tering is to eliminate aliasing arising from under resolutin imposed by coarse grids of practical
discretizations. While it should be clear that Itering U, itself, might be more appropriate in this
context, presence of the termr  __. is analogous to the arti cial dissipation schemes widely em
ployed for shock capturing in compressible ow simulationésee,e.g, Hirsch [137]). It is recognition
of this that suggests use of ILES-like procedures, but in lg of this we expect such methods to
perform poorly in situations for which the Boussinesq hypdiesis is inadequate, and inparticular,
when scale separation does not hold.

3.1.4 Subgrid-scale models for LES

As we have already suggested, there are many di erent form$ bES models, and we shall not
attempt to treat more of than a few of the better known of thesén the present lectures. In the rst
subsection we will introduce the basic Smagorinsky model3@] and discuss some of its advantages
and disadvantages. This will motivate considering two othretypes of models, the dynamic models
and mixed models, in subsequent subsections.

The Smagorinsky model

The Smagorinsky model is the oldest of LES SGS models, but bese of its simplicity it is still
widely used. It is not a particularly good choice for wall-bonded shear ows, but for ows far
from solid boundaries it can be quite adequate, especiallythe large scale is well resolved with the
cut-o wavenumber lying fairly deep within the inertial subrange.

This model is based on the Boussinesq hypothesis employedeasively in RANS models and
takes the form
= 2.S; (3.14)

SGS

where § is the usual large-scale strain-rate tensor, and,, is the subgrid-scale eddy viscosity. In
Cartesian tensor index notation this is
sosi = 2ses Sis i) =1;2,3;, i6j:
The eddy viscosity is calculated using a formula analogous the mixing-length formulation of
RANS methods:
s =(Cs) %Sj: (3.15)

Here, is the Iter width (proportional to grid spacing), andCs is the Smagorinsky \constant,"
typical values of which areO(10 ?!); these can be estimated theoretically for isotropic turblence
(see [73] and references therein).
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We see from this that the term requiring modeling in Eq. (3.12is now completely speci ed,
but we should also expect from the simplicity of this model tat it is not likely to be very accurate
except in the context of homogeneous turbulence. (Observeat the unjusti able tacit assumption
\turbulence stress proportional to mean| Itered in this ca se|strain" is still being used.) Indeed,
this is generally the case; as a consequence, early LESs wodten performed with resolutions nearly
as ne as employed for DNS. In such cases’ becomes very small, and contributions from the model
are rather minimal. It is also easily seen from Egs. (3.14) dn(3.15) that the Smagorinsky model
is completely dissipative, and it is due to this that it perfems poorly for wall-bounded ows. In
particular, it is now known that for such ows as much as one tind of the turbulence kinetic
energy cascaded to the small scales returns to the large ssalvithout being dissipated. This is
termed \backscatter" (recall Def. 1.55), and the basic Smayginsky model is unable to produce such
behavior.

Dynamic models

Subgrid-scale models from the class now termeatynamic modelswere proposed by Germano
et al. [68] in 1991 as a modi cation to the basic Smagorinsky modeind constructed so as to
permit determination of the Smagorinsky \constant" as a fuition of both space and time. That
is, Cs = Cs(x;t). To accomplish this, additional information is needed, ath Germanoet al. [68]
obtain this by means of a second ltering operation. This send Iter is usually termed a test
lter in the present context. In principle, this permits identi cation of the uctuating part of the
resolved scale, and this is then used (somewhat indirectly the present case) to obtain an estimate
of the unresolved stresses. A scale-similarity hypothegsee Def. 1.103) is then invoked, leading to
a formula for Cs(x;t). Details of constructing dynamic models are provided in B, and we will
follow this reference in the present discussions.

It is worthwhile to rst consider the e ects of the test Iter by considering the location in the
energy spectrum of the various Itered quantities. This is dpicted in Fig. 3.1. As pointed out in

.

f
}

ke ke k

Figure 3.1: Energy spectrum showing cut-o wavenumbers forItered ( kc) and test- Itered ( k9) quantities.
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[73] and elsewhere, it is typical for the Iter width of the test Iter to be double that of the basic
Iter, so as indicated in the gure, the cut-o wavenumber coaresponding to the test lter is lower
than that of the original Iter. This permits us to de ne

e’-e 8 (3.16)

just as we de nedu®= U e. Then invoking the scale-similarity hypothesis permits uso estimate
statistics of u® (which are unknown) in terms of those o&° (which are known). We remark, however,
that while this is what underlies the Germanoet al. [68] dynamic model, the details are rather
di erent. We outline these here, following Sagaut [73], andeturn to further direct application of
scale similarity in the next subsection.

The starting point for development of the dynamic model is apecial case of theGermano
identity [138], relating the Leonard stress to a similar twice- lteed tensorT and a second ltering
of the usual SGS tensor. In particular, we have

Li = Tj €gsy (3.17)
where analogous to Eg. (3.11) and following,

= Lij + Cij + Rij = iJin 88 ;

SGSiij
Tij = iJi Uj gi gj ;

Lij hi g, gi gj .

Proof of (3.17) is a direct calculation which we leave to theeader, and we omit it here. We note,
however, the slightly altered form ofL; from that given earlier. This is a consequence of formally
seeking equations for the twice- ltered dependent variabs.

We remark that in the context in which many of these quantitis were originally introduced the
two di erent Iterings necessarily involved identical It ers, but here the lters will be di erent. In
particular, as already indicated the second, or test, ltemwill have lter width usually double that of
the original lter. (Hence, the above formulas lead to nontivial results even for projective lIters.)

We next introduce the so-called deviatoric parts of the temss .., andT;, and at the same
time assume these can be modeled with analogous formulas &wmg the sameclosure constant.
Then we can write

1
ScclsS;ij SGS;ij éSGS;kk ij = Cg ij ;
1

We recall that sgs;ij is simply o, With zero trace, as the Cartesian tensor operations indicat It
should also be observed that employing the same value @ for both Iter scales is analogous to
invoking a scale-similarity hypothesis.

It should be observed that ; and ; are the SGS models with their closure constants removed.
i = 28jSi;

and

i = tzest giJ' Jgj :
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In the context of dynamic models the Smagorinsky model is ntosften, but not always, used.
The reader should consult [73] to see other alternatives. Waso note that with respect to the
Smagorinsky modelCd is actually (C3)2.

Analogous to the above relations we de ne the deviatoric paof the Leonard stress tensor and
use the above in the corresponding Germano identity:

1
LI(} I—ij él_kk i = C(Sj j 6% j . (318)

Now recall that the whole point of the dynamic modeling procs is to arrive at spatially and
temporally varying closure constants| Cd in the present case. But it is clear from Eq. (3.18) that
to proceed further we must employ the approximation

¢dy = cdfy; (3.19)

which, as noted in [73], is equivalent to assuminG¢ is constant over a subdomain corresponding
to the test lter width.
One then seeks local values @ so that the error of approximation in (3.19) is minimized; tkat

is, we de ne
1

& L §ka i C2 4+ Cgfi,— ; ] =1,2;3; (3.20)
the residual of (3.18) when (3.19) is used to repla&@ j . [t should be noted that this is a tensor
equation, implying that C¢, itself, is actually a tensor. In usual treatments of the dyamic modeling
approach, however, this is simpli ed by contraction with tre strain-rate tensorS; (Germanoet al.
[68]) or with the error itself (Lilly [139]). The former leads to di culties at ow eld locations
where the strain rate is very small (or zero), so the latter isscommended. This is equivalent to the
least-squares problem of minimizingej? with respect to C3 which leads to solving@ej’=@¢ = 0.
It is easily checked that the solution to this problem is

ca= MLy (3.21)
S omgmy '
wherem; = § &, and we note that Einstein summation is being applied for regated indices.

As noted in [73],Cd given in Eq. (3.21) can exhibit two undesirable properties.First, it is
possible forC¢ < 0 to hold, and in the context of the Smagorinsky model this injes a negative
SGS eddy viscosity. Since this is employed in the Boussindsgpothesis, we see that the result is
equivalent to a \backward heat equation”|a mathematically ill-posed formulation. But because
this typically occurs at only a limited number of points on a omputational grid it can be remedied
by averaging, typically in directions in which the ow exhibits homogeneity, if such directions exist
(see [73] for various options).

Moreover, proponents of dynamic models often view negativéscosities as a desirable feature
(ignoring the basic bad mathematics they imply). In particdar, the local (usually in both space and
time) solution instabilities resulting from ill posednesdend, in at least a qualitative way, to mimic
the backscatter that cannot be produced by the highly dissgiive Smagorinsky model alone. We
should again recall the Galerkin form of the N.{S. equationand observe that noFourier modes are
damped, thus (from a numerical-analytic viewpoint) permiting unresolved high wavenumber e ects
to alias the low-wavenumber behavior. But, of course, from pure mathematical perspective, this
growth of Fourier coe cients is the hallmark of an ill-posedproblem. Hence, it must be emphasized
that despite the fact that this approach often produces apmximately correct physical outcomes, it
does so with completely incorrect mathematics. Thus, its gicability cannot be trusted in general.
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The second di culty with C¢ as given in Eq. (3.21) is that it can become unbounded, since i
principle the denominator can be zero. But Sagaut [73] argsi¢hat this is more an implementation
problem than a theoretical one because the numerator of thexpression also goes to zero at the
same time, and at the same rate, as does the denominator.

We conclude this brief treatment of dynamic models by emphaing that in the end they are
still eddy viscosity models, and hence based on the Boussigehypothesis which, as we have noted
earlier, has no physical basis and moreover represents powathematics. But in addition, for the
speci ¢ case of dynamic models, even more mathematical ptetms arise which by accident lead to
mimicking of true physics. Thus, while dynamic models tendot reproduce physics better than do
simple Smagorinsky models|especially for wall-bounded skar ows|the underlying reasons for
this are not well founded in either mathematics or physics d&ing open the question of whether
such models, or any others based on eddy viscosity, could rele truly predictive.

Mixed models

In general, mixed models consist of some linear combinatioha strongly dissipative model, such
as the Smagorinsky model, and a scale-similarity (or otheredonvolution) model. Numerous such
combinations have been studied, and we refer the reader t@[#or an extensive treatment. Here,
we will concentrate on only the simplest, the mixed Smagomsky{Bardina model, to demonstrate
the form of this class of SGS models. We will begin with a somkat more thorough treatment of
scale similarity than that introduced earlier, and this wil lead to the complete mixed model.

Scale Similarity . As already indicated in the discussion associated with E@3.16), the scale-
similarity hypothesis employed for constructing estimate of SGS statistics is based on extracting
additional information from the large scale by performing asecond ltering. This basic notion is
related to what is often termeddeconvolution or de ltering, and it can be performed in several
di erent ways, as described in [73] and references thereinVe will consider one of the simpler
versions of this since it leads directly to the Bardina model

Recall that Eqg. (3.16) was constructed by employing two di eent lter widths; but, in fact,
if the Iter is not projective a single width is su cient for t he two (or more) di erent lIterings
employed in the deconvolution process. This is the approaghken by Bardina et al. [140]. In

particular, for any variable (x), since€ s € one can identify the subgrid-scale part of with the
di erence between these two Itered quantities (by invokirg the scale-similarity hypothesis:

™) = ex) Ex); (3.22)

as shown in Fig. 3.1. Furthermore, as indicated in [73], a thgr-order approximation can be
obtained as

Ix)= e B 4+ e B8 | (3.23)

for Iters possessing an invertible kernel. In the Bardina rmadel only (3.22) is used.
From this we can immediately construct approximations to tle cross and Reynolds stresses as

Ci= & 8 8+ 8 8 8: (3.24)

and
Rij = B8 gi g gj : (325)
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We remark that the approximate equality of Egs. (3.24) and (25) arises from two separate errors.
The rst is truncation of Eq. (3.23) while the second comes &m the following. Recall,e.g, that

Ci Qu? + ul. But here we have replaced:? with

8, Bi:ll,l\i Ei'@)

so that we have implicitly employed the further approximaton
e ' &8 :

It can be shown that the error arising from this isO(  2), which is relatively large|nearly as large
as sgs, and hence evidently of the same order &3; itself.
Then recalling that the Leonard stress is given by

Lij = hiﬂj aiﬁj ;
and de ning the scale-similarity SGS stress as

(s=s) I—Ij + CI] + RI] : (326)

SGS;jj

we have
(s3) = hi g gigj . (327)

SGS;ij
Thus, the SGS stress has been approximated entirely in terrasthe Itered resolved-scale quantities|
without use of any model!

A Mixed Model . We have earlier alluded to the fact that scale-similarity mdels such as Eq.
(3.27) are not su ciently dissipative. Indeed, they generdy produce far too much backscatter
and consequently are generally numerically unstable. Thisan be remedied by combining them
with any of the various highly-dissipative models|arti ci al dissipation again! Here, we employ the
Smagorinsky model treated earlier. The SGS stress tensor this mixed model can be expressed
as

(m) 1‘ (m)  _— 1‘ 2 gij + (s9) 1‘ (ss) . . (3.28)

SGS;j 3 soskk ! - 2 SGs SGS;j 3 soskk ! J

with
ses — (CS ) 2JSJ ;
as already given in Eq. (3.14).

Several comments should be made regarding the mixed model. E828). The rst is that the
simple arithmetic averaging employed here is not always ukeand probably is seldom optimal.
Indeed, versions of mixed models exist that attempt to estiate the weighting \on the y," that
is, during the simulation. It should also be noted that mixedmodels have not been as e ective
as might be hoped, at least in part because the weighting to mmployed for the two parts is not
easily estimated. But there is a further problem of loss of Gikean invariance (see Speziale [141])
sinceLj and C; are computed separately. On the other hand, it is clear thats(g‘s) I Oash! O,
since this is true for ., and it is easily checked for %), In particular, provided the lter kernel
has compact support over the Iter width, we see thatg; ! U; as the Iter width goes to zero.

In this limit we then have
S(S;;Sij) = @Bj gigj = Uin Uin =0:

In closing this section we remark that Speziale [141] has dexd conditions under which Bardina's

scale-similarity model will preserve Galilean invariangebut unfortunately overall performance of
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the model is poorer using constants so prescribed than forhets that do not guarantee satisfaction
(in fact, violate) this fundamental property of the Navier{Stokes equations. Furthermore, the com-
bination of Boussinesg-based and scale-similarity apprd@es presents a fundamental contradiction.
Namely, any eddy viscosity (Boussinesg-like) method imgitly relies on scale separation since such
models incorporate the notion that eddy viscosity \acts lik" molecular viscosity|the former plus
the latter appear in the (molecular) di usion terms of the gwerning equations, and this physical
molecular behavior takes place on scales that are not dirgcin uenced by the macroscopic scales
of motion. This is shown pictorially in Fig. 3.2, replotted fom [73]. In contrast to this, the scale-

resolved scales

advection
( ) N unresolved scales

~ (diffusion)

g
=~y

Figure 3.2: Energy spectrum depicting scale similarity.

similarity approaches attempt to bridge this gap near the dido wavenumber, and in particular
require resolution well into the inertial range to be e ectve. Thus, even if it were true that mixed
models have performed well over a wide range of ows (which mot the case), this fundamental
inconsistency would raise serious concerns regarding theltimate usefulness.

3.1.5 Summary of basic LES methods

In this section we have provided a fairly detailed treatmeniof the fundamentals of large-eddy
simulation. We began by comparing LES with DNS and RANS mettas from which we concluded
that LES requires far less computation than does DNSQ(Re€?) total arithmetic instead of the
O(Re®) required by DNS), and at the same time has a potential for beg at least somewhat
predictive since in contrast to RANS methods, LES DNS as discretizations are re ned. We then
presented the basic steps to be followed in constructing tygal LES procedures: decomposition
of ow variables, Itering of governing equations, constration of SGS models and solution of the
resolved-scale, Itered equations. With the exception ofe last of these (which is mainly numerical
analytic), each was treated in detail in a somewhat generagtsing with explicit comparisons made
with RANS procedures, as appropriate. Finally, we preserdeoutlines of three widely-used classes
of LES models: Smagorinsky, dynamic and mixed.

The conclusion to be drawn from these discussions is simplyat there still are many shortcom-
ings of \classical" LES in essentially any form, and much resarch remains. The book by Sagaut
[73] is highly recommended for more details on all of the meitls we have considered herein and
additional ones we have not discussed; but even beyond thiprovides classi cations of SGS models
that should serve as a useful guide in beginning further reseh into LES.
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3.2 Dynamical Systems and Multi-Scale Methods

In this section we introduce a modern approach to analysis bNavier{Stokes turbulence. Work along
the lines to be developed here has been in progress since ast¢he early to mid 1980s, but results
have appeared in the archival literature only somewhat spadically until fairly recently. As the title

of this section suggests, we will consider two main (and in ¢hpresent discussions, related) topics:
dynamical systems and multi-scale methods. Neither of thespeci cally depends on the other, but
their combination presents an interesting and potentiallye cient technique for simulating details of
turbulent uid motion, as was already recognized by McDonogh et al. [184, 185] by 1984. Further
studies were continued by McDonough and Bywater [186, 18784].

While analysis of dynamical systemsper se is by now very mature, with the initial studies of
Poincae [17] dating to more than a century ago, their use iturbulence models is relatively recent,
in a sense beginning with the work of Lorenz [18], but more speally with that of McDonough
and coworkers and Kerstein and coworkers in the 1980s and 9@n the other hand, formal use
of multi-scale techniques is very recent although this is feeen in the ratherad hoc procedure
of McDonough and Bywater [188] and the inertial manifold tdmiques (especially, the nonlinear
Galerkin procedures) of Temam and students (see,g. [189]).

We begin this section with discussion of some basic tools asmted with analysis of dynamical
systems and expand some of the material presented in the déions of Chap. 1. We then demon-
strate that the N.{S. equations indeed comprise a dynamicaystem, thus suggesting that use of
such tools could prove fruitful in their analysis (as, of cage, was already recognized by Ruelle and
Takens [8] quite a long time ago). We then view LES in the conté of mult-scale methods, and
within this framework describe an alternative approach to anstructing this method. Finally, we
provide a summary/comparison of the various methods that he appeared up to the present time.

3.2.1 Some basic concepts and tools from dynamical systems t heory

In this subsection we will expand on several of the somewhaague de nitions presented in Chap.
1 and, in particular, indicate their interconnections and aplications. Key among these will be
the notions of attractor, bifurcation, phase space|and tods needed to distinguish theseg.g, time
series and power spectrajand, ultimately, strange attracior. But we must begin by rst indicating
what constitutes a dynamical system. Rather loosely, a dynaical system is anything that evolves
in time. Clearly, this includes all living systems and esséally everything else in physics, biology,
economics,etc., and this is too broad a characterization for our present pgoses. On the other
hand, the detailed rigorous de nition provided by Frisch [8] is far more than we will need. Rather,
we viewdynamical systemsas di erential (or, in some important cases, algebraic) eqtions serving
as descriptions of some time-evolving phenomenon. For exale as we have already stressed, the
N.{S. equations provide a complete formulation for analymg uid ow, and we will consider these
in the context of dynamical systems in what follows.

Attractor

The concept of attractor (of a dynamical system) can best baewed by considering time series and
phase portraits of a simple, hypothetical dynamical systeyrsay, the system of ODEs

du

G- fWwvi )i u0 = u; (3.29a)
Veguvi ) Vo= (3.29b)

where is a (possibly vector) speci ed parameter. We shall assuméis system has a long-time,
stationary and boundedsolution.
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Clearly, if f and g are su ciently simple, analytical solutions to Egs. (3.29)can be found; but
in any case solutions can be readily computed via numericalethods for any assignment of initial
data (up; Vo) and parameter(s) . Suppose this has been done, and we have obtained time series
(u(t); v(t)), at least for a discrete set of times, which exhibit steadpehavior after su ciently long
time. Then we can plot these time series in Fig. 3.3 to see thergeric behaviors displayed by Egs.
(3.29). It is clear from these time series that for the givemitial data and value of , u(t) and v(t)
ultimately attain steady values denoted here by (s; vs).

v(t)
Vo

initial transient

initial transient

Y
Y

t t

Figure 3.3: Time series of a steady solution to an ODE dynamial system.

Now we plot u(t) vs.v(t), or vice versato obtain a somewhat di erent view of the evolution of
this system. Such a plot is termed gphase portrait and a schematic for our hypothetical system
is provided in Fig. 3.4. We see that after a relatively briefransient the solution arrives at a single
xed point, (uUs;Vs), in phase space and remains there. In this steady case thisgle point is the
attractor for the dynamical system Eqs. (3.29) associated with the @ data, (Uo; Vo) and . We
think of this point as \attracting"” the initial point ( ug; Vo). Furthermore, it may be (usually is) the

steady attractor

initial transient

L

Ug Us  u(t)

Figure 3.4: Phase portrait of steady attractor.
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case that for a given value of there are many di erent initial points whose trajectories dtimately
end at (us;vs). This set of points is called thebasin of attraction for the point (us; vs), and the
collection of trajectories leading from these points toug; vs) is termed the ow of the dynamical
system (3.29).

Bifurcation

Next, consider changing the value of in Eq. (3.29). One would expect that if the mathematical
initial-value problem for these equations is well posed, &#m a small change in should result in only
a small change in ¢(t); v(t)) for xed initial data ( up; Vo). Indeed, this can usually be guaranteed
for linear systems, but if §; g) are nonlinear functions of (I; v) additional, more interesting, things
can occur. In particular, it is possible that at certaincritical values small changes in  will result
in large, even qualitative, changes in the behavior oti(v) both during the initial transient, and
especially in the nature of the stationary state. Such quadtive changes are associated with a
bifurcation of the dynamical system, and correspond to singularities ¢ifie Jacobian matrix of the
right-hand side functions ¢; g) of Egs. (3.29). This leads to a new \branch" of solutions coing into
existance at thebifurcation point associated with acritical value of . (It is worthwhile to observe
that the linear algebraic eigenvalue problem exhibits anatjous behavior: the solution vectoX is
identically zero except when the matrix minus an eigenvalugmes the identity is singular.)

A widely-studied (both theoretically and experimentally) and easily-understood example arises
in thermal convection in the form of the Rayleigh{Bznard problem Physically, this consists of a
layer of uid heated from below and/or cooled from above as stwn schematically in part (a) of
Fig. 3.5. The temperature dierence, T = Ty.1 Tc1 > 0, is such that the Rayleigh number,

T ' —Tc2
L Conduction
L No fluid motion

Figure 3.5: Bifurcation (transition) to convection in Rayl eigh{Benard problem; (a) conduction, and (b)
convection.

dened asRa g TL3= | is lower than the critical value Ra,, for transition to uid motion,
and heat is transferred across the uid layer by conductionrdy. At the rst critical value of Ra a
bifurcation occurs, and uid motion in the form of steady couter-rotating cells, often called \rolls,"
as depicted in part (b) of the gure, begins. (In the de nition of Ra, g is gravitational acceleration;

is thermal volumetric expansion coe cient; L is thickness of the uid layer, and and are,
respectively, thermal di usivity and kinematic viscosity.)

This transition is a physical example of a bifurcation, and féer this occurs heat transport in
the uid layer becomes predominantly convective. Hence, ils of a qualitatively di erent nature
from the conductive heat transfer prior to the bifurcation. In particular, the dimensionless heat
transfer quantity known as Nusselt numberNu (representing the ratio of total heat transport to
conductive heat transport), suddenly begins to increase duo onset of convection. This is indicated
in Fig. 3.6, abifurcation diagram, which indicates the states that a dynamical system might &in,
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Nu
conduction

l convection

10— ————————————— -

Y

Ra, Ra

Figure 3.6: Qualitative bifurcation diagram for Rayleigh{ Benard convection.

and locations in terms of bifurcation parameter values wherthe system changes from one state to
another.

There are several important points to be noted regarding Fi@.6. First, the branch correspond-
ing to unit Nusselt number representing conduction only, ishown extended as a dashed line beyond
the bifurcation point. This is intended to imply that the conduction solution is still a physical and
mathematical solution even beyond the critical Rayleigh nmber; that is, this solution still satis es
the equations of motion and required boundary conditions. ®©the other hand, a stability analysis
(see,e.g, Chandrasekhar [190]) shows that foRa Ra, this solution becomes unstable to small
perturbations and thus will no longer be observed in laboraty experiments (or in machine com-
putations). It is replaced by the now stable convective sotion indicated in Fig. 3.6 by the curve
of increasingNu.

Second, it is also important to note that the bifurcation shwn in Fig. 3.6 is only the rst of
several that occur in a sequence ultimately ending in turbaht convection asRa is increased in the
physical system. Such bifurcation sequences have been Wwidgudied in laboratory experiments
(seee.g, Gollub and Benson [58], Cionet al. [191], Libchaber [192]), and results con rm the Ruelle{
Takens [8] theory in a general way. In particular, there ap@e to be only a nite (and relatively
small) number of bifurcations prior to the onset of turbulebh uid motion, in sharp contrast to the
Landau{Hopf view mentioned earlier ([28],[29]) which predts an in nite sequence.

Finally, it should be emphasized that Fig. 3.6 is not the onlyorm taken by bifurcation diagrams.
We will later display others that will be more quantitative and detailed. But the present one very
clearly represents the basic ideas that need to be understhand this simplicity is an advantage
at this point.

It is now worthwhile to return again to a view of time series ad phase portraits and examine
their character as further bifurcations occur. Figure 3.7 idplays two di erent time series that we
might associate with the hypothetical dynamical system caisting of the ODEs of Egs. (3.29). The
rst of these, part (a), corresponds to a periodic solutionhiat essentially always (but there are some
exceptions) occurs at the rst bifurcation from the steady slution presented earlier. Part (b) of the
gure shows a time series corresponding to behavior aftereéhrst subharmonic bifurcation (which
is often|but not always|the second bifurcation), often ter med a \period-doubling" bifurcation
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Figure 3.7: Time series of (a) periodic and (b) subharmonic slutions to an ODE dynamical system.

since, as is clear from the gure, the period of the time sesen part (b) is twice that of part (a).

We are now to a point in our discussions where use of phase paits is again useful, as we
have seen earlier in the nearly trivial case of Fig. 3.4, thegprovide a graphical representation of
the \topology" of the attractor. Figure 3.8 provides a compaison of these representations for the
attractors associated with the respective time series of ga (a) and (b) of Fig. 3.7.

These gures depict several important points associated thi periodic and subharmonic behav-
iors. The rst is that, especially for the latter, the initial transient may be rather long; but with
regard to this we also note that the length of an initial trangent generally depends on how far the
bifurcation parameter value is from its next critical valugin general, the closer it is, the longer the
initial transient. (The reader may wish to consider why thismight be expected, at least qualita-
tively, by recalling that the original behavior prior to a bifurcation is still a solution to the equations
of motion after the bifurcation. An important issue is stablity of solutions.)

()l\(a) ()“(b)//’\\
V(t . V(t N .
transient subharmonic
- / /+ attractor
P - N / \
/ \ I \
\ \
/ A
I Y | t, Y
A ! | /
\ / \ /
/
Vo ® 4 / Vo ‘ h i~ — -~
periodic attractor transient
\ - \ -
Uo u(t) Uo u(t)

Figure 3.8: Comparison of phase portraits of (a) periodic, ad (b) subharmonic attractors.

The second point is associated with part (a) of Fig. 3.8; it ithat the structure of the attractor
(its topology) takes the form often termed a \limit cycle." Fom the gure we see that once the
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trajectory has completed the initial transient and has arwed at the attractor, it continues to \cycle"
through the points comprising the attractor in a completelypersistent and regular manneBt!1
as is already suggested by the time series plots of Fig. 3.7.

In Fig. 3.8(b), representing a subharmonic attractor, we & a somewhat more complicated
structure replacing the simple limit cycle. We have labeletivo points to provide some insight into
what has happened to the dynamical system at the subharmonifurcation. Namely, at time t, for

<  the trajectory would already have returned to the location rarked ast, taking on values
(uz; v2) In phase space; hence, the periodic orbit would have beemyaeted, and the trajectory
would begin a new traversal of this same limit cycle. But in gdrast, following bifurcation to
a subharmonic regime the trajectory arrives at the phase-ape point (Uy;vi) 6 (Uuy; V) at time
t;. The orbit is not complete, and the trajectory must be contimed until it ultimately arrives at
(uz; v2). We remark that proof that this should ever occur, and moreger that it occurs in such a
way that t, = 2t,, is not trivial and is beyond the intended scope of these lagtes.

We next note that as is increased beyond , it is common for second, third, and so on
subharmonic bifurcations to occur. This is termed deigenbaum bifurcation sequend®6], and it
can be proven that as this sequence progresses the distaneéMeen successive bifurcation points
decreasesife., c¢rn+1 ern < ern cn 1, €tC.) resulting in a \cascade of bifurcations,” each
of which results in more complicated phase-space trajecies and associated time series, ultimately
leading to chaotic behavior. While this formally represerstan in nite sequence of bifurcations, from
any practical standpoint they begin to occur so close togegh (usually by n ' 8) that at least from
a computational perspective it is not possible to distinggh the behavior from that of a chaotic
attractor.

Power Spectra

We now briey discuss another important diagnostic tool, pwer spectral analysis, for study of
dynamical systems. The result of applying this to a data setugually a time series, but sometimes
a spatial distribution) is the power spectral densitfPSD), a Fourier-space representation of energy
(in the L? sense) of a signal as a function of frequency (or wavenumhberJhis can be used to
identify attractors on a qualitative basis; and while in sore cases it does not provide a conclusive
characterization, it is often quite useful.

Figure 3.9 presents three PSDs associated with a hypotheticsubharmonic bifurcation sequence
such as the one discussed above. Comparison of parts (a) abdl ihdicates the e ect of the rst

A | |
PW)| fundamental (@ PW)]| fundamental (b) PW)T fundamental (©)

subharmonics o second
subharmonics

harmonics \
‘M .~ ﬂM .
w w

Y

w

Figure 3.9: Subharmonic bifurcation sequence (a) periodic(b) subharmonic and (c) second subharmonic.

subharmonic bifurcation (usually, as noted above, the sewd bifurcation, overall) on the frequency
content of a fairly general periodic signal (part (a)) contaning a fundamental and three harmonics.
It is clear that the new frequencies (shown as lighter linesviparts (b) and (c)), and termed
subharmonic$ have been generated at the midpoints between successiverhanics. The rst of
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these is one half the frequency of the fundamental, correspmbng to \frequency halving" that is
equivalent to period doubling displayed in the time seriesra phase portraits of Figs. 3.7 and 3.8,
respectively. Comparisons of parts (b) and (c) of Fig. 3.9 slws a repeat of the process seen in parts
(a) and (b). Of particular note is the fact that power, P(! ), of the half frequencies is generally
quite low for just above ; but as is further increased, half-frequency powers increase; aas
they approach the power(s) of the original frequencies (fdamental and harmonics), a subsequent
subharmonic bifurcation typically occurs, as indicated inparts (b) and (c). This suggests that
the frequency content of the spectrum will be further and fuher lled as bifurcations continue,
resulting in a (nearly) continuous, broad-band (hence, nsy) power spectrum which in the context
of uid ow would be associated with turbulence.

Strange Attractor

In the preceding subsection we introduced the notion of atictor for trajectories of a dynamical
system because without this, consideration of a \strange"t@actor would be nearly impossible. In
the present section we will describe, in a non-rigorous wayhat strange attractors are, how they
are constructed, how they can be characterized (recogniZgdn data, and nally, what they might
have to do with uid turbulence.

The simplest (non-rigorous) description of atrange attractor is \a manifold constructed as the
Cartesian product of a smooth manifold and a Cantor set." Fathe nonmathematician this contains
many unfamiliar terms (but with some de ned in Chap. 1), and v will elaborate on these here
because an at least heuristic understanding of them is imgant. It is su cient to view a manifold
as being like a \surface," but of dimension possibly greatéhan two. The simplest manifolds with
which we are familiar are the two- and three-dimensional Elidean space€? ; d = 2; 3, in which we
have always lived, and which are denote®? and R?® in the mathematics literature. (Of course, these
are not surfaces, but common surfaces,g, the surface of a sphere or torus, are often embedded in
them.)

The next term to consider isCartesian product The easiest way to understand this notion is
via example: E? = R* R!. This implies that the points, say ;y) of a two-dimensional Euclidean
space are obtained by selecting their coordinates, indepmtly, from two separate copies of the
real line R, That is, we have &;y) = fx 2 R;y 2 Rlg. The notation R? R!? is often simpli ed
to R2.

Now, a smoothmanifold requires rather precise de nition for rigorous prposes, but we will
forego this here and simply observe that tori (donut-shapeaobjects) are typically smooth manifolds.
We will see, moreover, that these are precisely the shapesded to build a strange attractor, at
least of the type envisioned in [8] as being associated witlirbulent solutions to the N.{S. equations.

This leaves us needing to consider the Cantor set as the nalgee of information leading to an
understanding of the structure of a strange attractor. The @ntor set, and others like it, have an
important place in pure mathematical analysis because thgyrovide examples of sets containing
an uncountable in nity of points, and yet possessing zero masure (think length). But in addition,
they have non-zerdractal dimension (which will be de ned below). It is clear hat these are rather
peculiar objects. Their construction, however, is quite giple as we demonstrate in Fig. 3.10.

This gure shows the unit interval as the starting point, but other intervals could easily be
employed. At step 1 we discard the points of the middle third fothe interval, retaining the point
setf[0; %][ [%; 1]g. Clearly, this is an uncountable set, and its length is 2/3. Bw we repeat the
process of removing the middle third from each of the two renmang non-empty segments, thus
obtaining the setf [0; $1[ [5; ][ [3; Z1[ [2; 1]g. Obviously, this set is still uncountable, and its length
is now (2=3)? = 4=9. It is easily checked by induction that at then" stage of the construction the
length of the union of the remaining subintervals must be €3)". Hence, asn ! 1 , the length
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Figure 3.10: Construction of the \1/3" Cantor set.

(measure) of the Cantor set goes to zero. But at the same timihe point set remains uncountable
asn!l due to the basic topology of the real line (and thus, the unitnterval).

In summary, we have generated a point set consisting of an wwntable in nity of points, but
this collection of points has zero length. In the context offte original unit interval it is clear that
what remains is mainly gaps containing no points, as is clealom Fig. n3 10, but at the same time
there are 2 small concentrations of points each having Iengtl; 3 = %

An interesting question is, \What might be the dimension of his point set?" The original
unit interval has unity dimension, but it also has unit lengh. We have seen that what remains of
length in the Cantor set is zero; moreover, we know that the diension of a single point is zero
(which is true also of its length). It turns out that to determine the dimension of the Cantor set we
need a more general notion of dimension than the simple \geeinc" one we have implicitly been
applying in the preceding discussion. There are many suchngeal de nitions, and the following
one attributed to Hausdor [84] will be su cient for our purp oses.

De nition 3.1 Let N denote the number of sets of sizeneeded to \cover" the \object" whose
dimensionD is being sought. Then

D lim N

m i (3.30)

if the limit exists.

If, for example, we consider the unit interval and choose tooger this with subintervals of size
, it is clear that the number of these needed i8l = 1=. Hence, the limit in Eqg. (3.30) exists,

and we see thatD = 1, the same as the usual \geometric" dimension. We leave as &xercise
to the reader the demonstration that squares and cubes haveatisdor dimension equal to their
respective geometric dimensions.

For the Cantor set we have already shown that there aré"Zmall concentrations of points, each
of size 3", at the n'" stage of construction. Thus, if we take =3 ", then N = 2" will provide
a sucient covering, and ! Oasn!1l ;itfollows that D =In2=In3 is the dimension of the
Cantor set. Clearly, this is a non-integer value, implying ltat the Cantor set is afractal; i.e., it has
a non-integer (fractional) dimension.
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We are now prepared to attempt \construction" of a strange dractor. There are several dif-
ferent ways to go about this. Here, we will rely on simple heigtics with relatively easy geometric
interpretations that utilize preceding discussions. We raark that this will not be rigorous, and
probably cannot be made entirely rigorous. Readers seekingpre precise descriptions are encour-
aged to consult treatment of the Smale \horse-shoe map," fad e.g, in sections of Alligoodet al.
[85].

From a purely geometric viewpoint (seeg.g, Lanford [86]) a strange attractor can be con-
structed by causing the ow of a di erential system to repeagdly undergo the following sequence
of transformations as its trajectories traverse the intedar of a bounding manifold (for example, a
torus): i) simultaneous expansion (stretching), and compressionafraction), ii) rotation, iii ) fold-
ing, andiv) scaling to force the ow to stay withing the manifold. Schematics of these are presented
in Fig. 3.11. This gure displays a 2-torus in part (a) with sane representative Poincae sections

(€)

rotation
expansion &
compression

flow (»Q(»

G

2-torus (d)

initial geometry
of flow flow geometry  flow geometry

after 15'pass  after 2" pass

Figure 3.11: Geometric representation of construction of sstrange attractor.

corresponding to the above-noted sequence of transfornmats indicated in parts (b) through (e).
The key observation is that by the time the ow has completed e orbit around the 2-torus its
cross-sectional area has been signi cantly reduced|analgous to removal of the middle third of the
unit interval during the rst step of constructing a Cantor set. Then, the process is repeated (just as
occurs in Cantor set constructions). Part (e) of the gure sbws results from passes 1 and 2 through
the torus, while part (b) shows the area of the hypotheticalnitial ow. The Cantor set features
are obvious from these comparisons, and it is not hard to imeg that as the number of orbits
of the ow approaches in nity, what remains will be a structure with Cantor set properties|but,

in general, in higher dimensions. Moreover, the gure exhits the geometric characterization of a
strange attractor mentioned earlier, namely, a Cartesianrpduct of a smooth manifold (the 2-torus)
and a Cantor set. In particular, one can view each Poincaeestion as marking a coordinate of the
smooth manifold, with individual Cantor set points within this section providing the other entries
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of the Cartesian product.

There are a couple important items to consider with regard tahis construction. First, for
continuous dynamical systems these heuristics suggest tltimension three (in phase space) is the
smallest system that can produce a strange attractor. Morger, the fractal dimension of any such
attractor is greater than two. We remark that these are provale statements (seee.qg, [77]).

The next point to consider is what is required in a dynamicalystem to permit it to carry out
the required transformations. There are two key propertiesThe rst is nonlinearity. If we recall
the Galerkin representation of the N.{S. equations of Chapl where we noted that the nonlinear
terms are capable of generating modes that were not present prescribed initial data, we see
that there is an intrinsic capacity to generate complicategphase-space behaviors associated with
stretching and rotation. The second property required to @ate a strange attractor is dissipation.
Especially the expansive behaviors of the nonlinear termsust be controlled in order to produce
an attractor; and as was emphasized in our Galerkin procedianalyses of the N.{S. equations,
this is accomplished with dissipation. In particular, in the phase-space context we can also view
dissipation as producing contraction of the ow, and scalig in general, to allow it to remain within
a bounding mainfold. But in addition, it is reasonable to cosider the combination of nonlinearity
and dissipation as contributing to the folding process. Inwsnmary, we observe that in order for
a continuous dynamical system to be able to generate a strangttractor, it must be of at least
dimension three in phase space; it must be nonlinear, and itust be dissipative.

We remark that by way of contrast, for a discrete dynamical stem (algebraic map), three
dimensionality is not required (but, of course, is permitted) for existence of a iIgtnge attractor.
Indeed, simple 1-D quadratic maps such as tHegistic map

XM = x M g xm - 0< 4; (3.31)
studied by May [193] exhibit the chaotic temporal behavior foa strange attractor. Moreover, a
2-D discrete map due to Henon exhibits another property oén associated with strange attractors,
namely scale similarity. This can be seen in the Cantor set of Fig. 3.10; in particulapne sees that
if construction were started at the rst step rather than at the zerd one, the results would be the
same up to a rescaling of lengths, as hinted earlier; clearthis is true 8 n< 1 . The Henon map
is generated from the algebraic system

x(MD =1 axM2 4 ym. (3.32a)
y(m+l) = b)((m), (332b)

usually computed usinga = 1:4 andb= 0:3. This is presented by Henon [194] as a Poincae map of
the Lorenz equations [18], although this is in the framewor&f an argument and construction that
is not especially rigorous. Figure 3.12, a phase portraitifohis discrete dynamical system (DDS)
(3.32), displays the scale similarity property.

We observe that as we continue to focus on ner and ner scalagse see repetition of the basic
structure. This is evidence of the Cantor set-like constraion, now for a concrete example. In
particular, part (a) of Fig. 3.12 displays the usual phase ptrait of the Henon attractor generated
from Egs. (3.32) starting with initial data Xo = yo = 0. This gure at rst appears rather unre-
markable, consisting of a few seemingly smooth curves. Mover, a rst zoom-in in a neighborhood
of [ 0:1;0:1] [0:2;0:3], part (b) of the gure, seems to con rm this. But a further ner-scale region
interior to [ 0:002 0:002] [0:268 0:272] shown in part (c) indicates signi cant structure. Herewe
see a sequence of bands of points arranged successivelyn(fioottom to top) in groups consisting
of a single band, two bands, and then three bands. (We remarkadt these bands are clearly not
continuous curves; they contain many gaps just as do the latsteps of the Cantor set.)
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Figure 3.12: Demonstration of scale similarity in Henon map.

Beyond this is the structure within these bands. We have ches to further zoom in on the
upper-most band of the three-band structure of part (c). Resdts of this are presented in Fig.
3.12(d) and show that the three sets of bands exhibited by patc) are repeated on ner scales,
again analogous to what occurs in Cantor set constructiondt is clear that with the number of
computed points (5 1F) in the trajectory we will not be able to observe further nescale structure
in detail, but consistency of relative spacing of bands on éhtwo di erent scales displayed here
suggests that such structure will persist on ever ner scale

Finally, in Fig. 3.13(a) we display what is often (in fact, usially) considered the de ning char-
acteristic of a strange attractor: sensitivity to initial conditions (SIC). This plot shows the same
subinterval of time for time series of a DDS known as the \pooman's Navier{Stokes equation"
(PMNS) derived and studied by McDonough and Huang [81, 82]. oF the results shown here a
2-D PMNS equation was used, so two pieces of initial data areeded to start the time evolution.
Calculations leading to the time series plotted in red (do#&d line in greyscale) were computed with
only a 0001% change in one component of the initial data (and no chamgn the other). It is clear
that while the overall structure of the two time series is ver similar (hence, it is reasonable to
expect they are_onthe sameattractor |and thus belong to the same basin of attraction), they are
very di erent in detail. In particular, if one chooses a poihin time where the two series attain the
same value, it is impossible to predict details of subsequesvolution of one of the trajectories from
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knowledge of the behavior of the other.
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Figure 3.13: (a) Sensitivity to initial conditions in the PM NS equation DDS, and (b) corresponding phase
portrait.

Part (b) of Fig. 3.13 presents the phase portrait displayinghe topology of this attractor. It
is clearly far more complicated than that of the Henon attractor which is also associated with a
2-D DDS, but it is also important to point out that the PMNS equation exhibits multiple strange
atractors as well as many non-chaotic attractors, as is truef the N.{S. equations, themselves.
Further discussion of this can be found in [82] and in a lateubsection devoted to alternative forms
of LES.

3.2.2 The Navier{Stokes equations as a dynamical system

With a basic understanding of strange attractors in hand, weow are prepared to consider how
they might be linked to turbulence. This involves recognion that the N.{S. equations are, in fact,

a nonlinear dynamical system, as we previously noted in Chap. Here, we begin by recalling
that this link was rst proposed in the seminal paper by Ruek and Takens [8] where it was shown
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that phase-space trajectories corresponding to a ow of thd.{S. equations (viewed as a dynamical
system) become attracted to a topological object having pperties we have just discussed. They
termed this a \strange attractor," and proposed that its tenporally chaotic behavior should be
associated with physical turbulence. It is interesting to ldo note that Lorenz [18] had earlier
computed similar trajectories for a severely truncated Gafkin approximation of the N.{S. and
thermal energy equations (also a dynamical system) and usednsitivity to initial conditions of
solutions to these equations to conclude that long-range ather prediction would never be possible.
We should observe, however, that while the equations due tmtenz do exhibit a strange attractor
in their solutions for certain ranges of parameter valueshée bifurcation sequence leading to such
states is di erent from that studied in [8].

But beyond the fact, already used in [8], that the N.{S. equabns comprise a dynamical system
is the experimental observation that typically only short hfurcation sequences occur before ow
behaviors are chaotic and sensitive to initial conditionsand thus associated with physical turbu-
lence. In particular, experiments with uid ow (and other physical phenomena) have identi ed at
least three distinct short bifurcation sequences leadingtphysical chaos, and they have also been
observed and studied analytically and computationally. Thse are the following (characterized by
gualitative system description of the various states):

steady ! periodic ! subharmonic ! chaotic;
steady ! periodic ! guasiperiodic ! chaotic;
steady ! periodic ! intermittent ! chaotic:

The rst of these was studied by Feigenbaum [56] in the contéxf the simple algebraic map, Eq.
(3.31), rst studied by May [193], as noted earlier. But numacal solutions to the N.{S. equations
also exhibit such a sequence in the context of boundary layeansition, as reported by Pulliam and
Vastano [195]. The second sequence is that originally prageal by Ruelle and Takens [8], and which,
as noted earlier, has been observed (with some modi catiol) numerous laboratory experiments
(e.g, those of Gollub and Benson [58]) and simulations. The nalegjuence given here was rst
studied by Pomeau and Manneville [57] (see also [77]). We rark that in these works, and in
further studies cited therein, the authors identi ed threedistinct types of intermittency, all of which
have been observed in physical experiments but not yet coasively in N.{S. equation simulations
(possibly because they tend to occur at values Bfe well above those currently accessible via DNS).
Finally, we observe that various combinations of these segjuces have been seen in both experiments
and computations, but in all cases the route to chaos consisof relatively few bifurcations.

Thus, both computations with the N.{S. equations and labortory investigations of physical
uid ows generally support the Ruelle and Takens view and cotradict predictions of the Landau{
Hopf theory which proposed that turbulence was the result adn in nite sequence of quasiperiodic
bifurcations, each of which produced an additional incommesurate frequency. While any such
ow could be very complicated, as would be its power spectrunit would lack SIC and the fractal
dimension seen in modern laboratory experiments and DNS dfe N.{S. equations.

While the preceding discussions appear to support the chaotlynamics/strange attractor view
of turbulence, there are two main arguments often given agut this interpretation. The rst of
these is the claim that dynamical systems produce only tempa chaos while it is well known
that turbulence exhibits both temporal and spatial chaoticbehavior. Here, we propose that this
argument is completely fallacious, arising from a lack of wierstanding of the N.{S. equations and
the (mathematical) nature of their solution structure. In particular, it ignores the fact that Fourier
representations with temporally chaotic coe cients will automatically produce spatial chaos as a
consequence of di erent linear combinations of these coeents (via di erent values taken on by
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basis functions) at each spatial location and e ects arisg from SIC associated with spatially-
distributed initial data. This is clearly observed in DNS, ad even in well-resolved LES. Those
adherring to claim of no connection between dynamical systess and turbulence must forego use
of (DNS of) the N.{S. equations for their argument to self casistent|land very few researchers

in the modern era would be willing to do this (fortunately) afer all the success experienced with
simuation via these equations.

The second criticism of the \strange attractor theory of tubulence" is more serious|especially
from a practical, computational viewpoint. It is that, to date, the theory of dynamical systems
(aside from use of DNS) has failed to produce any computatiahtools for practical simulations of
turbulence. Although there have been scattered exceptions this (for example, the shell models
described in Bohret al. [83]), they have for the most part represented rather anectid results, as
opposed to well-founded, general formulations capable ofde application. We note that the one-
dimensional turbulence (ODT) model of Kerstein and coworke (see,e.g, Echekki et al. )[71]), an
outgrowth of Kerstein's linear-eddy models (LEMS), is to sme extent proving to provide fairly wide
applicability. In addition, we will in the next subsection provide details of a new modeling approach
that appears to hold signi cant promise, primarily becausef its rm foundations in theory of the
N.{S. equations.

3.2.3 Multi-scale methods and alternative approaches to LE S

In this subsection we will treat two main, related, topics:i) the basics of multi-scale methods, and
ii) application of these techniques to an alternative formutson for LES. The rst of these is a
current topic of accelerating research in numerical analgs and complete journals are now devoted
to this area. The second is not new; but in the past, work has ba sporadic and not necessarily well
founded on a mathematical basis. Here, we will attempt to reedy this by providing a di erent
approach to constructing LES procedures in considerable tdé and justifying this with formal
mathematics|but in the absence of rigorous proofs. As part ¢ this, we will supply a pseudo-
language algorithm presenting an outline of the steps neabtl® produce a computational LES code
based on this approach.

Basics of Multi-Scale Methods

The goal of multi-scale formalisms, in general, is to provedcomputationally-e cient techniques for
solving problems possessing a wide range of space and/ordistales. The need to do this has been
recognized from the beginning of turbulence simulation, Ibun recent years it has been identi ed in
many other areas €.g, laminar ow in porous media and solidi cation of crystals n liquid melts)
giving rise to attempts to construct a general theory applible across a broad spectrum of problem
types (physical situations) and at the same time able to be afhyzed by formal mathematical
techniques. In the present section we provide a qualitativeiscussion of such methods.

To begin we should make clear precisely why computing over && range of scales is a \problem"
in order to motivate approaches now being employed in consatiting multi-scale methods. As we
have already discussed, specically in the context of turdant uid ow, if a complete solution
is to be computed it is necessary to resolve all physicallglevant scales|DNS in this context.
Moreover, as we have also already emphasized, the range alex can be very large. For example,
in considering prediction of lift or drag for an aircraft, the structure of turbulent ambient air contains
scales ranging from at least tens of kilometers down to mitheters, and the ow containing these
scales interacts with the surface of the aircraft on scale$ ®ns of meters down to smaller than
millimeters. Hence, there are seven to eight orders of magrde in the range of spatial scales needed
to accurately predict lift and drag on an aircraft ying through a cumulous cloud. This is presently
not a tractable calculation, and various approximations mst be made|which, of course, motivates
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the need for computational procedures much more e cient tha DNS but at the same time able to
capture much of the physics currently only accessible via C8\

But this represents only the beginnings of the di culties. I, for example, heat transfer and/or
chemistry are important parts of the physics then, especiglin the latter case, far smaller spatial
scales are needed; and relevant time scales can span a rarigeiautes down to elementary reaction
times of 10 & seconds, or less. Furthermore, it is now the case that di enephysics, requiring diverse
mathematical representations, may occur in di erent range of scales. For example, at nanoscales
the continuum hypothesis is no longer valid, and the N.{S. etions must be replaced with the
Boltzmann equation.

It is clear in all such cases that a brute-force use of directnsulation will probably not be
feasible for many years|some would argue, nevéwithout radical changes in computing hardware
architectures, and yet analysis of such problems is becomimcreasingly important. The multi-scale
formalisms now being developed represent attempts to addeethis issue.

There are several key ideas that are combined to produce mstale algorithms, in general.
But not all such algorithms contain all of these, at least notexplicitly. The rst is to identify
the important scales needed to su ciently represent the prblem and attempt to obtain equations
representing the physics on each of these. In some cases, @edby E and Engquist [131, 196],
these equations may not be known; then one of the goals of a tigicale formalism is to bypass the
need for such unknown equations. This will nobe the case for our speci ¢ purposes herein, and
we will have little more to say regarding this aspect of multscale procedures.

After identifying the scales (and their appropriate mathematical representations), it is then
necessary to construct e cient solution procedures on (foreach of these. As we will see, it is not
usually e cient to employ the same type of algorithm on all sales; moreover, it is typical to resort
to more approximation as inherent arithmetic complexity ircreases. In particular, models employed
on the smallest scales where high resolution is most di culare often the most approximate. But
we remark that this can often be reasonably-well justi ed wh both physical and mathematical
arguments.

From an algorithmic standpoint, the nal aspect to considerin a multi-scale formalism is com-
bining results from the various represented scales to obtaa complete solution. In [196] it is
pointed out that this is a highly nontrivial mathematical problem, and much research regarding
this is in progress. Furthermore, we remark that there are mmerous ways (some of them rather
obvious) in which this can be done, but it must be emphasizeds done in [196], that essentially
any procedure brings with it questions associated with stally and consistency of the overall (nu-
merical) procedure. Thus, the nal aspect of any multi-sca& method is its mathematical analysis;
it is important to be able to prove that solutions obtained fom a multi-scale algorithm converge to
those that would be obtained from a highly-accurate (fullyresolved) approach if this is appropriate.
Of course, as already hinted, this is not always the case. Wellwot herein devote much space to
such analyses despite their importance, as they are the sabjs of current research, and instead we
refer the reader to the cited literature.

Probably the oldest examples of multi-scale approaches dhe homogenization and renormaliza-
tion group (RNG) techniques. Aspects of these methods haveotivated some of the formal analysis
of modern multi-scale procedures. Moreover, as we will cathesr in more detail below, at least SGS
models for LES, but possibly even RANS models, might be viedv@as forms of homogenization|
and some have been derived via RNG (see.g, [93]). The basic idea in any such approach is to
alter physical transport properties to enable taking into acount physics on scales that have not
been explicitly resolved by the discretization employed fdahe numerical solution process. That is,
homogenizationprovides a modeling technique that accounts for the e ectsf@emall-scale physics
without actually representing that physics in detail, as isalso true of RNG models. Recall that
this is precisely what takes place in both RANS and LES SGS meld. At the same time it
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must be recognized that there are formal mathematical req@ments and techniques associated
with homogenization|see Marchenko and Khuslov [197] (and RIG approaches), and these are not
generally followed during construction of RANS and SGS molde

In the present discussions we will not speci cally emphagzhomogenization aspects of multi-
scale methods but instead provide some basic heuristics. Wegin with Fig. 3.14 which depicts a
portion of a coarse-resolution grid on which regions of higtesolution have been indicated. This

-~ -

Figure 3.14: Example multi-scale gridding.

type of discrete structuring would be appropriate in situaibns for which the coarse-grid resolution
is globally inadequate, but in which the indicated local redution could not be supported globally.
In principle, multi-scale formalisms provide techniquesybomeans of which relatively inexpensive
local ne-grid calculations can be combined with the also tatively inexpensive global coarse-grid
results.

In particular, in the context of the grid displayed in Fig. 314, the high-resolution portion, as
shown, covers only about one third of the complete domain agso even if the ne-grid calculations
were completely coupled, total arithmetic would be no morehtan about one-nineth that required
on a complete high-resolution grid (in 2D|and relatively less in 3D). But these subdomains are not
directly coupled. Hence, total arithmetic is further redued, and, beyond this, the decoupling of
subdomains provides an opportunity for parallelization tdurther improve computational e ciency.

It is clear that if the coarse- and ne-grid results can be cobiined correctly, it should be possible
to improve the coarse-grid solution. The basic question idHow should this be done?" Here, we will
discuss some possible alternatives. One can envision atskeavo main classes of approaches to this
problem. First, one could perform local calculations on themall, highly-resolved subdomains and
compare computed results at the embedded large-scale grimis to estimate required modi cations
to large-scale transport property values. This might be viged as a form of homogenization. A
second possibility is more closely related to function dempositions employed in LES (and in
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RANS) and involves using ne-grid local calculations to diectly enhance coarse-grid results. In
either approach, calculations on the subdomains must be germed, and it is mainly the manner in
which these are used that distinguishes the two techniquegve remark that mathematical analysis
of these approaches is, for the most part, still lacking.

Thus, we begin with a description of these calculations. Bauase, as they are presented in
Fig. 3.14, the small-scale subdomains are completely disip and as a consequence the small-scale
solution in one subdomain cannot \know" anything about the orresponding solutions in any neigh-
boring domain. In physical situations dominated by di usiom one might argue that if the large-scale
time step is less than the di usion time between coarse-grigloints, then this lack of communication
IS not a serious concernlat least if e ects of this are somehw included in the coarse-grid calcu-
lations, e.g, via alteration of transport properties (as in RNG or homogeization methods). But
if the physics of the problem under consideration is not di gion dominated, calculations based on
completely separated high-resolution small-scale domaiwill probably be inaccurate, and possibly
completely incorrect. Hence, a general approach should athpt to provide some communication
between neighboring small-scale subdomains.

We can envision at least two speci c situations, each ariggnfrom a di erent representation
of the overall solution associated with the classes of tedqnes noted above. First, assume no
decomposition of dependent variables has been performea this case the purpose of the small-
scale, high-resolution subdomains is to directly achievagh resolution in these local regions|in a
sense, a special case of adaptive mesh re nement (AMR, sesy, Berger and Oliger [199]). In such
cases we might interpolate the coarse-grid solution at a @ time step onto the ne grids and solve
on each of these using either \frozen" interpolated boundgrconditions or periodicity conditions.
It should be clear that gaining improved accuracy from suchraapproach is not entirely trivial. If
improved temporal resolution is also required, the ne-gd calculations would be performed with
smaller time steps than those used on the coarse grid. Furtineore, either the same, or di erent,
governing equations might be employed on the two (or more) drent scales.

Finally, when integrations on these high-resolution subdnains have been advanced to the cur-
rent coarse-grid time, we must transfer the results to the ewse grid. Again, there are various
alternatives for accomplishing this. The simplest is to dectly use the result computed at the
coarse-resolution grid point contained within each smatieale region as the advanced-time value.
Observe that this is basically a predictor-corrector apprach: predict on the coarse grid and correct
on the ne grid. This, along with notions from multi-grid methods for solving linear systems, pro-
vides a starting point for analyses of this form of multi-sda technique. An alternative is to average
spatially (and temporally, if appropriate) over each subdmain and apply this averaged result at
each coarse-grid point (an heuristic form of renormalizain).

If a dependent-variable decomposition has been employed (a LES), then before interpolation
of coarse-grid results to the ne-grid subdomains, these rige-scale computations must be high-
pass ltered to obtain data for the small-scale calculatios. This is a form of deconvolution that
has been widely used in LES constructions in recent years ése.g, Adams and Stolz [198] and
references therein). Options for treating problem formutaon and boundary conditions on the high-
resolution subdomains are the same as for the previous apach. But it is important to observe that
details of the mathematical formulation must now be di erem because the ne-grid solutions now
represent only a portion of the overall solution. Clearly, liis must also be considered in processing
computed ne-grid results prior to their combination with coarse-grid calculations to produce a
complete solution. In particular, one must view the governig equations on each scale in light of
an appropriate projection of some over-riding formulationand for nonlinear problems this leads to
terms from all scales in the equations representing each k;asee Hylin and McDonough [136] for
a treatment of this.
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Example: 1-D Burgers' equation To demonstrate construction of multi-scale methods we begi
with a simple Burgers' equation problem introduced many yea ago in [184]{[188]. This is given
by
U+ U?  Uyx=F(xt); (x1)2(0;1) (0:t]; (3.33)
with initial data
U(x;0) = Uo(x);  x2[01];

and Dirichlet boundary conditions
Uu@;t) = U@;t)=0:

We might suppose that the forcing functionF (x;t) in Eq. (3.33) has been constructed such that it
cannot be represented on a coarse grid, and hence, this wil@abe true ofU(x;t) if is su ciently
small. Of course, for a 1-D problem it is now nearly always thease that full resolution can be
obtained, but even for 2-D problems this may not be true.

The grid to be considered is displayed in Fig. 3.15, a 1-D amngue of Fig. 3.14. For purposes of

N-1 N

—| h/10 |=—

Figure 3.15: Example multi-scale gridding.

demonstration we have employed a large-scale grid of uniiespacingh with small-scale subdomains
of sizeh=5 and uniform grid spacingh=100 centered on each large-scale grid point.

With a multi-scale grid in place, we can now consider how to b the di erential equation (3.33).
We have earlier described some alternatives for doing thiand here we will employ a technique in
which the dependent variables are decomposea)a LES, but for which equations of the same form
are solved on the (in this case) two di erent scales. This wilconstitute what would be called a
homogeneous multi-scale methad the terminology employed in [131, 196]. The solution appach
will be reminiscent of theadditive turbulent decompositiongATD) introduced in [184]{[188], and
further studied by Yang and McDonough in 2-D [200] and for theompressible N.{S. equations in
1-D by McDonough and Wang [201]. Although there will be somei drences in details (in part
because there are many possible alternatives in implemergi such procedures), we begin with the
usual LES decomposition, expressed as

U(x;t) = b(x;t) + u (x;t); (3.34)

as in the cited works. We note thatUy(x) should be similarly decomposed, for example via low-pass
ltering, to produce to(x) and uy(x), with the latter computed as

Up(X;t) = Up(x) tHX;t):
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We now substitute (3.34) into (3.33) to obtain
(B+U)+ (B+u)®  (b+U) = B+ F (Xt); (3.35)

where we have also spatially low-pass lItered the forcing figction F.

To make use of the proposed grid structure of Fig. 3.15 we mudecompose Eq. (3.35) into
separate equations to be employed on each of the coarse and grids. There are many alternatives
for doing this (amongst them temporal averaging of RANS metids and spatial Itering of LES),
but the ATD approach of the references cited above is partitarly straightforward and possesses
strong mathematical underpinnings, so we will use this hereApplication of this to (3.35) results
in

B(x;t); (3.36a)
T (U ) U =F (xt): (3.36h)

th+ B (2 )(HU ) b
2

U, + U

We remark that the splitting parameter is not specied, a priori, but analysis by Brown et al.
[202] of ATD applied to the 2-D N.{S. equations indicates thea = 1 is optimal for convergence
rate of a Galerkin approximation in the context of the presenBurgers' equation problem. Hence,
in this case the large- and small-scale equations are ideyati in form.

It is also worthwhile to note that the decomposition of equabns contained in Eqgs. (3.36) is
motivated by operator-splitting techniques such as destred by Yanenko [203]. In this framework,
we see that the sum of (3.36a) and (3.36b) is precisely the ginal undecomposed equation (3.33)
when the LES decomposition of dependent variables, (3.34 employed|despite the nonlinear
term of Burgers' equation. Moreover, for 6 0 and 6 2, the large- and small-scale parts are
coupled through terms analogous to the cross stresses of LESS models, but here these terms are
computed directly, without modeling, via the small-scale gquations of the multi-scale formalism.

At this point we have produced su cient structure to permit construction of a coarse-grained
solution algorithm associated with the multi-scale formasm.

Algorithm 3.1  Suppose we have computedtime steps for a discretization of Eqs(3.36) on a
grid structure such as shown in Fig. 3.15. To advance the couted grid function fu;glY, to time
leveln + 1, perform the following calculations.

1. Solve Eq.(3.36a) on the coarse grid of spacingy using F(x;;t"*') = F(x;;t"*!) evaluated at
the coarse-grid points, andu (x;;t"*) = u (x;;t").

2. Solve EQq.(3.36b) on each of the ne-grid subdomains of Fig. 3.15 employing &rpolation of
tr(xi; t"*1) to the x; locations required on the ne grid, and withF (x;;t"*!) directly evaluated
using the given functionF (x;t) in conjunction with high-pass Itering. Note that if largescale
time steps are too large to resolve the temporal behaviorFof multiple small-scale time steps
will be needed.

3. Calculate the complete solution at time level+ 1 at the coarse-grid locations onlysing Eq.
(3.34) and the results from steps 1 and 2:

U(xi;t"™) = a(xi; t" ) + u (i = ;")

We should provide several remarks regarding this procedurgirst, setting F(x;; t"*) = F(x;;t"*1)
in the rst step may result in aliasing. Hence, formal Itering of u(x;; t"*!) may be necessary during
each time step. (In fact, it may be desirable to lterF, itself, as suggested earlier.) Indeed, U ~
is badly aliased, the interpolations required to begin ste@ will be very inaccurate. Second, in
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step 3 of the algorithm we have employed the simplest pos®bhpproximation, namely, thatu is
taken directly from the small-scale solution at the grid pait that coincides with the large-scale
point at the large-scale time. There are numerous other alteatives. A fairly simple one would
be to employ a spatially-averaged value ai with averaging over the whole subdomain, or over
some subset near the large-scale point of application, an@d ¢his either at the nal time of the
small-scale time stepping, or use a time-averaged value. dnsewhat more sophisticated approach
might involve calculating the energy on the small-scale daamn and then using a value oti in step
3 based on this. We note that little is presently known regaiidg relative merits of these various
alternatives. Finally, we comment that if the small-scale wdomain is constructed to have a size
equal to the large-scale interval on which it is centered, #n the above algorithm is, in reality, sim-
ply a highly-parallelable form of DNS as studied in variousfahe cited references of McDonough
and coworkers. In these works, however, a di erent numeritarocedure (Galerkin) is employed for
the small-scale calculations than for the large-scale ongsite di erence).

Synthetic-Velocity LES as a Multi-Scale Procedure

In this section we describe a relatively new form of LES and eWw that it can be categorized as a
heterogeneous multi-scale methad the terminolgy of [131, 196]. We rst observe that the term
\synthetic velocity" refers to the fact that dependent variables, rather than their statistics, are
explicitly modeled on the sub-grid scales. The form of thesmodels varies widely, as has been
alluded to above, and herein we will consider details of onlyne speci c model, a modern version
of the chaotic-map SGS model rst introduced by McDonougtet al. [178] with details provided in
[136] and a summary in [73].

We begin by observing that there are three main di erences bgeen synthetic-velocity LES and
the typical versions that have been considered up to the pe# time. These are:

i) solutions are ltered, rather than the equations of motion
i) SGS physical variables are modeled instead of modeling thstatistics;

ili) subgrid-scale results are directly added to those from thesolved scale(s), as they should be,
a lathe LES decomposition.

There are numerous advantages arising from such an approa®y ltering solutions we imme-
diately avoid having to model SGS stresses (statistics) arwdn focus attention on modeling physical
variables. Furthermore, ltering solutions is far easierhan ltering equations in the context of gen-
eralized coordinates; in particular, commutation errors ragsing from commuting di erentiation and
the ltering operator when it is applied to the di erential e quations are formally avoided. But we
note that even when solutions are Itered some additional eors arise, and these can be signi cant
in generalized coordinates. On the other hand, they are moeasily analyzed in this form than
in the equation- Itering approaches; moreover, this congutes a direct numerical application of
molli cation, as done theoretically in analytical studiesof PDEs.

By modeling physical variables we are able to directly prode interactions of ow physics with
other phenomena €.g, interactions of turbulence with heat transfer and/or reation chemistry) on
sub-grid scales. It is essentially impossible to achieveishwhen employing techniques based on
statistical correlations (.e., using SGS stresses and scalar uxes) as in typical LES pracees. On
the other hand, direct modeling of SGS physical variables potentially very di cult; and use of a
poor model is probably worse than applying no model at all, deast in the context of the methods
employed herein. At the same time, there are many possible @paches to this SGS modeling
problem as will be apparent in the sequel, and one should exp¢o be able to nd one that is both
relatively accurate and computationally e cient.
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Finally, direct application of a physical-variable SGS moe when constructing terms of an LES
decomposition also brings with it both advantages and disadntages. On the positive side is the
potential for combining resolved-scale and modeled ressilin a way that does not formally demand
scale separation and, in general, provides direct interach between large-and small-scale physics.
But it is this step, more so than the others, that requires a miti-scale mathematical formalism.
In particular, as already noted, a poor model|and/or its inc orrect implementation|could lead to
very inaccurate, possibly even inconsistent, results (aeilvas destabilization of numerical methods
employed), so rigorous mathematical analyses are cruci#t the same time, however, it is precisely
this aspect of multi-scale methods that is least developed.

From the rst of the ideas given above for constructing a syritetic-velocity LES procedure it
is clear that the equations to be solved are simply the usuahdtered N.{S. equations, which we
repeat here for convenience:

Ui+r U2 =r P+ U; X 2 RY: d=2:3 (3.37a)
r Uu=0; (3.37b)

on a prescribed time interval (Qt;] with appropriate boundary and initial conditions. We remak
that these are precisely the equations employed in ILES (seeg, Fureby and Grinstein [133]), as
mentioned earlier, where under resolution is controlled ¥ a combination of monotone discretiza-
tionofr U? and ltering of U. Thus, the approach being presented here bears some resambé
to ILES in the latter regard.

But unlike ILES (and like ATD, treated in the preceding secton), we retain the usual LES
decomposition of dependent variables in the form given foolsition to the Burgers' equation problem
earlier in Eq. (3.34): viz,,

Ux;t)=e(x;t)+ u (x;t): (3.38)

This is formally substituted into Eqgs. (3.37), as done in ATD but instead of splitting the resulting
equation(s) into large- and small-scale parts, we construmodels to permit direct evaluation of
u (x;t) via e cient algebraic expressions that hold locally in spae and time. We remark that the
actual numerical procedure must be somewhat more involvednd in particular, it must include a
Itering process. At each time step this is applied during clrulation of . Thenu is computed via
a procedure to be described below, and appeal to the LES degmsition (3.38) is made to obtain
U. These basic steps comprise one time step of the discreteusoh operator.

The large-scale calculations are carried out with a typicgbrojection method, and lItering is
employed prior to the projection step (since this step invees only linear operators) to guarantee
that the Itered velocity eld is divergence free (see,e.g, McDonough [204]). It is the small-scale
calculations that require considerable description, andevbegin this here.

Small-Scale Calculations, General . In particular, we will develop models for constructing
the small-scale velocity eldu (and, in principle, any scalar quantities associated with y@blem
physics|except for the small-scale pressure which, for inempressible ow, will be computed in the
usual way via projection in order to satisfy Eq. (3.37b) on dugrid scales). A basic hypothesis
regarding this construction is that any small-scale ow vaiable can be expressed as

G = AiM;; =170 Ny, (3.39)

where g is the i"" one of N, small-scale dependent variablesA; is its amplitude (employed lo-
cally in space, and during the current large-scale time stgpand M; is a chaotic map that can
exhibit bifurcations leading to a strange attractor, thus poducing small-scale turbulent temporal
uctuations, also locally in space and time. Equation (3.3Ris a modi cation, rst introduced by
McDonough [205], of the form of the SGS model proposed in [178
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This form can be motivated as follows. First, we know the N.{Sequations admit solutions
in the form of Fourier series (recall discussions in Chap. Bs suggested earlier in Eqg. (3.5), and
obviously their remainders (the small-scalg s) can also be expressed in this way:

s
g(x;t) = a;i(t)" k(x)
iKj
X P
ai(t) k(x)+ ai ()" k(x)
jkj k¢ jkj=ke+l

g0+ g (x;t):

Now if we consider this representation restricted to a smaBubdomain and recognize that, in
general, the number of wavevectors required for adequatepresentation falls signi cantly as the
extent of the spatial domain is reduced, we see that ifs is su ciently small and k. is su ciently
large, we should be able to represemf with at most a few well-chosen wavevectors. (Herés is a
characteristic size of a small-scale domain such as showrFig. 3.15, andk. is the chosen cut-o
wavevector, which depends on large-scale grid spacing.)

Indeed, we currently choose a single wavevectkrso that the above collapses to

g (X;t) = ag;i(t)" «(x):

But this is only formal, and in practice our models include aditional wavenumbers, as will be
apparent as we proceed. This representation, however, isjpgred to hold only on a small subdomain
within which evaluation of ' | (x) produces anO(1) constant (which we do not need to explicitly
determine). Then we have

g (x;t) = Cay(t):

If we determine the magnitude ofay i, we can write this in the form (3.39) where we now have
Ai = Clayij; (3.40)

and values ofM; = M;(t) are restricted to [ 1;1]. In what follows, we will provide details of
calculating both the A;s andM;s.

Amplitude Factors . Construction of the A;s at each grid point of the large-scale solution begins
by recalling the Parseval identity,

hs
kg k% = jAij* = jai® ] ax i (3.41)
jkj=ke+1

and recognizing that this corresponds to energy|in fact, anenergy increment in the sense of
Kolmogorov structure functions|due to restriction to high -wavevector content and the fact that
jMij 1. Here,K;i represents a wavevector, usually fairly deep within the imgal subrange, that
must be determined at each discrete large-scale grid poirar(d for each time step) for each®"
dependent variable.

Now observe thatjak ij2 E ; is energy ofg in the L2 sense, andEy ; has a direct relationship
to second-order Kolmogorov structure functions af . These can be computed (approximately) from
the high-pass Itered gs. In particular, similar to scale-similarity methods disassed earlier, we can
compute

4 =8 §;
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and construct the second-order structure functions
S(q ;r)'h(gq (x+r) g (x))zi; i=1:::::Ny: (3.42)

where the average (denoted blg i) is taken over all discrete points of the large-scale nitel erence
grid at a distancer from the current point X« in a 3-D cube containing 27 grid points withx
at the center. Note that with uniform gridding in all three directions, as depicted (but not-to-scale)
in Fig. 3.16, there will be only four possible values af = rp,, m = 1;2;3;4, with only six, four,

Figure 3.16: Grid point locations used for second-order sticture function averaging in the 3-D uniform-grid
case.

eight and eight samples, respectively, for these. As a cogaence, statistics (the averages) are
sometimes not as representative as would be desired, and hiosld be clear that this problem is
exacerbated on non-uniform grids. There are several waysvitnich this can be remedied|the main
one being construction of averages over larger numbers ofdgcells, but we will not pursue this
implementation issue here.

Next, we recall the power-law form of structure function sdag in the framework of the Kol-
mogorov K41 theory, which was given earlier (up to notation)n Eq. (2.92) as

S,(r)= C (H'ir)*®

for homogeneous isotropic turbulence at higRe. But, in general, we cannot expect any of these
conditions to hold at an arbitrary location in an arbitrary ow eld. (Moreover, this result is
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speci cally for longitudinal structure functions although it generally holds for transverse ones as
well; but Eq. (3.42) is neither of these.) On the other hand,tdeast locally with respect to values
of the independent variables, most quantities in physics nabe well represented by a power law.
Thus, we replace the above with

S,i(r) = C(H'ir) (3.43)

that for each value ofr we can computeS,;(r) if we know H'i, and this can be obtained directly
from its de nition, Eqg. (1.53), applied to the high-pass lItered g- (a form of deconvolution [198])
and averaged over the 27 grid points centered on thej(k ) point indicated in Fig. 3.16. Then the
general exponent and the constantC in Eq. (3.43) can be found using a least-squares minimizatio
of the form nd and C such that

Xt h P
Si(g ;rm) C(H irp)

m=1

is a minimum, where the values of thes,,; are directly calculated from the de nition, Eq. (3.42),
and are averaged over the number of entries for each. Clearly, this minimization problem can
be expressed in terms of simple closed-form analytical fasfas due to use of the power-law form.
Hence, even though this computation must be done at every mdged-scale grid point, at every
time step for all dependent variables, there is only quite mimal arithmetic needed. Moreover,
calculations at each grid point are independent of all other so the process is easily parallelized.

Figure 3.17: Physical model employed for synthetic-veloty LES of swirling, buoyant plume in an enclosure.

It is worthwhile to study details of the values of and C that arise from this formulation during
synthetic-velocity LES calculations that employ all of theabove noted aspects. McDonough and
Yang [72] have reported one such calculation which we sumnze here. The physical problem, the
domain of which is sketched in Fig. 3.17, consisted of a turlant, swirling buoyant plume con ned
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to a square enclosure 0.9m wide by 1.8m tall with 0.1m slits ach corner o set to establish the
swirl direction|all located in the center of a closed (including ceiling) room (laboratory).

The resolved-scale calculations were quite coarse: 61
41 61 uniformly-spaced grid points in a physical domain
that is 3m in each direction. Spatial planes of the solu-
tion and other variable values (such as and C) were
recorded at various times and locations during a simu-
lation that ultimately reached a nearly stationary state.
Figures 3.18(a,b) display such data for and C, respec-
tively, in a horizontal xz plane 1m above the oor of the
enclosure.

It should be clear that values of dier from
the theoretical value of 23 for homogeneous, isotropic
turbulencelas they should. In fact, most of the ow
outside the central square region of the experimental ap-
paratus is nearly stagnant, and is certainly not turbulent,
except within the rst grid cell adjacent to the labora-
tory wall where transition to a turbulent boundary layer
is occurring due to down ow of cooled gases emanat-
ing from a \wall" jet spreading across the ceiling of the
laboratory from the center of the plume.

It is clear that values of cover a range from what
would be expected for integral-scale behavior (= 0:0)
to values corresponding to the beginning of the dissipa-
tion scales ( = 3:0). Moreover, values near 23 occur
only within the experimental apparatus containing the
buoyant plume. Similar observations can be made for the
constant C. In particular, C ' 0 holds in most of the
ow eld outside the experimental region, thus showing
that the model automatically produces zero amplitude

small-scale results when there is no turbulence. Figure 3.18: Kolmogorov exponent

The nal step in computing values of the amplitude and constant in plane 1m above
factors involves relatingS,(r) to E(k) (= Ex;), as is oor; (a) exponent, , and (b) con-
done for the Kolmogorov 53 law, for each dependent stant, C.

variable. In particular, sincer 1=k, we see that the
general power law (3.43) leads to

E(k)= CHi k (™D : (3.44)
Then from (3.41) we have
Ai = [Ei (k)] :
We observe that onceK has been determined, we can replace the above with
! 56N #Hi=
Ai = Eitki) (3.45)
k=K

whereN is prescribed (and, consistent with earlier discussion, lagively small|typically, no more
than 10).
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Currently, we calculateK locally in both space and time by nding the Taylor microsca¢ length
in each resolved-scale grid cell using Eq. (1.56):

hug2i

Then for each separate velocity component we calculate

o, 2% P
i H'i ’

1=1;23; (3.46)

where u, is the high-pass Iteredi™ velocity component. Then the wavevector components are
1=, resulting in
" #1=
x3 1 ?
K = - ; (3.47)

R
Observe that working with individual velocity components ad calculating component ;s removes
any need for homogeneity and/or isotropy assumptions. Ournty assumption has been that the
local in space and time physics (represented as a \general" secemrder structure function) can be
reasonably well approximated with a power law.

Temporal Fluctuations . Our next task is to nd formulas for the M;s. We remark that in
the earliest synthetic-velocity models produced by McDonmgh and students, these were calculated
from linear combinations of logistic maps, as analyzed in @l in [136] and in Hylin [206]. This
approach was motivated by an epithet of Frisch [80], menti@d earlier, \poor man's Navier{Stokes
equation,” applied to a quadratic map that can be transformeé to a logistic map, and also by
the success, demonstrated by Mukergt al. [44], in tting physical chaotic measurements to linear
combinations of logistic maps. It was, however, later disgered by the present author in analyzing
results containing heat transfer in addition to uid ow, th at this approach could not be guaranteed
to work. Beyond that is the fact that it is rather ad hocand di cult to justify, beyond the fact
that it seemed to work in some speci ¢ situations.

This motivated McDonough and Huang [81] to seek a replacemédior the logistic map as the
source of small-scale temporal uctuations, especially iproblems where additional physics (com-
bustion chemistry and heat transfer in the cited referencenust be modeled. The approach taken
was to begin with a Galerkin representation of the N.{S. equens such as Eqgs. (1.42) and (1.44)
(initially in 2D) and any others needed for complete speciation of problem physics. This was sim-
pli ed to a Leray-projected form not including pressure grdient terms, and the result was written
for a single wavevector for each momentum equation (and othequations, as appropriate). In the
case of the 3-D N.{S. equations, the Fourier representaticof, e.g, the x-momentum equation is

X X X
a'-+ (it maay’ " mt (2t m)aan’
“m “m !
X 1 X,
(st maan’ e = po J0AT
ym
and forming the Galerkin inner product with' ¢ yields
X X X C-k-z
a+ AP aa,+ BY ba,+ c can-= Ij?ef ay

“'m “m “'m
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where, for example, 7
AD Catmy) X

Then restricting the above to a single wavenumber and writop the result for all three momentum
equations leads to

- -2
a+ AYa?+ BWab+ CWac= Jk—Ja;
- Re
jKj?
b+ A®@ab+ B@K + C@pc= ReP
e
jKj?

c+ A®ab+ B®pc+ CO? = e
= e

These equations are numerically integrated using simple Eeu methods (usually forward, but some-
times backward for passive scalars), and the result is subjed to two transformations, one due to
McDonough and Huang [81, 82] to introduce the logistic map,nd a second due to May [193] to
obtain the usual logistic-map scaling of the bifurcation pameters. The result is a true \poor-man's
Navier{Stokes equation:"

amd = a1 am 4+ La™MP) + LaMdm (3.48a)
B0 = D 1B+ e N (3.48h)
cn+)) = 3C(n) 1 M + 31a(n)c(n)_|_ 32b(n)C(n); (3.48c)

where the js and js,i;j =1;2;3,i 6 |, are bifurcation parameters.

We remark that one should be concerned about the large numbef bifurcation parameters
and how they might be evaluated|is this the turbulence closue problem in just another form?
But one readily sees from details of the derivation of Eqgs. @8) given in 2D in [81, 82] that all
of these parameters can be directly related to physical vables which, in turn, can be calculated
from the high-pass Itered large-scale solution as has alady been done in constructing thé;s. In
particular, the transformations of [81, 82] and [193] showhat

jkji#
Re

=4 1 1=1:23,; (3.49)

where in the context of SGS models th®e are small-scale component Reynolds numbers de ned

as h2. -
with no Einstein summation andh being the discretization step size for the large-scale nuncal
approximation. Also, for example,

Z

2 A@= AZ = AZ (otmy) i pdxe (3.50)

In Egs. (3.49) and (3.50) is the small-scale time scale, obtained in dimensional forias the
reciprocal strain rate norm of the high-pass Itered resokd-scale velocity. McDonouglet al. [207]
show that it is possible to estimate the ;s by @lT-I =@y and there are other possible e cient
approximations. Thus, up to implementational details, we &n consider the ;s and j s known at
each large-scale grid point, and for each instant of time|irdependent of any \adjustable constants."
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It is interesting at this point to view some of the val-
ues taken on by these automatically-computed bifurca-
tion parameters. Results shown here are again taken
from [72]. Figures 3.19(a,b) display spatial distributios
at a single instant of time for the parameters , and »;
of the vertical momentum equation (3.48b) in this case
(which here contains a typical natural convection body-
force term with bifurcation parameter corresponding to
Ra, see [72]). We observe that with the scalings em-
ployed, we would expect the ;s to lie in the interval
[0; 4]; although it is possible for values to lie outside this
range, it is seldom that they lead to stable stationary
behavior of the corresponding attractor of the DDS. The

j S in 3-D do not have theoretically-known restrictions,
but numerical experiments (in 2-D) show that they are (b)
typically (but not always) in the interval ( 1;1).

In general, we expect relatively large (near = 4)
values of the ; to imply chaotic behavior of the PMNS
equation, but this depends on values of atither bifurca-
tion parameters, as showne.g, in [207]. In particular, it r \ : U
is possible for chaotic dynamics to be exhibited with (at n T
least one) ; as low as unity in some cases. Moreover, as
will be clear from a later regime map, for any particular
value of j , essentially any type of behavior can occur as
the ; are varied.

Figure 3.19(a) indicates relatively large values of

> only within the experimental apparatus where the
swirling buoyant plume contributes to turbulence. It is
also interesting to note that, while there is an apparent
approximate geometric symmetry of the , distribution,
this is indeed only approximate. E ects of turbulent uc-
tuations from the preceding time step are captured in the
high-pass Iteredu leading to loss of detailed symmetry, just as should be exged in actual uid
physics. Moreover, as should be expected, details of thesstiibutions change form plane to plane,
and, of course, they vary in time. In Fig. 3.19(b) we see geradly similar, but more pronounced,
asymmetries. In addition, it is clear that all values of ,; are relatively small (as should be expected
in a buoyant plume), and generally larger values appear in éhcentral apparatus and in the boundary
layers on the laboratory walls. In general, these featureseaall consistent with the physics expected
for this ow eld.

. 0.002

-0.002

Figure 3.19: Bifurcation parame-
ters in plane 0.9m above oor; (a)
2, and (b) 2.

Further Features of PMNS Equation . It is useful to here consider some further properties
exhibited by the discrete dynamical system we term the poor am's Navier{Stokes equation. This
will demonstrate the degree of realism that is possible whersing this factor in our proposed SGS
model. We begin with a direct comparison of time series proded by the 2-D PMNS with thermal
energy equations, and corresponding buoyancy term in tfemomentum equation, with data from
the Gollub and Benson [58] Rayleigh{Benard convection exgriments. These measured time series
shown in Figs. 3.20 were of the horizontal velocity componieand present a bifurcation sequence
consisting of periodic, quasiperiodic, phase-locked, sgiquasiperiodic and turbulent regimes in
parts (a) through (e) as the Rayleigh numberRa, is increased. Parts (f) through (j) present the
corresponding PMNS equation time series generated by chamgonly the buoyancy-related bifur-
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Figure 3.20: Left side is sequence of experimental time ses from [58]; right side presents corresponding
computational time series from the PMNS equation DDS.

cation coe cient in the y-momentum equation except in part (j) where some strain ratparameters
were also altered to better account for the enhanced turbulee. The signi cance of this result is
twofold: rst, it shows that physically-realistic time series can be produced by the PMNS equation
(even in the presence of a scalar quantity), and second, thetf time series demonstrates that
this easily-evaluated discrete dynamical system has prockd a bifurcation sequence completely
analogous to the physical one by systematically varying theorresponding bifurcation parameter.
We note that the PMNS results have notbeen scaled in any way. Their amplitudes grow with
increasing bifurcation parameter values just as occurs psigally.

We also remark that, as pointed out in [58], the location ande&tails of the phase-locked regimes
within the bifurcation sequence were not completely reprattible in repetitions of the experiments,
and the authors o ered no explanation for this. Simulating he experiments in detail to study
this interesting e ect via DNS would have been a completelynsurmountable task in the late 1970s
when they were performed, and even today, enormous computatal resources would be needed for a
thorough study. But it turns out that examination of easily-generated bifurcation maps of the PMNS
equation (plus thermal energy in this case) leads to an explation. In particular, the boundaries in

T- 1 Space between quasiperiodic and phase-locked behavioesauite complicated, as can be seen
from Fig. 3.21 which displays a bifurcation diagram for eachf the two velocity components and
temperature in parts (a) through (c). Here t and 1 are the bifurcation parameters corresponding
to di usive terms in the thermal energy equation (the Reclé number, Pe) and to the buoyancy
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Figure 3.21: PMNS plus thermal energy equation t vs. 1 bifurcation diagrams; (a) horizontal velocity,
(b) vertical velocity, and (c) temperature.

term of the vertical momentum equation (Rayleigh numberRa), respectively. This implies that
a slight change in either + or 1 can lead to a qualitatively di erent regime, and such change
are analogous to slight changes that are inevitable in experental conditions in repetitions of
experiments. The detailed color table is provided in a lategure. Here, it is su cient to recognize
that purple contours correspond to phase lock, and light andarker green represent quasiperiodic
and noisy quasiperiodic behaviors, respectively.

It is also interesting to observe from Figs. 3.21 that the ows steady (dark blue), corresponding
to stable strati cation, when 7 0 if 1 is relatively low. But as 1 (Pe€) increases, time-
dependent periodic behavior (red) can occur since there issu cient dissipation in the thermal
energy equation to completely damp the turbulent oscillatins of the momentum equations. In
moving from left to right in each individual part of the gure (increasingRa), one can see evidence
of a Ruelle and Takens bifurcation sequence, but with the aéd features of phase-locked and noisy
guasiperiodic state (just as reported by Gollub and Bensorb8]). At the far right of the stable
portion of each of these one sees yellow contours which we biesize might be related to so-called
\strong" turbulence in natural convection (see discussionf Cioni et al. [191] data below). Finally,
with regard to this gure, we see that the individual bifurcaion diagrams are all quite similar, but
with horizontal velocity showing a signi cantly larger regon of strong turbulence. This detail seems
to contradict the Takens theorem [75], suggesting that cafid experiments should be undertaken to
determine its (range of ?) validity. Associated with this ishe somewhat counter-intuitive result that
vertical velocities appear to be possibly less chaotic thdrorizontal ones. But one must recall that
these diagrams are local in space and time, and moreover ude e ects from six other physically-
based bifurcation parameters associated with local strairates, scalar uxes andRe, all of which
are held xed during calculations leading to Fig. 3.21. Thuswe contend that this aspect of the
gure is to be expected and probably is of little intrinsic sgni cance.

Our second result shows that the PMNS equation also shows dasble comparisons with DNS.
Figure 3.22 displays DNS time series, again for a free conwec problem, due to Paolucci [208].
The important aspect of this comparison is the ability of the®MNS equation to reproduce the time
series \structures" that appear in direct numerical simuléions, and even more, the sequencing of
these structures within a given time series. We have not in ik case attempted to scale the PMNS
computed results, so magnitudes of results do not match th®®f the DNS. We also note that both
the DNS and the PMNS calculation were two dimensional in thisase. In both cases (DNS and
PMNS) we see strong correlation, in a qualitative sense, amg the three solution components, as
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Figure 3.22: Comparison of PMNS plus thermal convection DDSwith DNS.

should be expected for natural convection. Moreover, we ramk that this is signi cantly degraded,
physically, in forced convection where coupling between mentum and energy equations is in only
one direction;i.e., the energy equation is coupled to the momentum equationsybnot vice versa
This too has been demonstrated for the PMNS plus thermal ergr equations by McDonough and
Joyce [209].

As a nal result associated with thermal convection we dematrate that dimensionless heat
transfer in the form of a Nusselt number,Nu, can be matched between the (2-D) PMNS plus
thermal energy DDS and experimental results of Cioret al. [191]. This is displayed in Fig. 3.23.
These experiments we performed at quite low Prandtl numbeRr, and su ciently high Ra to
permit investigation of the transition from \soft" to \hard " turbulence in natural convection. It
is interesting to note that not only was the PMNS DDS able to me&ch the slopes of theNu
vs. Ra experimental correlations, but that it also detected the chnge in slope at the correcRa
corresponding to the transition to hard turbulence.

In many respects, the foregoing results may seem rather adetal. The PMNS equation is
extremely simple, and it may appear rather surprising thattiis able to reproduce so much physics.
Moreover, we remark that what has been displayed here is ordysmall fraction of the total results
available in this regard. (In particular, we have chosen noto display results associated with
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Figure 3.23: Comparison of PMNS plus thermal convection eqgations with high-Ra data of Cioni et al.
[191].

chemical kinetics, due to McDonough and Huang [81] and McDoagh and Zhang [210, 211], which
are equally accurate.) But what we now present is a comparis@f the PMNS equation results with
Kolmogorov K41 theory discussed earlier in Chap. 2 of thesetes). Unlike most of the preceding
comparisons, this will involve computations with the 3-D PNNS DDS given in Egs. (3.48). But
recall from Chap. 2 that the K41 theory is appropriate mainlyfor reasonable approximations of
very-high Re, homogeneous, isotropic turbulence. This implies that all;s in (3.48) should be equal,
and similarly, this should also be true of the js. At the same time, we expect values of thes
should be near to 4. Figure 3.24 presents a \regime map" sim@uilto those presented in McDonough
and Huang [82], and elsewhere, displaying the regimes thancbe accessed by this DDS. As in the
cited reference, and as needed for present purposes, aland s are set equal, respectively.

The gure shows the 14 possible states that can be attained bstationary attractors of the
PMNS equation. Of these, the rst is steady and of no importace to turbulence modeling, while
the 14" is divergent and of no value for anything in particular, othe than to indicate that the
PMNS equation, like the N.{S. equations from which it is dexied, has unbounded solutions in
some cases. This bifurcation diagram is composed of sevarallion points, each corresponding
to a (; ) pair with Egs. (3.48) iterated for 50,000 iterations with hese xed values to guarantee
existence of stationarity beyond the nal 10,000 iteratios from which the last 8192 points were
selected for processing in a radix-2 fast Fourier transforto determine the type of behavior. We
see from the table included in the gure that these states inede (beyond steady and divergent)
periodic, periodic with a di erent fundamental, subharmorc, phase locked, quasiperiodic, and then
so-called \noisy" states corresponding to each of these u$ culminating in a completely broad-band
frequency spectrum which generally can be associated witloghastic (\turbulent") behavior of the
time series. Examples of these can be found for the 2-D PMNSueatjon in [82], and our recent
investigations have shown that no new states exist in 3D, daige a greater tendency for anisotropy
in the latter case.

Figure 3.24 also displays a white dot near the upper right-imal corner in the high- and relatively
high- regions corresponding to broad-band behavior of the timerses. It is at this point that
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Figure 3.24: Regime map displaying possible types of time ses from the PMNS equation.

all calculations to be subsequently reported were performhe These involve specic aspects of
Kolmogorov's K41 theory; in particular, we will provide resits corresponding to scaling of the ®-,
3d., 4h- and 6"-order structure functions, and the 1-D energys wavenumber spectrum.

We begin with the 3%-order structure function because, as we noted in Chap. 2,ithis one of the
most fundamental of all Navier{Stokes equation results; its exact with no adjustable constants, so
any model that is expected to produce accurate turbulencegelts must reasonably well duplicate
this. This is the so-called 45 law which states that 39-order structure functions of longitudinal
velocity increments should scale linearly with their disglcement distances.

In Fig. 3.25 we present results derived from PMNS time serigsoduced with a set of bifurcation
parameters that can be associated with higRe homogeneous isotropic turbulence, as indicated
above. We should recall, from Eq. (3.43), that structure fuction correlations include the dis-

0.0
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8x10° |
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3" _order structure function

0.0 0.0001 0.0002
Displacement distance (m)

Figure 3.25: Third-order structure function of PMNS time series for homogeneous, isotropic bifurcation
parameters.
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placement distance times the average turbulence kinetic engy dissipation rate raised to a power.
Theoretically, as we discussed in Chap. 2, this power is givéy 3=p, wherep is the order of the
structure function|hence, the linear dependence in the 3-order case. If one employs the Taylor
frozen- ow hypothesis it is possible to convert temporal da to approximate spatial data; this has
been employed throughout the present calculations to obtaidisplacements. On the other hand,
this approach is generally not su ciently accurate to permt numerical approximations of spatial
derivatives needed to calculate dissipation rates (recallg. (1.53)). Thus, in the pressent case we
rst plotted normalized values of S; vs. displacementr and determinedh'i so that the slope of the
straight line would be 4=5. This value ofh'i was then used in constructing scalings for all other
orders of structure functions. In Fig. 3.25 the solid line ishe theoretical one corresponding to a
slope of 4=5, and the points were obtained from the PMNS results. It is ehr that these computed
values are, indeed, linear with displacement distance. Rlnermore, it will be clear from subsequent
results that the value ofh'i needed to attain the 4=5 slope is consistent with scalings for other
orders of structure function.

Figure 3.26 presents these additional results. Here, theligolines represent least-squares curve
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Figure 3.26: Second-, fourth- and sixth-order structure functions from PMNS time series for homogeneous,
isotropic bifurcation parameters.

ts of the plotted PMNS points. (Correlation coe cients ran ged from 0.89 for the second-order
case to 0.98 for fourth order.) We remark that the correlatios are not in perfect agree with K41
theory, but they are generally quite good. What is of furtheinterest is that the observed deviations
from theory are very similar (same magnitude and directionjo those seen in experimental data
for which it is argued that intermittency resulting in multi -fractal scalings (which di er somewhat
from K41 theory|see [80]) is the source of discrepancies. lits known (see [82]) that bifurcation
parameters in the range of the values corresponding to the ipbin Fig. 3.24 lead to intermittent
time series, so it appears that the PMNS equation actually msesses solutions leading to the true,
physical multi-fractal exponents for structure functions

With the success seen in reproduction of structure functioscaling, one must wonder whether
the 5=3 law of K41 theory can also be produced by PMNS solutions. lutns out that this 1-D
energy spectrum is far easier to obtain via the Taylor hypotsis than are the structure functions
because the dissipation rate is no longer needed. Moreovée formula corresponding to the Taylor
hypothesis is simple and produces a dispersion relation whipermits exact transformation between
temporal and spatial data. (This has been widely used by expmentalists.) Figure 3.27 displays
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a PMNS 1-D energy spectrum on which thé& =2 slope is indicated. We observe that the integral
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Figure 3.27: PMNS equation 1-D energy spectrum.

scale is apparent, with approximately two decades of inedl subrange behavior, before some decay
toward dissipation scales is seen. In particular, the PMNSqgeation is carrying a considerable
amount of the physics associated with the full system of N.{Squations. But, of course, from a
modeling standpoint this is only local. At this point one midit wonder how a model constructed
from at most a few wavenumbers could produce results over awgaumber range such as indicated in
the gure. The \mechanism" for this is the same as occurs in @alogous treatments of experimental
time series. Namely, the longer the time series, the largehna possible range of frequencies that
will be produced by an FFT of the dataljust and immediate consequence of the Nyquist criterion
for signal processing. But this, in turn, implies a large rage of wavenumbersa la the dispersion
relation that corresponds to the Taylor hypothesis.

PMNS Equation Viewed as Pseudodi erential Operator of Navi er{Stokes Equations
The preceding results appear to be extremely favorable, armhe must ask how such a relatively
simple system of algebraic maps could possibly reproducersoch of the behavior of a theoretically
very complicated system of partial di erential equations.We will provide an answer to this question
in the present subsection.

The goal of this section is demonstration that Egs. (3.48) ooprise a mathematical object that
is closely related to a time-dependent, nonlinear pseudaogliential operator corresponding to the
N.{S. equations. To do this we start with a brief review of thesimplest notions associated with
pseudodi erential operators; we then use these to show thahe PMNS equation arises from an
analogous structure, and then discuss the signi cance ofithresult.

De nition 3.2  Let R"and 2 R". Thenforu 2 C} () a simple (vector) pseudodi erential
operator on can be expressed as (see, e.g., Treves [212])
Z
1 :
Pu(x)= Bk e* p(x; )b( )d ; (3.51)
whereb is the Fourier transform of u: .

b() u(x)e ™ dx:

In (3.51) p(x; ) is a smooth (vector) function on R" and is called the symbol of the pseudo-
di erential operator P .



156 CHAPTER 3. LARGE-EDDY SIMULATION AND MULTI-SCALE METHODS

We observe that (3.51) arises by applying the Fourier transfm to the di erential operator, and
then using the inverse transform. In this way we formally castruct a pseudodi erential operator
for the Navier{Stokes equations in a form found in Leslie [3Gand elsewhere in the turbulence
literature, but not generally identi ed as a pseudodi erertial operator.

We now develop a relationship of the Galerkin form of N.{S. e@tions to a pseudodi erential
operator. We begin by expressing the Fourier representatis of N.{S. solutions, originally given in
Chap. 1 in 2D as Egs. (1.39), in the more concise 3-D form

X
U(x;t) = B (1) (k;x); (3.52)
jkj 0

where, corresponding to our earlier notationsd (ac; b c)T, and by de nition
z
B, hu; i= UX:t) (k;x)dx:

At this point we observe that substitution of (3.52) into the N.{S. equations leads to a form
analogous to (3.51) except that the integral must be repladewith summation, and ! k with
the range ofk being only countable. In particular, corresponding to equeons given above during
construction of Egs. (3.48), we have

X X
O o)+ Corm)B 0y Cix) M)+ 2+ m)B By (%) (mix)

;m m

X
+  (Ca+ma)B0, (5x) (m;x) =

“'m

X
Re P (X)) (3.53)

where it should be observed that the notationd- ®,, is somewhat ambiguous, although completely
analogous to that in Eq. (3.37a). As can be inferred from ourrpceding more detailed Galerkin
construction we have
aa, bay Ccany
lb‘lbm:4a‘b‘n bb‘n C‘b‘n 5,
ac, bcy, ccy

with the rst row corresponding to terms of the rst componert of the above vector equation with
entries from the columns inserted in the terms of the individal spatial operators, and similarly for
the second and third components.

Observe that up to scaling, existence of nonlinearities ariobme dependence, if we were to replace
summations with integrals in (3.53) we would obtain a form aamlogous to (3.51). Also note that if
we had rst linearized the N.{S. equations, instead of using3.53) we would have obtained a form
containing the vector polynomial

X
pOk)y= " p (x)k ;

iz

the vector symbol of the pseudodi erential operator arisig from the linearized N.{S. equations.
Thus, it seems reasonable to view (3.53) as a nonlinear, tirdependent pseudodi erential operator
for the Navier{Stokes equations with a symbol constructeddm the various wavenumber factors.

Now recall that in the Galerkin procedure we form inner prodects of (3.53) with elements of
the basis setf' ((x)g = f' (k;X)gik; o and employ assumed orthonormality to simplify the result
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to the form
iz X X X
D 4" A 00+ B B0, Cyp 0.8, =0

k=0;1:::;1 :

Although this is no longer in the form (3.51) because the(k; x) have been integrated (to form
Awm , €tc.), it does represent a direct simpli cation of (3.53)|one th at is essential if a solution
consisting of thel is to be obtained. Moreover, the nal form of the PMNS equatin (3.48) follows
immediately from this via discretization in time, as shownn the preceding subsection. Hence, it
appears reasonable to view the PMNS equation as being clgsedlated to a simple discretization
of a microlocal (because only a single wavevector is retath)gpseudodi erential operator for the
N.{S. equations.

The importance of the relationship between the PMNS equatimand pseudodi erential opera-
tors of the N.{S. equations cannot be overemphasized. Fomygile linear PDEs pseudodi erential
operators provide an algebra leading to exact solutions ime cases, and at least simpli ed analy-
sis in more complicated situations. In any case, estimatingpe integral operator on the right-hand
side of (3.51) is typically far more tractable than attemptng to estimate the original di erential
operators, especially in the context of microlocal analyseemployed herein and elsewhere. In the
nonlinear, time-dependent case being treated here, thistrsie locally (in physical and/or wavenum-
ber space) via microlocal analysis, and it also leads to an eient computational tool. As we have
demonstrated in the preceding subsection, and in various tfe cited references, we are already em-
ploying the PMNS equation both as a part of SGS models for LEShd for \curve tting" chaotic
(presumably turbulent) experimental ow data. Identi cat ion of the PMNS equation with a pseu-
dodi erential operator of the N.{S. equations provides an gplanation for the previous (seemingly
somewhat fortuitous) success of the curve ts (see [45]) amaiggests its use should be valuable in
constructing high- delity SGS models for LES, as has beenitrated in [72]. Moreover, in this latter
application it provides a means to introduce mathematicaligor (via microlocal analysis) into study
of SGS models.

Application of Multi-Scale Formalism to Produce Complete S olution . During each

resolved-scale time step Eqgs. (3.48) are iterated a numbef tomes corresponding to formal in-
tegration of the small-scale equations across the largeaketime step. This number is set by using
a small-scale time scale obtained as 1-kS Kk, as noted above. The result of this is evaluation
of a discrete dynamical system directly related to the N.{Sequations, but restricted to a single
wavevector (per dependent variable), and associated withe M;s of Eq. (3.39) as

M;= a; M,=Db; Mz = c: (3.54)

But these \velocity components” require rescaling; recalbhat the M;s are restricted to [ 1;1]
to make sense of use of the amplitude factor8,s. In addition, these velocity components are not
divergence free (just as is the case for velocity componemitsmputed from essentially any form of

grid points, we must project the portion of this solution vetor corresponding to the velocity eld
onto a divergence-free subspace by rst solving a (pseudgdessure Poisson equation,

p=" ‘t’ ; (3.55)

and then projecting the velocity eld in the usual way via

u=u tpy; V =V tpy; W =w tp,: (3.56)
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These are the uctuating (small-scale) velocity componeston the large-scale grid at time level

n+ 1. Furthermore, as is well known,p provides a reasonable approximation to the small-scale
uctuating pressure if Re is large (despite the fact|or, maybe because of itjthat p is actually

a velocity potential). See McDonough [204] for more detadediscussions of projection methods
applied to the incompressible N.{S. equations.

At this point both large- and small-scale solution compomes are available at time leveln + 1,
and we are now ready to consider precisely how to use the SG&uaities in the context of a formal
multi-scale procedure. We again remind the reader that LES iintrinsically a multi-scale approach
due to the basic decomposition of dependent variables:

g(x;t)=g(x;t)+ q(x;t); i=1;2;::0;Ny: (3.57)

Indeed, as should be clear from the preceding treatment, bog and ¢ have been constructed such
that each serves as at least a consistent approximation to ehcorresponding Hilbert (sub)space
guantities. Up to now this has been implicit forgs and we here provide a basic description of this
part of the method.

We earlier noted that the synthetic-velocity approach premnted here begins with a formulation
not too di erent from ATD; in fact, the large-scale equatiors are those of ATD. Thus, we formally
solve

(B+U )+r (B+U) =71 (B+P)+ (8+U); (3.58a)
r 8+U )=0; (3.58b)

for 8 with U computed as given in the preceding analyses. The same treatmis also applied to
any additional quantities related to the physics of a partialar problem. Formal numerical-analytic
consistency (but not necessarily accuracy) of this apprdads obvious if a consistent discretization
is applied to (3.58) becaus&) ;andP ! Oas t h;! O.

But it is well known from a numerical-analytic standpoint that consistency does not imply
stability (nor vice versa of course), and it is often observed that small-scale pertations arising
in multi-scale algorithms lead to destabilization of the uderlying numerical method. Beyond this
is yet a separate and subtle issue that occurs for heterogens multi-scale algorithms, in general
(see [196]), of which the present synthetic-velocity LES ian example. Namely, because thq s
have been produced with a completely separate algorithm frothat leading to the gs, but at the
same time theqgs are required to satisfy the same discrete equations as de ttys, it follows that
time-derivative information is needed for theg s. In particular, if one considers the discrete solution

operator
Z tn +1

o =g+ Fi(q) dt (3.59)

tn

for the large-scale part of the solution, and takes this to béhe same as the complete solution

operator
Z th+1

7 =d+  F(gdt;

tn
then since from (3.57)
qn+1 - qn+1 + q n+l .

we see that
dg=dg+ dqg
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must hold. Then it follows that to obtain consistency for thecomplete solution operator we must
have the following temporal di erence:

"t q"=q"" @ "+q" q":

But the typical construction is to use (3.59) to calculateg”™* and then simply add the separately
computedqg "*!, as suggested by the LES decomposition. It is clear, howeyvéiom the foregoing
solution operator analyses that instead we must employ

n+1

q"t = g™ +q q" (3.60)

to obtain consistent time evolution. We remark that in earlyimplementations where this was not
done, numerical instabilities could develop fairly rapidl; and (3.60) was rst discovered during
numerical experiments undertaken to remedy the stability blem.

We close this subsection by providing an example 16
of time series resulting from the overall multi-scale
synthetic-velocity algorithm. Figure 3.28 provides repre
sentative results from the center of the buoyant swirling
plume studied in [72] and from which earlier results have
been presented in Figs. 3.17{3.19. The smooth solid =
curve in each gure is the large-scale solution correspond-
ing to what would be obtained with a highly under re-
solved ILES procedure. The uctuating curves are those
of the complete solution (large scale plus small scale) as
given by the LES decomposition Eq. (3.57). All quan-
tities are dimensional, with velocity components having
dimensions m/sec. We have not displayed the second
horizontal velocity component because it is similar (but, 3.4
or course, not identical) to the one shown. It is clear *
that at this particular location in the plume the vertical
component of velocity is far greater than the horizontal

Ho rizontal velocity

Vertical velocity

Temperature (°C)
N
&

one, as would be expected in much of a buoyant plume. ‘ i W'H Hﬂ 1 'lm I
Furthermore, the temperature uctuations are signif- 240

icantly more intermittent than are those of the veloc- 200

ity uctuations. This, too, is a physically-expected out- 0 11 12 13 14 15

come. In particular, it has long been observed that pas- Time (sec)

sive scalars in a turbulent ow exhibit more intermittency Figure 3.28: Velocity components

than does the ow eld (see,e.g, [111]). This is due to and temperature in center of

several e ects, but from a straightforward mathematical swirling buoyant plume; (a) u-
viewpoint it occurs because equations governing trans-  component of horizontal velocity,
port of scalars are \less nonlinear" than the N.{S. equa- (b) vertical velocity, and (c)
tions, thus allowing dissipation terms to be more e ective temperature.

in damping oscillations.

Finally, we note that the large-scale part of the solution diplayed in Fig. 3.28 does not perfectly
follow the mean of the complete solution. For horizontal vekity it is fairly close to this mean, but
rather signi cant departures can be seen for vertical velay and temperature, implying that even
in an averaged sense, omission of tlig terms of the LES decomposition can lead to noticeable
errors.
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Pseudo-Language Algorithm for Multi-Scale Synthetic-Vel ocity LES . We will end this
treatment of the multi-scale, dynamical-systems-based ppoach to LES by providing a coarse-
grained pseudo-language algorithm from which, in principl computer code can be written. We
note, however, that considerable additional e ort will be meded to produce a complete operational
program. The present algorithm represents only an outlinef éhe overall process.

Algorithm 3.2  (Multi-Scale, Synthetic-Velocity LES). Supposen resolved-scale time steps have
been completed. To calculate + 1 time-level results, perform the following steps.

1. Solve Eq.(3.58a)for 8 i by any valid CFD method (see, e.g., McDonough [204] for vaun®

possibilities) using values ofJ from the preceding time step. Note that thd§ i velocity
eld must be divergence free before proceeding to the nexdpst

2. Construct the SGS contributionU . Note that this can be done with either the new time
level 8 velocity eld, or with the previous time-level resultg " (Use of the latter permits
extensive parallelization of the overall algorithm.)

High-pass Iter 8 to obtain U
Determine turbulent time scale at each large-scale gridipt using =1=kS k.
Calculate Taylor microscale length at each grid point vigq. (3.46).

For every grid point at which > tand ;>h; 8i=1;2;3 setallgq =0, and proceed
to next grid point. Here, t is the large-scale time step, and thk; are the large-scale
spatial discretization step sizes.

e. Compute amplitude factorsA;, for each solution component using Eq$3.43X (3.47).

f. Evaluate bifurcation parameters of PMNS equation from Ed3.49) and (usually, a sur-
rogate involving a di erence approximation of appropriatenigh-pass lItered velocity com-
ponents for) Eq.(3.50).

g. SetNpax = t= +1, and iterate the PMNS equation folN o« iterations. Note: Npax
will not, in general, be the same at all grid points.

h. Obtain provisionalqg ; i =1;:::;N,, from Eq. (3.39).
i. Project entire ¢ velocity eld onto divergence-free subspace via E¢8.55) and (3.56).

oo o

3. Employ Eq.(3.60) to obtain the completen + 1 time-level solution.

There are several points to be made regarding this algorithmFirst, an implementation is in
existence and was used to produce Figs. 3.18, 3.19 and 3.28akeady indicated. In fact, various
other turbulence problems have also been solved with thisaes but it is still under development, and
little has been published in the archival literature. Secah as noted in step 1 of the algorithm, the

time level 8 e velocity eld must be divergence free before proceeding tbé rest of the algorithm
(among other things, making solution algorithms of the fornmof SIMPLE not very appropriate).
This is the only part of the algorithm devoted to mass conseation of large-scale results. Moreover,

if 8" used in step 2 is not divergence free, turbulence in the smadlales will have been generated
with an incorrect large-scale velocity eld.

The third point speci cally concerns step 2. We have indicad that either time leveln orn+1
large-scale velocity elds can be used in this step. The reasfor this exibility is that we can view
the small-scale calculations in two, nearly equivalent, wa. If we look on this as simply an explicit
time integration continuing from the preceding time step, hen use of8" is appropriate. On the
other hand, we can view this overall multi-scale algorithmsa predictor-corrector method in which
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we make a rough prediction (not including high-wavenumberonitent) via large-scale calculations at
the beginning of a new time step, and then correct this with sall-scale, high-wavenumber results.

In this context 8" would be preferred. It should be clear, however, that det@tl results from
these two approaches cannot be identical; but we should expeheir statistics to be the same
(under the assumption that the two di erent solutions lie onthe same N.{S. attractor).
We further note that the nature of step 2.d is such as to deteainder resolution in both space
and time, and to generate small-scale solutions if this oamuin either (or both). Conversely, if
t and the h;s are su ciently small (compared with respective inertial mange scales), then the
calculations correspond to DNS, and no SGS models are needéa addition, it should be clear

. . +1 .
from step 2.g that independent of whethet) is based on8" or 8" , we formally integrate the
PMNS equation over a large-scale time step. Indeed, solut® to this equation are stored from

the preceding time step and used as initial data at the new timstep. Thus, the choice 08" or

LE}n+l directly e ects amplitude factors in the small-scale solubn representation and bifurcation
parameters in the PMNS equation, but it does not e ect the smi&scale integration process.

Finally, we note that step 2.i is the arithmetically expenste part of the SGS model because it
requires solution of a Poisson equation to impose mass canagon on U . At the same time, this
introduces global e ects into otherwise completely localnsall-scale solutions (which is desirable).
But, as is well know, Poisson equation solves are the expesmsipart of any incompressible ow
simulation, so we have essentially doubled the total arithetic over that required for a laminar ow
calculation (on the same grid). On the other hand, total aribhmetic is nearly the same for both
large and small scales, leading to good load balancing in argllel computing environment. Hence,
in principle, even if only two processors are available, thgresent algorithm can produce a turbulent
solution in essentially the same wall-clock time as needear fa laminar solution.

3.2.4 Summary of dynamical systems/multi-scale methods

In this section we rst provided an elementary discussion ajeneral aspects of dynamical systems,
including such notions as attractor, bifurcation, fracta] and strange attractor; and we described
several of the more inportant diagnostic tools used in anaing these objects, including use of power
spectra, phase portraitsetc. We then provided a brief, heuristic overview of multi-sca ideas and
then used these in combination with dynamical systems to delp a synthetic-velocity version of
large-eddy simulation. The keys to this approach include tering solutions rather than equations,
directly modeling SGS physical quantities instead of thestatistics, and nally, explicitly combining
resolved-scale and SGS quantities to produce the entire LESilbert space) representation of ow
variables.

The portions of this analysis that are quite new are rst the {formally) single-mode Fourier
representations of SGS quantities as a product of an amplde and a time-dependent oscillation,
and second the details by means of which each of these is chEted. Amplitudes are produced
as a generalization of Kolmogorov's K41 theory to power lawer which exponents must be de-
termined based on resolved-scale results|a form of deconlidion which removes the homogeneity
and isotropy assumptions of the K41 theory. Temporal uctuéions are computed from the poor
man's Navier{Stokes equation, a discrete dynamical systederived from the N.{S. equations via
a Galerkin procedure, and which represents a discretizatioof microlocalization of a pseudodif-
ferential operator of the N.{S. equations. We demonstratethat the PMNS equation is able to
replicate both experimental and DNS results, and that it futhermore reproduces the Kolmogorov
K41 scalings|in fact, display possible multi-fractal e ects more like K62 theory. We concluded that
this type of SGS model shows very good promise for future déyement, and a pseudo-language
algorithm was provided for its implementation.
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3.3 Summary

This chapter dealt with modern turbulence simulation techiques of the general nature of large-eddy
simulation. We presented the usual methods of LES in some déf beginning with the basic steps
of construction|the LES decomposition, Itering of govern ing equations, formulating SGS models,
and neglecting small-scale results|including treatment d Smagorinsky, dynamic and mixed SGS
models. Then much more analysis was provided for a very modesynthetic-velocity approach to
LES which eliminates some of the shortcomings of the more stacal approaches. The key aspects
of this new approach appeal to rigorous mathematics of PDEsa include use of molli cation
of large-scale solution components to control aliasing csed by the (deliberately) under-resolved
representations, modeling of SGS dependent variables vigdension of Kolmogorov K41 theory and
direct application of dynamical systems in the form of the par man's Navier{Stokes equation, and
introduction of multi-scale methods to construct the compdte LES decomposition. The result of this
combination of techniques is one of the rst turbulence modiag procedures to explicitly employ
theories from dynamical systems which, in the context of th&lavier{Stokes equations|because
these are a dynamical system|correctly establish the mathenatical nature of the intriguing and
elusive physical phenomenon known darbulence
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